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4 Lqwurgxfwlrq
Zlwk wkh judgxdoo| lpsuryhg phdqv iru uhvhdufkhuv dqg rwkhuv wr frqgxfw
wkhlu rzq h{sorudwlrqv wkhuh kdv iroorzhg dq lqfuhdvh lq wkh ghpdqg iru wkh
froohfwlrq dqg glvvhplqdwlrq ri sxeolf0xvh plfurgdwd �ohv1 Wklv fuhdwhv d
qdwxudo frq lfw1 Rq rqh kdqg wkhuh lv wkh ghpdqg iru pdnlqj gdwd zlgho|
dffhvvleoh dv wkh sulqflsdo jrdo ri gdwd froohfwlrq lv uhvhdufk1 Rq wkh rwkhu
wkh uljkwv ri wkh uhvsrqghqwv/ erwk qdwxudo dqg ohjdo/ qhhg wr eh surwhfwhg
djdlqvw xqqhfhvvdu| h{srvxuh/ dv pxfk vwdwlvwlfv duh edvhg rq lqirupdwlrq
wkdw lv e| vrph gh�qlwlrq vhqvlwlyh1 Lq vxfk lqvwdqfhv surgxfhuv ri vwdwlvwlfdo
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gdwd kdyh d mxvwl�deoh uhoxfwdqf| wr pdnh wkh gdwd dydlodeoh dqg pd| lqvwhdg
r�hu wr frqgxfw wkh dqdo|vlv wkhpvhoyhv1 Wklv surfhvv pd| suryh erwk wlph
frqvxplqj dqg h{shqvlyh iru wkh hqg0xvhu1 Ixuwkhupruh/ wkh hqg0xvhu pd| eh
uhoxfwdqw wr vshfli| wkh h{dfw qdwxuh ri wkh txhvwlrqv ehlqj dvnhg vlqfh wklv
frxog lq lwvhoi uhyhdo vhqvlwlyh lqirupdwlrq/ iru lqvwdqfh srolwlfdo lqwhqwlrqv ru
pdunhw vwudwhjlhv1 Xqghu wkhvh flufxpvwdqfhv lw lv hdv| wr lghqwli| d ghpdqg
iru phwkrgv wkdw zloo khos wr lqfuhdvh wkh dydlodelolw| ri plfurgdwd zkloh
dw wkh vdph wlph r�hulqj d uhdvrqdeoh ohyho ri surwhfwlrq djdlqvw lpsurshu
glvforvxuh1 Frpsuhkhqvlyh ryhuylhzv dqg glvfxvvlrqv ri wkh sureohpv dvvr0
fldwhg zlwk wkh glvvhplqdwlrq ri gdwd dqg vwdwlvwlfdo glvforvxuh frqwuro duh
jlyhq e| h1j1 Gdohqlxv +4<:7/ 4<::,/ Iudqn +4<:9/ 4<;6,/ Gxqfdq dqg Odp0
ehuw +4<;<,/ Ehwkohkhp hw do1 +4<<3,/ Gxqfdq dqg Shduvrq +4<<4,/ Uh|qrogv
+4<<6,/ Odpehuw +4<<6,/ Ilhqehuj +4<<7, dqg dovr lq uhihuhqfhv flwhg lq wkhvh
sdshuv1 Zloohqeruj dqg gh Zddo +4<<9/ 5333, surylgh h{fhoohqw lqwurgxfwlrqv
wr wkh lvvxhv frqfhuqhg1 Uhfhqw sxeolfdwlrqv lqfoxgh dovr wkh vshfldo lvvxh
ri wkh Mrxuqdo ri R!fldo Vwdwlvwlfv +4<<;/ yro1 47,/ Gr|oh hw do1 +5334, dqg
Grplqjr0Ihuuhu +5335,1

Wkh phwkrg vxjjhvwhg lq wklv sdshu lv d yduldqw ri gdwd0vzdsslqj1 Gdwd0
vzdsslqj dv d phdqv iru glvforvxuh frqwuro zdv vxjjhvwhg lq Gdohqlxv +4<:<,
dqg Gdohqlxv dqg Uhlvv +4<;5, iru wkh fdvh zkhuh wkh dwwulexwhv dvvxph fdw0
hjrulfdo ydoxhv1 Ilhqehuj hw do1 +4<<;, uhodwhv gdwd0vzdsslqj phwkrgv iru
fdwhjrulfdo gdwd wr frqyhqwlrqdo vwdwlvwlfdo phwkrgv dvvrfldwhg zlwk orjolq0
hdu prghov1 D phwkrg iru ghdolqj zlwk txdqwlwdwlyh gdwd zdv looxvwudwhg lq
Gdohqlxv +4<;;,1 Juhhqehuj +4<;:, dqg Prruh +4<<9, ghvfuleh d phwkrg iru
ruglqdo gdwd edvhg rq udqn0sur{lplw|1 Yduldqwv ri gdwd0vzdsslqj kdyh dovr
ehhq xvhg lq sudfwlfh e| wkh XV Fhqvxv Exuhdx h1j1 iru wkh uhohdvh ri wdexodu
gdwd iurp wkh 4<<3 fhqvxv1 Zh uhihu wr wkh sdshu e| Prruh +4<<9, dqg wr
uhihuhqfhv flwhg lq Ilhqehuj hw do1 +4<<;,1 Vhh dovr Sddvv +4<;;, dqg Vsuxloo
+4<;6,1 Uhfhqw zrun pd| eh irxqg lq Grplqjr0Ihuuhu dqg Wruud +5334,/
Gdqghndu hw do1 +5335, dqg Vheì hw do1 +5335,1

Zkhuhdv prvw gdwd0vzdsslqj surfhgxuhv ghvfulehg lq wkh olwhudwxuh lq0
yroyh vzdsslqj ydoxhv zlwklq wkh vdph vdpsoh ru vhw/ wkh phwkrg sursrvhg
lq wklv sdshu h{fkdqjhv wkh ydoxhv ri d suh0vshfl�hg vxevhw ri d odujhu gdwd
vhw zlwk wkh ydoxhv ri rwkhu vxevhwv iurp wkh vdph odujhu vhw1 Wkh h{fkdqjh
lv edvhg rq wkh udqn vwuxfwxuh ri hdfk ri wkh lqyroyhg vxevhwv dqg lv lqwhqghg
iru txdqwlwdwlyh gdwd1 Wkh uhvxowlqj vhw zklfk lv pdgh sxeolf lqvwhdg ri wkh
ruljlqdo vhw lv d frpelqdwlrq ri ydoxhv shuwdlqlqj wr uhvsrqghqwv iurp vhy0
hudo glvmrlqw vhwv/ wkh sxusrvh ehlqj wr hqkdqfh wkh ohyho ri frq�ghqwldolw|
zkloh pdlqwdlqlqj d uhdvrqdeoh ohyho ri frqjuxlw| zlwk wkh ruljlqdo gdwd1 Lw
vkrxog krzhyhu eh qrwhg wkdw wkh lghdv lq wklv sdshu duh whqwdwlyh dqg kdyh
qrw ehhq whvwhg rq uhdo0olih gdwd1 Wkh irfxv khuh lv olplwhg wr ghvfulelqj wkh
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edvlf vzdsslqj surfhgxuh dqg rq wkh dv|pswrwlf elyduldwh dqg xqlyduldwh
surshuwlhv ri wkh uhvxowlqj gdwd vhwv1 Wkh qxphulfdo h{dpsohv wkurxjkrxw
wklv sdshu duh edvhg rq h{shulphqwv dqg ehiruh wkh phwkrgv fdq eh xvhg rq
d odujhu vfdoh/ pruh uhvhdufk lv qhhghg1

Wklv sdshu lv rujdql}hg dv iroorzv1 Surshuwlhv ri gdwd0vzdsslqj phwk0
rgv lq jhqhudo duh glvfxvvhg lq vhfwlrq 51 Lq vhfwlrq 6 vrph edvlf qrwdwlrq
lv lqwurgxfhg dqg wkh vzdsslqj surfhgxuh lv ghvfulehg e| phdqv ri vlpsoh
h{dpsohv lq vhfwlrq 71 Vhfwlrq 8 surylghv vrph wkhru| uhjduglqj wkh h�hfw
wkh vzdsslqj rshudwlrqv kdyh rq wkh dvvrfldwlrq ehwzhhq sdluv ri yduldeohv
dqg looxvwudwhv wkh h�hfw e| phdqv ri vlpxodwlrq vwxglhv1 Wkh xqlyduldwh
h�hfwv duh ghvfulehg lq vhfwlrq 91 Lq vhfwlrq : zh glvfxvv wkh h�hfw ri wkh
gdwd0vzdsslqj surfhgxuh rq glvforvxuh olplwdwlrq dqg rq vwdwlvwlfdo dqdo|vlv1
Ilqdoo| vrph frqfoxglqj uhpdunv dqg survshfwv iru ixwxuh uhvhdufk duh jlyhq
lq vhfwlrq ;1

5 Gdwd0Vzdsslqj Phwkrgv
Gdwd0vzdsslqj wudqvirupv d gdwd vhw lqwr dqrwkhu e| h{fkdqjlqj dwwulexwh
vfruhv ehwzhhq uhvsrqghqwv vr wkdw wkh ydoxh ri d yduldeoh iru d uhvsrqghqw
lv qrw khu rzq ydoxh exw wkh ydoxh ri vrph rwkhu uhvsrqghqw1 Qrupdoo|
gdwd0vzdsslqj d�hfwv wkh vwuxfwxuh ri wkh gdwd/ hvshfldoo| li wkh vzdsslqj
surfhgxuh lv shuiruphg zlwkrxw uhvwulfwlrqv1 Lq jhqhudo dq| gdwd0vzdsslqj
surfhgxuh zloo kdyh lwv ehqh�wv exw dovr lwv vkruwfrplqjv1 Wkh iroorzlqj olvw
dgdswhg iurp Prruh +4<<9, eulh | vxppdul}hv vrph ri wkh surshuwlhv=

0 Gdwd0vzdsslqj pdvnv dffxudwh lqirupdwlrq derxw hdfk uhvsrqghqw1
0 Wkh uhodwlrqvkls ehwzhhq wkh uhfrug dqg wkh uhvsrqghqw lv zhdnhqhg li
shuiruphg rq srwhqwldo nh| yduldeohv1

0 Vzdsslqj fdq eh xvhg rq d vhohfw vhw ri yduldeohv/ zlwkrxw glvwxuelqj
wkh uhvsrqvhv iru qrq0vhqvlwlyh dqg qrq0lghqwli|lqj dwwulexwhv1

0 Vzdsslqj ri frqwlqxrxv yduldeohv fdq surylgh surwhfwlrq zkhuh lw lv qhf0
hvvdu| vlqfh uduh dqg xqltxh dwwulexwhv dqg frpelqdwlrqv ri dwwulexwhv
duh jhqhudoo| xvhg wr lghqwli| uhvsrqghqwv1

0 Wkh yduldeohv vhohfwhg iru vzdsslqj duh vxemhfw wr dgglwlrqdo huuru/
glplqlvklqj wkh dqdo|wlfdo ydoxh ri wkh gdwd1 W|slfdoo| pxowlyduldwh
uhodwlrqvklsv duh glvwruwhg1
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0 Duelwudu| vzdsv fdq surgxfh d odujh qxpehu ri xqxvxdo revhuydwlrqv
lq vxe0grpdlqv/ h1j1 qhzo| eruq zlwk kljk lqfrphv1 Hyhq xquhdolvwlf
ru lqfrqvlvwhqw frpelqdwlrqv pd| rffxu1

0 Wkh surfhgxuh lv vlpsoh/ wkh surjudpplqj lv vwudljkwiruzdug dqg lq
wkh fdvh ri udqn0edvhg phwkrgv wkh h{hfxwlrq lv dv idvw dv wkh vruwlqj
dojrulwkp xvhg1

0 D odujh qxpehu ri uhfrugv lq wkh ruljlqdo �oh dqg d odujh qxpehu ri ydul0
deohv vhohfwhg iru vzdsslqj fdq wdnh d vljql�fdqw dprxqw ri frpsxwhu
uhvrxufhv> udqn0edvhg phwkrgv duh rqo| dv idvw dv wkh vruwlqj dojrulwkp
xvhg1

Vzdsslqj dovr kdv wkh sv|fkrorjlfdo dgydqwdjh wkdw lw lv riwhq srvvleoh wr
vd| wkdw wkh vhqvlwlyh surshuwlhv dvvljqhg wr d shuvrq duh qhyhu klv rzq1 Wkh
idfw wkdw Pu1 Eurzq lv frxsohg zlwk wkh surshuw| �wd{ hydghu� lv gxh wr wkh
idfw wkdw vrph rqh hovh lq wkh pdwhuldo lv lq idfw d wd{ hydghu1 Ixuwkhupruh/
rqh fdq qrw eh vxuh wkdw lw lv Pu1 Eurzq dw doo vlqfh wkh dwwulexwhv xvhg wr
olqn uhfrugv lq wkh uhohdvhg gdwd wr lqglylgxdov lq wkh srsxodwlrq pd| kdyh
ehhq vzdsshg dv zhoo1

6 Qrwdwlrq
Frqvlghu d yhfwru ri udqgrp yduldeohv Efctc � � � c` � jhqhudwhg iurp d frq0
wlqxrxv pxowlyduldwh glvwulexwlrq zlwk �qlwh �uvw dqg vhfrqg rughu prphqwv1
Ghqrwh wkh h{shfwdwlrq ri d jhqhudo yduldeoh ~ e| > � dqg wkh fruuhvsrqglqj
yduldqfh e| j �� 1 Wkh fryduldqfh ehwzhhq wzr yduldeohv ~cL lv ghqrwhg e|
j � � 1 Wkh fxpxodwlyh glvwulexwlrq ixqfwlrq dqg suredelolw| ghqvlw| ixqfwlrq
ri d udqgrp yduldeoh ~ zloo eh ghqrwhg e| 8 � E5� dqg s � E5�/ uhvshfwlyho|1
Wkh pxowlyduldwh glvwulexwlrq dqg wkh uhvshfwlyh pdujlqdo glvwulexwlrqv ri
Efctc � � � c` � zloo eh uhihuuhg wr dv wkh sduhqw glvwulexwlrqv1

Dvvxph wkdw vhyhudo lqghshqghqw udqgrp vdpsohv � � / @ ' �c 2c � � � ri
htxdo vl}h ? duh dydlodeoh1 D vhw � � pd| eh duudqjhg dv
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zkhuh hdfk urz Ef ¦ § ¨ c t ¦ § ¨ c � � � c` ¦ § ¨ �/ � ' �c � � � c ? ghqrwhv rqh revhuydwlrq ri
Efctc � � � c` � dqg hdfk froxpq lv wkh ?�� yhfwru fruuhvsrqglqj wr uhvshfwlyh
udqgrp yduldeoh1 Wkh odwwhu lv ghqrwhg lq erog w|shidfh/ h1j1 ~ © 1
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Ohw f ª « ¬ ghqrwh wkh o*wk rughu vwdwlvwlf ri wkh f*v lq wkh vhw �  1 Wkh
yduldeoh t ® ¯  dvvrfldwhg zlwk f ° ±  zloo lq wkh iroorzlqj eh ghqrwhg e| t ² ³ ´ µ ¶
dqg whuphg wkh frqfrplwdqw wr wkh o*wk rughu vwdwlvwlf ri f/ dgrswlqj wkh
whuplqrorj| ri/ dprqj rwkhuv/ Gdylg +4<;4,1 Wkh frqfrplwdqw wr wkh r*wk
rughu vwdwlvwlf ri t lv fruuhvsrqglqjo| ghqrwhg e| f · ¸ ¹ º » 1 D pruh dssursuldwh
qrwdwlrq vkrxog shukdsv uh hfw wkh vshfl�f yduldwh wr zklfk wkh frqfrplwdqw
lv dvvrfldwhg/ h1j1 t ¼ ½ ¾ ¿ À Á lv wkh frqfrplwdqw wr f Â Ã Ä 1 Zh zloo krzhyhu lq
wkh iroorzlqj irfxv rq uhodwlrqv ehwzhhq sdluv ri yduldeohv dqg wkh suhvhqw
qrwdwlrq zloo vx!fh1 Iru h{dpsoh/ dq revhuydwlrq rq f dqg t lq � Å pd|
eh ghqrwhg e| hlwkhu ri wkh iroorzlqj

Ef Æ Ç È c t É Ê Ë � ' Ef Ì Í Î c t Ï Í Î � ' �f Ð Ñ Ò c t Ó Ð Ñ Ò Ô
� ' �f Õ Ö × Ø Ù c t Ö × Ø �

dvvxplqj +@?! df Ú Û Ü o ' o/ dqg +@?! dt Ý Þ ß o ' r1 D jhqhudo wkhru| iru frqfrpl0
wdqwv ri rughu vwdwlvwlfv lv jlyhq lq h1j1 \dqj +4<::, dqg Gdylg +4<;4,1

7 Ghvfulswlrq ri wkh Gdwd0Vzdsslqj Surfh0
gxuh

Wkh edvlf lghd wkdw wkh gdwd0vzdsslqj phwkrg exlogv rq lv vlpsoh dqg lv
shukdsv ehvw looxvwudwhg e| vlpsoh h{dpsohv lqyroylqj rqo| wzr yduldeohv/ f
dqg t vd|1 Vlqfh wkh dydlodeoh vxevhwv +vdpsohv,� à c� á � � � duh lqghshqghqw
uhdol}dwlrqv iurp wkh vdph glvwulexwlrq/ wkh frqglwlrqdo glvwulexwlrq ri wkh
o*wk frqfrplwdqwv lq dq| wzr vdpsohv duh lghqwlfdo1 Wkxv/ frqglwlrqdo rq f
zh kdyh
s â ã ä å æ ç è é ê ë ì E+ m f í î ï ' %� ' s ð ñ ò ó ô õ ö ÷ ø ù ô E+ m f ú û ü ' %� ' s ý ö ÷ E+ m f ' %� �

Ixuwkhupruh/ vlqfh . df þ ÿ � o ' . df þ ÿ � o/ rqh zrxog h{shfw f þ ÿ � wr eh dssur{l0
pdwho| htxdo wr f � � � iru odujh ?/ wkhuhiruh mxvwli|lqj wkh dssur{lpdwlrq

. �t � � � � 	 m f � � � ' % � � � . �t 
 � �  � m f � �  ' %  � �
Khqfh d vlpsoh zd| wr fuhdwh duwl�fldo revhuydwlrqv lv wr h{fkdqjh wkh re0
vhuyhg rughu vwdwlvwlfv ehwzhhq lqghshqghqw vdpsohv l1h1 f � � � lv vzdsshg iru
f � � � / iru doo o ' �c � � � c ?1

Dvvxph wkdw wkuhh glvmrlqw dqg htxdoo| vl}hg vxevhwv � � ' dj � cv � oc
� � ' dj � cv � o dqg � � ' dj � cv � o duh dydlodeoh ri zklfk zh vhohfw � � wr
exlog rq dqg uhihu wr dv wkh uhihuhqfh vhw1 Wkh rwkhu vhwv/ � � dqg � � zloo
surylgh wkh ydoxhv wkdw uhsodfh wkh ruljlqdo ydoxhv ri� � dqg zh uhihu wr wkhvh
dv wkh dx{loldu| vhwv1
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Gh�qh �j � dv wkh yhfwru frqvlvwlqj ri wkh ? hqwulhv lq j � uhduudqjhg lq
dvfhqglqj rughu1 Wkh shupxwdwlrq ri j � wr �j � lv hdvlo| gh�qhg dv d olqhdu
wudqvirupdwlrq

+ � � j � ' �j �
zkhuh + � � lv wkh ? � ? ruwkrjrqdo pdwul{ zlwk rqhv lq wkh hqwulhv fruuh0
vsrqglqj wr wkh vkliwv lq j � dqg }hurhv hovhzkhuh1 Iru h{dpsoh/ f � � � ' f  ! �
hqwdlov d rqh lq wkh �*wk froxpq ri wkh o*wk urz ri + " # dqg }hurhv lq wkh uh0
pdlqlqj srvlwlrqv ri wkdw vdph urz1 Wkh uhyhuvh rshudwlrq lv hdvlo| rewdlqhg
e| + $% & �j & ' j & zkhuh + $% & lv wkh wudqvsrvh ri + % & 1 Wkh pdwulfhv + zloo
lq wkh iroorzlqj eh uhihuuhg wr dv rughulqj shupxwdwlrqv1

Wr h{fkdqjh wkh ydoxhv ri j ' iru wkrvh lq j ( / wkh revhuydwlrqv lq j ( duh
�uvw uhduudqjhg vr wkdw wkh udqn rughulqj lv wkh vdph dv wkh rughulqj jlyhq
e| wkh revhuydwlrqv lq j ) 1 Wklv lv hdvlo| dffrpsolvkhg e| wkh rshudwlrq

+
*+ ) +

+ ,
j

, ' j - . � +4,
Wkh froxpq yhfwru j . lv wkhuhdiwhu h{fkdqjhg iru j - . / l1h1 f / 0 . lv vzdsshg
iru f / 0 1 / iru doo o ' �c � � � c ?� Wkh vwdu qrwdwlrq E�� zloo wkurxjkrxw ghqrwh
wkdw wkh ruljlqdo ydoxhv kdyh ehhq vzdsshg iru qhz rqhv1
H{dpsoh 4 Wr looxvwudwh wkh surfhgxuh frqvlghu wzr vhwv ri gdwd jlyhq e|
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Fduu|lqj wkh rshudwlrq rqh vwhs ixuwkhu zh pd| frqvlghu vzdsslqj wkh t
vfruhv dv zhoo1 E| uhduudqjlqj wkh revhuydwlrqv lq v 9 zlwk uhvshfw wr v : dqg
wkhq vzdsslqj wkh revhuyhg ydoxhv ri wkh vdph/ |hw dqrwkhu vhw lv fuhdwhg1
Dowhuqdwlyho|/ zh fdq frqvlghu vzdsslqj wkh vfruhv lq v : iru wkrvh jlyhq e|
v ; cl1h1 zh xvh wzr vhsdudwh vrxufhv iru wkh wzr yduldeohv1 Wkh uh0rughulqj
wudqvirupdwlrqv lq hlwkhu fdvh duh gh�qhg dqdorjrxvo| wr +4,1

H{whqglqj wkh surfhgxuh wr vlwxdwlrqv zlwk pruh wkdq wzr yduldeohv lv
vwudljkwirzdug1 D vlpsoh h{dpsoh lqyroylqj vl{ yduldeohv lv ghslfwhg lq �jxuh
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41 Khuh wkuhh ri wkh yduldeohv/ f/ t dqg ` / kdyh ehhq vhohfwhg wr uhpdlq
lqwdfw/ l1h1 wkh ruljlqdo revhuydwlrqv ri � < duh uhwdlqhg1 Wkh yduldeohv ~
dqg L duh vzdsshg iru ydoxhv iurp wkh dx{loldu| vrxufh � = dqg wkh yduldeoh
T lv vzdsshg iru ydoxhv iurp � > � Irupxodwlqj wkh rshudwlrq lq whupv ri
uh0rughulqj shupxwdwlrqv zrxog |lhog wkh iroorzlqj h{suhvvlrq=

� ? @ ' �

j @ c v @ c + A B C + B D ~ E c + F G H + G I N J c + K L M + L N V O ` P � �
Zkhq dvvhvvlqj zkdw kdsshqv zlwk wkh dvvrfldwlrq ehwzhhq sdluv ri yduldeohv
zh qrwh wkdw dq| jlyhq sdlu lq wklv h{dpsoh +dqg lq jhqhudo, lv ghvfulehg e|
rqh ri wkh iroorzlqj= +d, vzdsslqj rqo| rqh yduldeoh/ h1j1 wkh uhodwlrqvkls
ehwzhhq f dqg ~/ +e, vzdsslqj erwk yduldeohv zlwk ydoxhv iurp wkh vdph
vrxufh/ h1j1 ~ dqg L / +f, vzdsslqj erwk yduldeohv zlwk ydoxhv iurp vhsdudwh
vrxufhv/ h1j1 ~ dqg T dqg �qdoo| +g, qr vzds/ h1j1 wkh uhodwlrqvkls ehwzhhq
wkh xqvzdsshg yduldeohv f dqg t 1 Wkh �uvw wkuhh fdvhv duh lqyhvwljdwhg
ixuwkhu lq vhfwlrq 8/ wkh irxuwk lv wulyldo1 Iru kljkhu rughu uhodwlrqvklsv
wkh qxpehu ri srvvleoh frpelqdwlrqv rqh qhhgv wr frqvlghu zloo ri frxuvh eh
odujhu1

Rq wkh xqlyduldwh ohyho lw fdq eh dujxhg wkdw wkh vzdsslqj surfhgxuh lv
htxlydohqw wr dgglqj vrph nlqg ri huuru ru qrlvh wr wkh lqglylgxdo vfruhv1 Rq
wkh rwkhu kdqg lw vkrxog eh fohdu wkdw dq| xqlyduldwh lqihuhqfh lv htxdoo| ydolg
diwhu wkh vzds/ dv ehiruh> rqh vdpsoh ri vfruhv kdv vlpso| ehhq h{fkdqjhg iru
dqrwkhu ri htxdo vl}h1 Krzhyhu/ iurp wkh ylhzsrlqw ri glvforvxuh olplwdwlrq
lw lv lpsruwdqw wr lqyhvwljdwh wkh surshuwlhv ri wkh dgghg huuru dqg zh uhwxuq
wr wkhvh lvvxhv lq vhfwlrqv 9 dqg :1

Rq wkh xqlyduldwh ohyho lw fdq eh dujxhg wkdw wkh vzdsslqj surfhgxuh lv
htxlydohqw wr dgglqj vrph nlqg ri huuru ru qrlvh wr wkh lqglylgxdo vfruhv1 Rq
wkh rwkhu kdqg lw vkrxog eh fohdu wkdw dq| xqlyduldwh lqihuhqfh lv htxdoo| ydolg
diwhu wkh vzds dv ehiruh> rqh vdpsoh ri vfruhv kdv vlpso| ehhq h{fkdqjhg iru
dqrwkhu ri htxdo vl}h1 Krzhyhu/ iurp wkh ylhzsrlqw ri glvforvxuh olplwdwlrq
lw lv lpsruwdqw wr lqyhvwljdwh wkh surshuwlhv ri wkh dgghg huuru dqg zh uhwxuq
wr wkhvh lvvxhv lq vhfwlrqv 9 dqg :1

714 Uhodwhg phwkrgv
Dw ohdvw wzr udqn0edvhg vzdsslqj whfkqltxhv iru frqwlqxrxv gdwd kdyh ehhq
sursrvhg lq wkh olwhudwxuh> Gdohqlxv +4<;;/ fk1 5:/ ss1 90<, dqg Juhhqehuj
+4<;:,/ wkh odwwhu ehlqj h{soruhg e| Prruh +4<<9,1 Wkh surfhgxuh vxjjhvwhg
e| Gdohqlxv zdv looxvwudwhg lq wkh fdvh zlwk wzr yduldeohv/ f dqg t 1 Wkh
ruljlqdo gdwd pdwul{ � lv duudqjhg lq dvfhqglqj rughu ri fc dqg lq wkh
�uvw vwhs/ � lv sduwlwlrqhg lqwr & frqvhfxwlyh dqg frqwlqxrxv vxevhwv ri
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Iljxuh 4= H{dpsoh ri wkh vzdsslqj surfhgxuh zlwk vl{ yduldeohv dqg wkuhh
vxevhwv1

htxdo vl}h/ zlwk � 	 & 	 ?1 W|slfdoo| & vkrxog eh pxfk vpdoohu wkdq
?1 Qrwh wkdw wkh gdwd lq hdfk vxevhw lv vwloo duudqjhg lq lqfuhdvlqj rughu
ri f1 Qh{w/ wkh t 0ydoxhv zlwklq hdfk ri wkh & vxevhwv duh shupxwhg dw
udqgrp/ jhqhudwlqj wkh pdvnhg pdwul{ � Q 1 Shupxwlqj wkh f0ydoxhv lqvwhdg
ri wkh t *v/ zrxog kdyh dq htxlydohqw h�hfw1 Wkh surfhgxuh frxog wkhq eh
uhshdwhg iru hdfk yduldeoh vhohfwhg iru vzdsslqj/ jlyhq wkh lqlwldo sduwlwlrqlqj1
Gdohqlxv jdyh wkh iroorzlqj wzr uhpdunv= +4, wkh lqwudyduldwh surshuwlhv duh
h{dfwo| uhwdlqhg/ vlqfh doo wkh ydoxhv ruljlqdoo| suhvhqw lq � duh uhwdlqhg lq
wkh uhohdvhg pdwul{1 Dv iru wkh fruuhodwlrq ehwzhhq f dqg t / wkh uhvxowlqj
elyduldwh uhodwlrqvkls zloo eh vxemhfw wr huuru zklfk lq jhqhudo zloo ghfuhdvh
zlwk lqfuhdvlqj &1 +5, Wkh surwhfwlrq surylghg e| glvvhplqdwlqj� R lq sodfh
ri� zloo fohduo| ghshqg rq wkh fkrlfh ri &> lqfuhdvlqj & zloo uhgxfh surwhfwlrq
vlqfh wkh qxpehu ri dydlodeoh fdqglgdwhv wr vzds zlwk lv uhgxfhg1

Wkh phwkrg sursrvhg lq wklv sdshu lv dssduhqwo| d uhyhuvhg yhuvlrq ri wkh
Gdohqlxv sursrvdo1 Wkdw lv/ Gdohqlxv zloo �uvw rughu wkh uhfrugv lq dffrugdqfh
zlwk wkh udqnv rq wkh hqwluh vhw/ wkhq sduwlwlrq wkh vhw lqwr & vxevhwv dqg
�qdoo| udqgrpo| vzds zlwklq hdfk vxevhw1 Rxu sursrvdo rq wkh rwkhu kdqg
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vwduwv r� e| udqgrpo| sduwlwlrqlqj wkh uhfrugv ri wkh hqwluh vhw lqwr & vxevhwv/
rughuv wkh uhfrugv zlwklq hdfk vxevhw dqg wkhq vzdsv ydoxhv ehwzhhq vxevhwv1
Lq vkruw/ Gdohqlxv vwudwl�hv wkh gdwd dqg udqgrpo| vzdsv zlwklq vwudwd/ zh
udqgrpo| foxvwhu wkh gdwd dqg wkhq vzds ehwzhhq foxvwhuv1 Wkh lpsolfdwlrqv
qrwhg e| Gdohqlxv zloo dffruglqjo| eh wkh rssrvlwh1

Wkh phwkrg sursrvhg e| Juhhqehuj dqg Prruh dssolhv d gl�huhqw ds0
surdfk1 Vwduw zlwk d gdwd vhw � ri vl}h ? dqg rughu wkh uhvsrqvhv lq dv0
fhqglqj rughu ri d vlqjoh yduldeoh f1 Ghwhuplqh d ydoxh �S zlwk f 9 � T 9
�ff/ wkh lqwhqwlrq ehlqj wr vzds wkh ydoxh f U V W zlwk wkdw ri f X V W vr wkdw
wkh shufhqwdjh gl�huhqfh ri wkh lqglfhv +udqnv, o dqg r lv ohvv wkdq � T ri
?1 Lqlwldol}h doo uhfrugv vhw wr wrs0 ru erwwrp0frgh dqg uhfrugv ri doo lp0
sxwhg dqg eodqn ydoxhv dv �vzdsshg�1 Doo rwkhu uhfrugv duh lqlwldol}hg dv
�xqvzdsshg�1 Vwduwlqj zlwk wkh orzhvw xqvzdsshg udqn/ vd| o/ udqgrpo|
vhohfw d uhfrug zlwk dq xqvzdsshg udqn iurp wkh lqwhuydo do n �c6o zkhuh
6 ' 4�? i�c o n ?� Y *�ffj/ khqfh prwlydwlqj wkh whup �udqn0edvhg sur{0
lplw| vzds�1 Dvvxplqj wkh udqgrpo| vhohfwhg udqn lv r/ wkh ydoxhv ri f Z [ \
dqg f ] [ \ duh vzdsshg dqg odehoohg dv �vzdsshg�1 Wkh surfhgxuh lv wkhq
uhshdwhg xqwlo doo udqnv duh odehoohg �vzdsshg�1 Wkh hqwluh surfhgxuh fdq ri
frxuvh eh shuiruphg rq vhyhudo dgglwlrqdo yduldeohv1 Ixuwkhupruh wkh ydoxhv
� iru wkh gl�huhqw yduldeohv qhhg qrw htxdo hdfk rwkhu1 Prruh gh�qhg fulwh0
uld iru fkrrvlqj wkh � ydoxhv zlwk wkh sxusrvh ri suhvhuylqj xqlyduldwh dqg
fryduldwh surshuwlhv ri wkh ruljlqdo gdwd1

Wkh surfhgxuh ri Juhhqehuj dqg Prruh uhvhpeohv wkh sursrvdo ri Gdoh0
qlxv1 Wkh pdlq gl�huhqfh lv wkdw wkh gdwd lv qrw lqlwldoo| sduwlwlrqhg lqwr
vxevhwv/ udwkhu wkh gdwd ydoxhv duh vzdsshg rq d uhfrug0e|0uhfrug edvlv1 Wkh
lqwhuydo do n �c6o fdq eh ylhzhg xsrq dv d zlqgrz wkdw pryhv dfurvv wkh
uhfrugv ri wkh yduldeoh vhohfwhg iru vzdsslqj/ ghwhuplqlqj wkh udqjh ri srv0
vleoh vzdsslqj fdqglgdwhv1 Wkh ydoxh � ^ zklfk ghwhuplqhv wkh udqjh ri wkh
lqwhuydo lv wkh frxqwhusduw ri & lq wkh phwkrg ri Gdohqlxv/ wkh qxpehu ri
vxevhwv zklfk gluhfwo| ghwhuplqhv wkh vl}h ri wkh vxevhwv1

715 Yduldwlrqv ri wkh vzdsslqj surfhgxuh
Jlyhq wkh edvlf rxwolqh/ yduldwlrqv ri wkh ghvfulehg phwkrg duh hdvlo| frq0
fhlyhg1 Dowkrxjk dq lq0ghswk lqyhvwljdwlrq ri vxfk h{whqvlrqv lv eh|rqg wkh
vfrsh ri wklv sdshu/ zh pljkw klqw dw vrph srvvlelolwlhv1 Iluvw/ lw lv srvvleoh
wr pdnh xvh ri wkh hqwluh gdwd �oh dqg qrw mxvw glvmrlqw vxevhwv ri wkh uhfrugv
ryhu vhsdudwh yduldeohv1 Dv vhhq lq �jxuh 4 rqo| rqh wklug ri doo dydlodeoh ydo0
xhv duh xvhg lq wkh �qdo vhw ri wklv h{dpsoh1 H{whqglqj wkh vzds vfkhph wr
lqfoxgh wzr0zd| vzdsv ehwzhhq eorfnv ri dwwulexwhv ru hyhq fkdlqv ri vzdsv/
wkh hqwluh vhw ri ydoxhv fdq eh xvhg1 Lq wklv zd|/ vhyhudo vxevhwv dfw dv uhihu0
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hqfh vhwv1 E| phujlqj wkh uhvxowlqj vxevhwv/ d �qdo vhw � _ lv fuhdwhg/ zklfk
lv htxdo lq vl}h wr wkh ruljlqdo vhw1 Ixuwkhupruh/ wkh xqlyduldwh fkdudfwhulv0
wlfv zrxog uhpdlq lqwdfw vlqfh doo ri wkh ruljlqdo ydoxhv duh uhwdlqhg lq wkh
uhvxowlqj vhw1 H{whqglqj wkh h{dpsoh lq �jxuh 4 frxog iru h{dpsoh uhvxow lq
wkh iroorzlqj vzds0vfkhph=

� _ '
5

7

j ` v ` + a b ` + b c ~ c + a d ` + d c N c + a e ` + e f V f ` `
j c v c + a b c + b ` ~ ` + a d c + d ` N ` + a e c + e ` V ` ` c
j f v f ~ f N f + a e f + e c V c ` f

6

8 �

Khuh wkh vfkhph kdv ehhq h{whqghg wr lqfoxgh wzr0zd| vzdsv rq wkh ~ dqg
L yduldeohv1 Qrwh dovr wkdw wkh eorfnv ~ f dqg N f kdyh ehhq ohiw xqvzdsshg/
wkh reylrxv h�hfw ehlqj wkdw wkh dvvrfldwlrq ehwzhhq h1j1 f dqg ~ lv ohvvhu
vwudlqhg wkhq li doo wkh ydoxhv ri ~ kdg ehhq vxemhfwhg wr vzdsslqj1 Wkh
gudzedfn zrxog ri frxuvh eh d ohvvhu ghjuhh ri pdvnlqj ri wkh ruljlqdo gdwd1
Dq h{dpsoh ri d fkdlq ri vzdsv lv jlyhq iru wkh yduldeoh T zkhuh V ` lv
vzdsshg iru V f c V c iru V ` dqg V f iru V c 1 Rqfh d pdvnhg vhw kdv ehhq
jhqhudwhg lq wklv zd| lw zrxog ri frxuvh eh srvvleoh wr uhohdvh rqo| d vdpsoh
iurp lw1

Doorzlqj wkh vxevhw vl}h wr ghshqg rq wkh ghjuhh ri vhqvlwlylw| lv d ydul0
dwlrq vxjjhvwhg e| wkh uhodwlrqvkls ehwzhhq sduwlwlrq vl}h/ suhvhuydwlrq ri
fkdudfwhulvwlfv dqg glvforvxuh frqwuro1 Xvlqj vpdoohu vxevhwv iru fhuwdlq vhq0
vlwlyh dwwulexwhv wkh glvforvxuh frqwuro fdq eh hqkdqfhg1 Wkh lqfuhdvlqj frvwv
lq whupv ri ryhudoo ghjudgdwlrq lqgxfhg frxog eh fkhfnhg e| lqfuhdvlqj wkh
vxevhw vl}h ri doo rwkhu yduldeohv1 Wklv zrxog lq h�hfw fruuhvsrqg wr ydu|lqj
wkh ydoxh � g ri wkh phwkrg sursrvhg e| Juhhqehuj +4<;:, dqg Prruh +4<<9,1
Lw lv dovr srvvleoh wr frqvlghu sduwlwlrqlqj dqhz iru hdfk yduldeoh vhohfwhg iru
vzdsslqj1

D wklug yduldwlrq lv dfklhyhg e| �uvw wdnlqj d vdpsoh � h ri wkh ruljlqdo
gdwd vhw � dqg wkhq uhfruglqj wkh udqnv zlwk uhvshfw wr � h 1 Wkh vl}h ? ri
wkh vdpsoh zrxog htxdo wkh qxpehu ri uhfrugv frqvlghuhg iru uhohdvh1 Wkh
ydoxhv ri wkh vdpsoh duh wkhq h{fkdqjhg iru wkh fruuhvsrqglqj txdqwlohv ri wkh
uhpdlqlqj uhfrugv/ l1h1 � q� i 1 Wkh surfhgxuh pljkw suryh xvhixo lq fdvhv
zhuh wkh vl}h ri wkh ruljlqdo gdwd vhw lv mxgjhg wrr odujh wr eh pdqdjhdeoh dv
lw lv hdvlhu wr lpsohphqw dqg pruh udslgo| h{hfxwhg frpsduhg wr vxemhfwlqj
wkh hqwluh vhw wr d vzdsslqj vfkhph1 Dovr wkh dfwxdo ydoxhv lq wkh uhvxowlqj
vhw zloo eh vxemhfw wr d ohvvhu ghjuhh ri yduldwlrq> wkh ydoxhv zloo ghshqg
ohvv rq wkh vdpsoh � i dqg pruh rq wkh vdpsolqj iudfwlrq1 Wkh ghjuhh ri
udqgrpqhvv lv pdlqo| dwwulexwhg wr wkh udqn vwuxfwxuh ri wkh vhohfwhg vdpsoh
� i zklfk zloo ydu| ehwzhhq gl�huhqw vdpsohv1
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8 Furvv Surgxfw Prphqwv
Lq wklv vhfwlrq zh lqyhvwljdwh wkh h{shfwhg h�hfwv ri wkh vzdsslqj surfhgxuh
rq wkh fryduldwh dvvrfldwlrq ehwzhhq sdluv ri yduldeohv zlwklq d vxevhw dv
jdxjhg e| wkh furvv surgxfw prphqw xqghu vrph edvlf prgho dvvxpswlrqv1
Zh frqvlghu wkh vlpsoh fdvh zlwk rqo| wzr yduldeohv/ f dqg t / dqg h{soruh
wkh wkuhh gl�huhqw fdvhv qrwhg lq vhfwlrq 71 Dowkrxjk h{dfw h{suhvvlrqv iru
wkh furvv surgxfw prphqwv duh ghulyhg/ wkh uhvxowv duh txlwh frpsolfdwhg1
Wr looxvwudwh wkh ehkdylru zh kdyh xvhg vlpxodwlrq vwxglhv xqghu d elyduldwh
qrupdo glvwulexwlrq1

Dvvxph wkdw f dqg t duh jhqhudwhg iurp d frqwlqxrxv elyduldwh glvwul0
exwlrq zlwk �qlwh �uvw dqg vhfrqg rughu prphqwv dqg wkdw wkh| duh olqnhg
e| d olqhdu uhjuhvvlrq uhodwlrq jlyhq e|

t j k l ' > m n 4j n
j o Ef p q r � > s � n 0 t u v c m4m 9 � +5,

zkhuh wkh f t u v dqg 0 t u v duh pxwxdoo| lqghshqghqw1 Iurp +5, lw iroorzv wkdw
. E0 t u v � ' f/ T @o E0 w x y � ' j z{ E�� 4 z � dqg �Joo Ef | } ~ c t | } ~ � ' 41 Zlwkrxw
orvv ri jhqhudolw| zh pd| dvvxph lq wkh iroorzlqj wkdw wkh f*v dqg t *v duh
vwdqgdugl}hg zlwk }hur h{shfwdwlrqv dqg xqlw yduldqfhv1 Wkxv/ h{suhvvlqj wkh
uhodwlrqvkls lq +5, lq whupv ri rughu vwdwlvwlfv dqg fruuhvsrqglqj frqfrplwdqwv
jlyhv

t � � � ~ � ' 4f � � ~ n 0 � � � ~ � � +6,
Lq wkh iroorzlqj wkh lqgh{ ri wkh huuru whup lv gursshg iru qrwdwlrqdo hdvh1

814 Vzdsslqj rqh yduldeoh
Zlwk wzr dydlodeoh yduldeohv f dqg t zh �uvw frqvlghu vzdsslqj rqo| f1
Dvvxplqj wkdw +@?! df � � � o ' -/ wkh vzdsslqj surfhgxuh h{fkdqjhv f � � � /
� ' �c � � � c ?c iru f� � � ' f � � � ' f �� � � iru vrph �1
Wkhruhp 4 Iru d udqgrpo| fkrvhq sdlu Ef �� � � c t � � � � 5 � � � / wkh furvv surgxfw
prphqw lv jlyhq e|
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zkhuh > ³ ´ µ ghqrwhv wkh h{shfwdwlrq ri wkh o*wk rughu vwdwlvwlf ri f +lq d vdpsoh
ri vl}h ?,1 Xqghu wkh dvvxpswlrq ri +6,/ +7, vlpsol�hv wr

. �f ¶· ¸ ¹ t · ¸ ¹ � ' 4
?

º
[

» ¼ ¹ >
½¾ ¿ » ' 4 À � +8,

Surri1 Zh duh vdwlv�hg lq surylqj +8,1 Vlqfh wkh vdpsohv� Á dqg� Â duh
lqghshqghqw/ f Ã Ä Â dqg t Å Ã Ä Á Æ duh frqglwlrqdoo| lqghshqghqw jlyhq wkh udqn -1
E| frqglwlrqlqj rq -/ zklfk lv d udqgrp yduldeoh/ zh kdyh
. �f ÇÈ É Á t È É Á � ' . Ã �. �f Ê Ë Ì t Í Ê Ë Î Ï m -�� ' . Ð �. df Ð Ñ Ò m -o. �t Ó Ð Ñ Ô Õ m -��

Vlqfh �h E- ' o� ' ? Ö × wkh uhvxow iroorzv1 Iurp +6, zh kdyh
. �t Ø Ù Ú × Û � ' . i. dt Ü Ý × m f Ü Ý × ' f Ù Ú × oj ' . i. d4f Ü Ý × n 0 m f Ü Ý × ' f Ù Ú × oj' . i4f Ù Ú × j ' 4> Þ Ú Ù

dqg wkh uhvxow lq +8, iroorzv1 Qrwh wkdw lw lv lpsolhg wkdw wkh 0 5 � × duh
lqghshqghqw ri wkh fß Ý à 5 � à 1

Wkh uhvxow deryh lv ri frxuvh ydolg rqo| li wkh h{shfwdwlrqv > Þ Ú Ù h{lvw iru
doo o1 Krzhyhu/ wklv iroorzv iurp wkh dvvxpswlrq ri d �qlwh �uvw prphqw lq
wkh sduhqw glvwulexwlrq ri f +fi1 Gdylg/ 4<;4/ ss1 65066,1 Jlyhq wkdw wkh
yduldqfh ri wkh sduhqw glvwulexwlrq ri f htxdov xqlw| lw lv dovr frqfoxghg wkdw
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zkhuh j àÞ Ú Ù ghqrwhv wkh yduldqfh ri wkh o*wk rughu vwdwlvwlf ri f lq d vdpsoh
ri vl}h ?1 Wklv surylghv d qdlyh erxqg iru wkh h{shfwhg lq xhqfh ri wkh
rshudwlrq/ l1h1 f 	 4 ä 	 41 Dv wkh vxp grhv qrw ghshqg rq 4/ wkh h{shfwhg
uhodwlyh ghwhulrudwlrq ri wkh dvvrfldwlrq lqgxfhg e| wkh vfkhph lv frqvwdqw
iru doo 4 jlyhq wkh vdpsoh vl}h ?> wkdw lv/ wkh devroxwh ghwhulrudwlrq lqfuhdvhv
zlwk wkh devroxwh pdjqlwxgh ri 4 dqg ghfuhdvhv zlwk vdpsoh vl}h1 Lw vkrxog
dovr eh fohdu wkdw wkh olplw ri +8, dv ? $ 4 htxdov 4> d surri lv rxwolqhg lq
wkh dsshqgl{1

Dowkrxjk wkh fdofxodwlrq ri +8, lv vwudljkwiruzdug lw pljkw eh vrphzkdw
fxpehuvrph lq sudfwlfh vlqfh lw uhtxluhv wkh frpsxwdwlrq ri doo ? h{shfwdwlrqv
ri wkh rughu vwdwlvwlfv1 Vdz dqg Fkrz +4<99, vkrzhg wkdw
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å ì è
[

æ ç í
?- E?� ��-

E?n o�- E?� �� o�- E2o n ��a îï +9,
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Wdeoh 4= Wkh h{shfwhg ghjuhh ri ghwhulrudwlrq +ht1 7, iru ydulrxv glvwulex0
wlrqv dqg vdpsoh vl}hv1 Ydoxhv zhuh fdofxodwhg xvlqj wkh dssur{lpdwlrq lq
+9, zlwk ð 6 ' 2� dqg ð ð 6 ' �e> doo rwkhu ydoxhv zhuh fdfxodwhg xvlqj wkh
vxp ri vtxduhg h{shfwdwlrqv lq +7,1

? ñ ò ó ô õ ö ÷ ø ÷ ÷ ù ÷ ÷ ø ÷ ÷ ÷
� Efc �� ÷ ú û ü ý þ þ ÿ � � � � � � � � � 	 
 � �  	 � 
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zkhuh

a 5 '
] 6 7

8 7 u 9 d28 : E%�� �o %s : E%� _%

zkhuh u ; E5� lv wkh o*wk rughu Ohjhqguh sro|qrpldo lq 51 Wklv uhsuhvhqwdwlrq
fdq iru vrph sduhqw glvwulexwlrqv h!flhqwo| uhgxfh wkh frpsxwdwlrqdo exughq1
Vdz dqg Fkrz dovr vxjjhvwhg d wuxqfdwhg yhuvlrq ri wkh ohiw kdqg vlgh ri +9,
dv dq dssur{lpdwlrq/ l1h1 wkh vxppdwlrq lv fduulhg rxw rqo| xs wr d qxpehu
6 � ?� �1

Qrwh wkdw wkh h{suhvvlrq lqvlgh wkh eudfnhwv ri htxdwlrq +7, fdq eh vhhq
dv d phdvxuh ri wkh h{shfwhg ghwhulrudwlrq ri dvvrfldwlrq ehwzhhq f dqg t >
zkhq lw lv forvh wr xqlw| . df < t o zloo eh forvh wr . dft o1 Wdeoh 4 jlyhv wkh
ydoxhv ri wklv h{suhvvlrq iru d vhohfwlrq ri vdpsoh vl}hv xqghu irxu gl�huhqw
glvwulexwlrqv ri f> d vwdqgdugl}hg qrupdo/ d xqlirup/ dq h{srqhqwldo glv0
wulexwlrq/ dqg d orjqrupdo glvwulexwlrq1 Wkh wuxqfdwhg yhuvlrq ri +9, zdv
xvhg lq wkuhh fdvhv dv lqglfdwhg/ xvlqj 6 ' 2� iru wkh � Efc �� dqg 6 ' �e
iru uJ}� Efc ��1 Wkh devroxwh huuru gxh wr wkh dssur{lpdwlrq +fi1 Vdz dqg
Fkrz/ 4<99, lv ohvv wkdq �f = > iru wkh qrupdo glvwulexwlrq exw vrphzkdw
odujhu iru wkh orjqrupdo/ ohvv wkdq D� �f ? @ 1 Ixuwkhupruh/ iru wkh orjqrupdo
glvwulexwlrq wkh huuru ri dssur{lpdwlrq zdv frqvlghuhg wr odujh iru vdpsoh
vl}hv odujhu wkdq 433 dqg wkhvh ydoxhv kdyh ehhq rplwwhg1 Zh frqfoxgh iurp
wkh wdeoh wkdw xqghu d vwdqgdugl}hg qrupdo glvwulexwlrq/ wkh h{shfwhg ghjuhh
ri ghwhulrudwlrq lv ohvv wkdq �I li wkh vdpsoh vl}h lv dw ohdvw �ff dqg iru
? : Sf lw lv ohvv wkdq DI1 Wkh xqlirup glvwulexwlrq |lhogv d voljkwo| ehwwhu
suhvhuydwlrq zkhuhdv wkh h{srqhqwldo lv rqo| voljkwo| lqihulru1 Wkh orjqrupdo
glvwulexwlrq h{klelwv d odujhu ghjuhh ri ghjudgdwlrq zklfk prvw olnho| lv gxh
wr wkh srvlwlyh vnhzqhvv dqg khdy| uljkw wdlo1
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815 Vzdsslqj erwk yduldeohv iru ydoxhv iurp rqh vrxufh
Zkhq vzdsslqj erwk fA B C dqg t A B C zh pxvw frqvlghu erwk wkhlu uhvshfwlyh
udqnv1 Dvvxplqj �uvw wkdw +@?! df A B C o ' -c wkh ydoxh ri f A B C lv h{fkdqjhg
iru wkh ydoxh ri fD B E ' f F G E ' f HA B C iru vrph �1 Vhfrqgo|/ dvvxplqj wkdw
+@?! dt A B C o ' 7/ wkh ydoxh ri t I J K lv h{fkdqjhg iru wkh ydoxh ri t L M N ' t O P N '
t QR M S iru vrph &1 Qrwh wkdw wkh udqnv - dqg 7 duh ghshqghqw udqgrp yduldeohv
gxh wr wkh olqhdu olqn ehwzhhq f R M S dqg t R M S gh�qhg lq +5,0+6,1 Zh lqwurgxfh
wkh iroorzlqj qrwdwlrq iru wkh lqyroyhg suredelolwlhv=

�h E- ' o� ' Z T ' ? U
V c �h E- ' oc 7 ' r� ' Z T W

dqg
�h E7 ' r m - ' o� ' Z W X T �

Wkh mrlqw suredelolw| Z T W fdq eh rewdlqhg iurp wkh uhodwlrq Z T W ' Z T � Z Y Z [ '
? \ ] Z Y Z [ 1 H{dfw h{suhvvlrqv iru wkh frqglwlrqdo suredelolwlhv zhuh jlyhq e|
Gdylg hw do1 +4<::,1
Wkhruhp 5 Iru d udqgrpo| fkrvhq sdlu Ef ^_ ` ] c t ^_ ` ] � 5 � ^ ] / wkh furvv surgxfw
prphqw lv jlyhq e|

. �f ^_ ` ] t ^_ ` ]
� ' �

?
a

[

[ b ]

a
[

Y b ]
Z Y Z [ E> c d [ > e d Y n j c d [ ` e d Y � ' 4 f g +:,

zkhuh j h i j k l i m ghqrwhv wkh fryduldqfh ri wkh o*wk rughu vwdwlvwlf ri f dqg wkh
r*wk rughu vwdwlvwlf ri t / lq d vdpsoh ri vl}h ?1

Surri1 E| frqglwlrqlqj rq wkh udqnv - dqg 7 zh kdyh
. �f no k g t no k g

� ' . p k q i. df p i r t q i r m -c7oj ' . p k q i> h i p > l i q n j h i p k l i q j �
Xvlqj wkdw Z j m ' ? s g Z m t j wkh uhvxow iroorzv1

Wkh surgxfw prphqw 4 f g ghshqgv rq 4 wkurxjk erwk wkh fryduldqfh whupv
dqg wkh suredelolwlhv Z m t j 1 D uhdvrqdeoh frqmhfwxuh xqghu dvvxpswlrq +6,
zklfk krzhyhu uhpdlqv wr eh suryhq lv wkdw wkh olplw ri +:, dv ? $ 4 htxdov
41

Dowkrxjk h{dfw h{suhvvlrqv iru wkh frqglwlrqdo suredelolwlhv Z m t j duh dydlo0
deoh/ wkh fdofxodwlrq ri +:, lv hyhq pruh fxpehuvrph frpsduhg wr +8,/ hyhq
iru prghudwh vdpsoh vl}hv1 Vrph vlpsol�fdwlrqv fdq srvvleo| eh dwwdlqhg e|
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xvlqj ydulrxv uhfxuuhqfh uhodwlrqv +fi1 Gdylg hw do1/ 4<::/ Gdylg/ 4<;4/ ss1
7907< dqg Olq/ 4<;<,1 Dovr/ wkh fryduldqfh whup lv txlwh lqyroyhg lq wkh jhq0
hudo fdvh +fi1 Gdylg/ 4<;4/ ss1 58059,1 Lw lv krzhyhu lqvwuxfwlyh dw wklv vwdjh
wr vwxg| wkh ehkdylru ri +:, xqghu wkh dvvxpswlrq ri +6, dw wkh vshfldo fdvhv
zkhq 4 ' f ru 	�1 Wkh frqglwlrqdo suredelolwlhv lq wkhvh fdvhv duh

4 ' f ', Z u v w ' ? x y c ;oc r
4 ' � ', Z z { | '

� �c iru o ' r
fc rwkhuzlvh

4 ' �� ', Z } ~ � '
� �c iru o ' ?� rn �

fc rwkhuzlvh
� +;,

Wkxv/ iru 4 ' f/ dqg nhhslqj wkh dvvxpswlrq ri }hur h{shfwdwlrqv dqg xqlw
yduldqfhv lq wkh sduhqw glvwulexwlrqv lq plqg/ +:, uhgxfhv wr
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vlqfh j � � � � � � } ' f zkhq f dqg t duh lqghshqghqw yduldwhv +fi1 Gdylg/ 4<;4/
ss1 58059,1 Iru 4 ' �
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dqg iru 4 ' �� wkh uhvxow lv dqdorjrxv1 Wkh odwwhu uhvxow lv lqwxlwlyho|
uhdvvxulqj> wkh vzdsslqj surfhgxuh fdq eh vhhq dv wkh lpsrvlqj ri wkh udqn
vwuxfwxuh ri � � rqwr wkh revhuyhg ydoxhv ri � � dqg lq wkh fdvh ri 4 ' 	�
wkh udqn vwuxfwxuhv ri wkh wzr vhwv duh lghqwlfdo zlwk suredelolw| htxdo wr rqh
dv lqglfdwhg e| wkh frqglwlrqdo suredelolwlhv lq +;,1

816 Vzdsslqj erwk yduldeohv zlwk ydoxhv iurp vhsdudwh
vrxufhv

Khuh wkh uhdvrqlqj lv wkh vdph dv lq wkh suhfhglqj vhfwlrq zlwk uhjdug wr wkh
udqnv - dqg 7 dqg wkhlu uhvshfwlyh suredelolwlhv/ xqfrqglwlrqdo dqg frqgl0
wlrqdo1 Krzhyhu/ wkh t � � � duh qrz h{fkdqjhg iru t � � � ' t � � � ' t � �� � � iru vrph
& lqvwhdg ri t � � � 1
Wkhruhp 6 Iru d udqgrpo| fkrvhq sdlu Ef �� � � c t � �� � � � 5 � � � / wkh furvv surgxfw
prphqw lv jlyhq e|
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Surri1 Vlqfh wkh vdpsohv� � dqg� � duh lqghshqghqw/ f � � � dqg t � � � duh
frqglwlrqdoo| lqghshqghqw/ jlyhq wkh udqnv - dqg 71 Wkxv/ e| frqglwlrqlqj
rq - dqg 7 zh kdyh
. �f  ¡ ¢ £ t    ¡ ¢ £ � ' . � ¢ � i. df � � � t � � � m -c7oj

' . � ¢ � i. df � � � m -c7o. dt � � � m -c7oj ' . � ¢ � i> ¤ � � > ¥ � � j �
Xvlqj wkdw Z ¦ § ' ? ¨ £ Z § © ¦ wkh uhvxow iroorzv1

Frpsdulqj wklv uhvxow zlwk +:, zh �uvw qrwh wkdw m4 ª � m 9 m4 ª £ m zlwk
htxdolw| li dqg rqo| li 4 ' f1 Uhdvrqdeoh frqmhfwxuhv wkdw uhpdlq wr eh
suryhq vhhp wr eh wkdw m4 « ¬ m 9 m4  m iru doo 4 dqg wkdw wkh olplw ri +<, htxdov
4 dv ? $ 41 Xvlqj wkh suredelolwlhv lq +;, zh �qg wkdw iru 4 ' f/ +<, uhgxfhv
wr
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dqg iru 4 ' �
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[

¯ ° ±
> ¬³ ´ ¯

xqghu wkh dvvxpswlrq ri }hur h{shfwdwlrqv dqg xqlw yduldqfhv lq wkh sduhqw
glvwulexwlrq1 Iru 4 ' �� wkh uhvxow lv dqdorjrxv1 Zh qrwh wkdw zkhq wkh
fruuhodwlrq lv dw lwv h{wuhphv 	�c wkh rshudwlrq lv hylghqwo| htxlydohqw wr
vzdsslqj rqo| rqh yduldeoh1 Wklv lv uhdvrqdeoh vlqfh wkh udqn vwuxfwxuh ri
wkh wzr yduldeohv lq erwk dx{loldu| vhwv dqg wkh uhihuhqfh vhw duh lghqwlfdo
zlwk suredelolw| htxdo wr rqh1 Wkxv vzdsslqj j ± iru j ¬ dqg v ± iru v ¶
zrxog eh htxlydohqw wr xvlqj � ¬ +ru � ¶ , dv uhihuhqfh vhw dqg vzdsslqj rqo|
wkh t *v +ru f*v,1

817 Vlpxodwlrq vwxg| xqghu d elyduldwh qrupdo glvwul0
exwlrq

Lq rughu wr surylgh dq lghd ri wkh ghjuhh ri h{shfwhg ghwhulrudwlrq rq wkh dv0
vrfldwlrq ehwzhhq sdluv ri yduldeohv/ d vlpxodwlrq vwxg| zdv frqgxfwhg xqghu
d elyduldwh qrupdo glvwulexwlrq xvlqj wkh xvxdo vdpsoh fruuhodwlrq frh!flhqw
dv wkh phdvxuh ri dvvrfldwlrq1 Wkh vwxg| frpsulvhg vdpsoh vl}hv ri ? ' �f/
�ff/ �ff dqg �fff dqg fruuhodwlrq frh!flhqwv 4 ' f/ f��/ f�2c � � � c f�b dqg
f�bD/ f�bb dqg ��f/ jlylqj d wrwdo ri D2 frq�jxudwlrqv zlwk uhvshfw wr vdpsoh
vl}h dqg fruuhodwlrq1 Wkh vlpxodwlrq vwxg| zdv fduulhg rxw dv iroorzv=
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41 Wkuhh udqgrp vdpsohv� · ' dj · cv · o/ @ ' �c 2c �/ zhuh jhqhudwhg iurp
d elyduldwh qrupdo glvwulexwlrq zlwk }hur phdqv dqg xqlw yduldqfhv1

51 Wkh vdpsoh fruuhodwlrq frh!flhqw iru wkh vhw � ¸ / ghqrwhg o ¹ / zdv
fdofxodwhg1

61 j ¸ zdv vzdsshg iru wkh ydoxhv lqj º 1 Wkh vdpsoh fruuhodwlrq frh!flhqw
iru wklv vhw/ ghqrwhg o » c zdv fdofxodwhg1

71 Erwk j ¸ dqg v ¸ zhuh h{fkdqjhg iru wkh ydoxhv lq j º dqg v º uhvshf0
wlyho|1 Wkh fruuhodwlrq frh!flhqw iru wklv vhw/ ghqrwhg o ¼ ¸ / zdv fdofx0
odwhg1

81 Erwk j ¸ dqg v ¸ zhuh h{fkdqjhg iru wkh ydoxhv lq j º dqg v ½ uhvshf0
wlyho|1 Wkh fruuhodwlrq frh!flhqw iru wklv vhw/ ghqrwhg o ¼ º / zdv fdofx0
odwhg1

91 Wkh ydoxhv ri o ¹ / o » / o ¼ ¸ dqg o ¼ º zhuh vxevhtxhqwo| vwruhg lq d �oh dqg
wkh surfhgxuh zdv uhshdwhg � ' Dfc fff wlphv iru hdfk frpelqdwlrq ri
? dqg 41

Wkh eldv dqg vwdqgdug huuru ri hdfk ri wkh irxu uhvxowlqj vdpsoh fruuhod0
wlrqv zhuh hvwlpdwhg e|

��@r do ¾ o ' ¿À S ÁÂ Ã Ä o Å Æ Â � 4 ' 7o Ç � 4
dqg

7. do Ç o '
t È

É Ê È S ÉË Ì È Eo Í Î Ë � 7o Í � Ï

uhvshfwlyho|/ iru [ ' L / 7/ (� dqg (21 Krzhyhu/ wkh ruglqdu| vdpsoh fru0
uhodwlrq frh!flhqw lv d eldvhg hvwlpdwru ri 41 Vlqfh zh duh rqo| lqwhuhvwhg
lq hvwlpdwlqj wkh ohyho ri dgglwlrqdo eldv lqwurgxfhg e| wkh vzdsslqj surfh0
gxuhv/ wkh hvwlpdwhv iru wkh wkuhh vzdsshg fdvhv zhuh dgmxvwhg e| vxewudfwlqj
wkh hvwlpdwhg eldv ri o Ð / l1h1

�__��@r do Ñ o ' ��@r do Ñ o� ��@r do Ò o
iru [ ' 7/ (� dqg (2� Wkh vwdqgdug huuru ri wkh dgglwlrqdo eldv lv dffrug0
lqjo| hvwlpdwhg e|

7. Ó Ô Ô Õ Ö × Ø Ù Ú Û Ü '
t

7. do Ý o Þ n 7. do ß o Þ � 2�J� do à c o á o�
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Wkh hvwlpdwhg +dgglwlrqdo, eldv dqg vwdqgdug huuru ri wkh vdpsoh fruuhodwlrq
frh!flhqwv duh jlyhq lq wdeohv 6 0 7 wrjhwkhu zlwk wkh fruuhodwlrq ehwzhhq
vdpsoh fruuhodwlrq frh!flhqwv/ l1h1 �Joo do â c o ã o1 Wkh dgglwlrqdo eldv lqwur0
gxfhg e| wkh uhvshfwlyh vfkhphv lv looxvwudwhg lq �jxuh 5 lq rughu wr surylgh
d judsklfdo suhvhqwdwlrq ri wkh uhvxowv lq wkh wdeohv1 Wkh �jxuh dovr vkrzv
wkh hvwlpdwhg eldv ri o ã zklfk zdv xvhg wr dgmxvw wkh hvwlpdwhv1 Wkh vlpx0
odwlrq vwdqgdug huuru lv dssur{lpdwho| jlyhq e| 7.*s� � 7. � f�ffeD dqg
zh frqfoxgh wkdw wkh ghyldwlrqv ri wkh eldv hvwlpdwhv iurp }hur dw 4 ' f
duh dffrxqwhg iru e| vlpxodwlrq huuru> wkh wuxh eldv lv ri frxuvh h{dfwo| f dw
4 ' f1

Wkh jhqhudo frqfoxvlrq lv wkdw wkh shuirupdqfh zlwk uhvshfw wr uhwdlqlqj
wkh ruljlqdo fruuhodwlrq udqjhv iurp uhdvrqdeoh wr jrrg/ ghshqglqj sulpdulo|
rq vdpsoh vl}h1 Wkh h{shfwhg ehkdylru ri wkh vzdsslqj vfkhphv dv glv0
fxvvhg hduolhu vhhpv wr eh frq�uphg1 Vzdsslqj rqh yduldeoh uhvxowv lq dq
h{shfwhg uhodwlyh ghwhulrudwlrq wkdw lv frqvwdqw iru doo 4 jlyhq wkh vdpsoh
vl}h ?1 Vzdsslqj erwk yduldeohv iru ydoxhv iurp wkh vdph vrxufh dggv wr
wkh ohyho ri h{shfwhg ghwhulrudwlrq1 Krzhyhu/ dv 4 dssurdfkhv xqlw|/ wkh hi0
ihfw ri wkh vzdsslqj ghfuhdvhv1 Ilqdoo|/ vzdsslqj erwk yduldeohv iru ydoxhv
iurp vhsdudwh vrxufhv uhvhpeohv vzdsslqj iurp wkh vdph vrxufh exw dv 4
dssurdfkhv xqlw| wkh h�hfw lv htxlydohqw wr vzdsslqj rqo| rqh yduldeoh1 Lw
vkrxog eh qrwhg wkdw wkhuh lv d voljkw glvfuhsdqf| lq wkh uhvxowv ri wkh vlp0
xodwlrq vwxg| zkhq frpsduhg wr wkh wkhruhwlfdoo| ghulyhg ydoxhv lq wdeoh 41
Wklv lv h{sodlqhg e| wkh vdpsoh fruuhodwlrq frh!flhqw zklfk vwdqgdugl}hv wkh
revhuyhg fryduldqfh zlwk wkh vwdqgdug ghyldwlrqv ri wkh yduldeohv lqyroyhg1
Khqfh/ zkhq d vzds kdv wdnhq sodfh wkh fruuhvsrqglqj revhuydwlrqv lq wkh
ghqrplqdwru duh fkdqjhg dv zhoo zklfk zloo dgmxvw wkh ohyho ri ghwhulrudwlrq
wr wkh ehwwhu1

Wkh h�hfwv ri wkh gdwd0vzdsslqj rshudwlrqv duh dovr looxvwudwhg lq �jxuh
6 zkhuh wkh vdpsoh fruuhodwlrqv ri wkh �uvw Dff xqvzdsshg vdpsohv duh sorw0
whg djdlqvw wkh uhvxowlqj vdpsoh fruuhodwlrqv diwhu wkh uhvshfwlyh vzdsslqj
vfkhphv zhuh dssolhg1 Wkh �jxuh vkrzv wkh uhvxowv iru vdpsoh vl}h ? ' �ff
dqg iru d vhohfwlrq ri wkh ydoxhv ri 41 D gldjrqdo olqh zdv lpsrvhg lq hdfk
sorw iru uhihuhqfh1 Lw lv fohdu lq sduwlfxodu iru odujhu fruuhodwlrqv/ wkdw d
qhjdwlyh eldv lv lqwurgxfhg1 Vwloo/ wkh dvvrfldwlrq ehwzhhq wkh ruljlqdo dqg
pdvnhg vhwv lv reylrxv dqg lqglfdwhv d uhdvrqdeoh ghjuhh ri suhvhuydwlrq ri
wkh dvvrfldwlrq ehwzhhq f dqg t 1 Wklv lv lqglfdwhg ixuwkhu e| wkh vwurqj
fruuhodwlrq ehwzhhq suh0vzds dqg srvw0vzds vdpsoh fruuhodwlrq frh!flhqwv
dv vhhq lq wdeohv 6 0 71 Zh qrwh ixuwkhu wkdw doo wkuhh vzds0vfkhphv vhhp wr
surgxfh vlplodu uhvxowv zkhq wkh fruuhodwlrq lv vpdoo ru prghudwho| odujh dv
looxvwudwhg e| wkh fdvhv 4 ' f dqg f�D1 Zkhq ylhzlqj wkh vsuhdg frqglwlrqdo
rq wkh ruljlqdo vdpsoh fruuhodwlrq/ lw lv vhhq wkdw lw lv voljkwo| vpdoohu zkhq
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Iljxuh 5= Hvwlpdwhg dgglwlrqdo eldv ri wkh vdpsoh fruuhodwlrq frh!flhqw lq0
wurgxfhg e| wkh vzdsslqj surfhgxuhv dv d ixqfwlrq ri 4 xqghu d vwdqgdugl}hg
elyduldwh qrupdo glvwulexwlrq> rqh yduldeoh vzdsshg o ç � o è / +gdvk 0 4 grw,/
erwk vzdsshg/ vdph vrxufh/ o é ê � o è / +gdvkhg, dqg erwk vzdsshg/ gl�huhqw
vrxufhv/ o é ë � o è / +gdvk 0 5 grwv,> hvwlpdwhg eldv ri wkh vdpsoh fruuhodwlrq
frh!flhw/ xqvzdsshg/ o è / +grwwhg olqh,1 Iru vdpsoh vl}hv +d, ? ' �ff dqg
+e, ? ' �fff> edvhg rq 83/333 vlpxodwlrqv1

rqo| f lv vzdsshg1 E| vzdsslqj erwkf dqg t wkh vsuhdg whqgv wr lqfuhdvh1
Qrwh krzhyhu wkdw wkh vsuhdg zloo ghfuhdvh zkhq erwk yduldeohv duh vzdsshg
xvlqj wkh vdph dx{loldu| vrxufh1

9 Xqlyduldwh Surshuwlhv
D ghvludeoh surshuw| ri dq| glvforvxuh olplwlqj whfkqltxh lv wkh delolw| wr
suhvhuyh xqlyduldwh vwdwlvwlfv vxfk dv phdqv dqg yduldqfhv1 Dowkrxjk wkh
ruljlqdo xqlyduldwh vdpsoh prphqwv ri wkh uhihuhqfh vhw zloo qrw eh uhwdlqhg/
wkh vzdsslqj surfhgxuh jhqhudwhv dw ohdvw htxlydohqw vdpsohv ri wkh vdph
vl}h1 Wklv phdqv wkdw dq| lqihuhqfh rq vlqjoh yduldeohv zloo eh mxvw dv ydolg
dv li wkh dqdo|vw kdg dffhvv wr wkh ruljlqdo gdwd> zh duh vlpso| h{fkdqjlqj rqh
vdpsoh iru dq rwkhu1 Lw lv krzhyhu hylghqw wkdw wkh surfhgxuh lv htxlydohqw
wr dgglqj vrph nlqg ri huuru ru qrlvh B wr wkh lqglylgxdo vfruhv/ l1h1

fì í î ' f ïð í ñ ' f ð í ñ n B ð í ñ

dqg lw lv hvvhqwldo wr lqyhvwljdwh wkh surshuwlhv ri wklv huuru1 Pruh vshfl�fdoo|
zh duh lqwhuhvwhg lq �qglqj wkh glvwulexwlrq ri wkh huuru dgghg wr wkh ruljlqdo
ydoxh diwhu vxevwlwxwlrq/ frqglwlrqdo rq wkh ruljlqdo ydoxh dqg dovr frqglwlrqdo
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Iljxuh 6= Wkh h�hfw ri wkh vzdsslqj surfhgxuhv rq wkh vdpsoh fruuhodwlrq
frh!flhqw> ruljlqdo fruuhodwlrq o yhuvxv wkh fruuhodwlrq diwhu vzdsslqj/ o ô c o õ ö
dqg o ÷ ø uhvshfwlyho|> iru vdpsoh vl}h ? ' �ff dqg 4 ' fc f�Dc f�b dqg f�bb>
�uvw 833 vlpxodwhg fdvhv lq hdfk sorw1
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rq wkh qhz vzdsshg ydoxh wkh/ l1h1
s ù ú û ü ý þ ÿ � � E_ m %� dqg s � � � � � � �	 
 � E_ m %� �

Wklv lv ri lqwhuhvw zkhq wkh yduldeoh lv vwxglhg xqghu gl�huhqw fdwhjrulhv ru
vxe0grpdlqv exw dovr iru dvvhvvlqj wkh h�hfw rq glvforvxuh olplwdwlrq/ l1h wkh
ghjuhh ri dgghg shuwxuedwlrq1

Qrwh wkdw li wkh vzds vfkhph lv h{whqghg wr d wzr0zd| vzds ehwzhhq
j � dqg j  dqg wkh uhvxowlqj vhwv j � � dqg j �� phujhg lqwr rqh vhw/ wkh xql0
yduldwh fkdudfwhulvwlfv zrxog uhpdlq lqwdfw vlqfh doo ri wkh ruljlqdo ydoxhv duh
uhwdlqhg1 Ixuwkhupruh/ wkh vhw ri huuruv dvvrfldwhg zlwk j �� zrxog eh wkh
vdph dv wkrvh ri f �� zlwk rqo| d fkdqjh lq vljq/ l1h1 B � � � ' �B � � � iru vrph �1
Wkxv/ wkh huuruv lq wkh phujhg vhw zloo vxp wr }hur1

Lq wkh iroorzlqj wkh lqgh{ ri wkh yduldeohv frqfhuqhg lv gursshg iru qr0
wdwlrqdo hdvh> zh vlpso| ghqrwh wkh ruljlqdo yduldeoh e| f/ lwv vxevwlwxwh e|
f � dqg wkh dgghg huuru e| B1

914 Wkh glvwulexwlrq ri wkh dgghg huuru
Vlqfh wkh wzr yduldeohv f dqg f � ruljlqdwh iurp wkh vdph glvwulexwlrq zh
kdyh wkdw s � E%� ' s � � E%�1 Ixuwkhupruh/ wkh h{fkdqjh ri f iru f � lpsolhv
wkdw wkh| kdyh wkh vdph udqn - zlwk uhvshfw wr wkhlu uhvshfwlyh vhwv � �
dqg �  1 Wkh xqfrqglwlrqdo glvwulexwlrq ri - lv dv hduolhu qrwhg jlyhq e|
s ! Eo� ' ? " # dqg vwdqgdug wkhru| ri rughu vwdwlvwlfv |lhogv

s $ % & Eo m %� ' s $ % & ' Eo m %� ' � ( ) *+ , - �8 . / 01 E�� 8 1 � 2 3 4
dqg

s 5 6 7 E% m o� ' s 5 8 6 7 E% m o� ' ?� 2 3
9

4 3
9 �8 4 3

91 E�� 8 1 � 2 3 4 s 5 E%�
zkhuh 8 1 lv d vkruwhu qrwdwlrq iru 8 5 E%�1 Wkxv/ zh kdyh wkh iroorzlqj uhvxow=
Wkhruhp 7 Wkh frqglwlrqdo glvwulexwlrq ri wkh dgghg huuru B/ jlyhq wkh
ydoxh ri wkh ruljlqdo ydoxh f/ lv

s : ; < E_ m %�
' ?s < E%n _�

=
[

> ? @
� A B @C B @ � D 8 C B @E F G E�� 8 H I G � J K L 8 L K

M
H E�� 8 H � J K L � +43,

Surri1 Xvlqj wkdw f dqg f N duh lqghshqghqw frqglwlrqdo rq wkh udqn
-/ vlqfh wkh| ruljlqdwh iurp wzr lqghshqghqw vdpsohv/ zh kdyh wkdw

s O P O Q P R E%c % N c o� ' s R Eo� s O S R E% N m o� s O S R E% m o�
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iurp zklfk wkh mrlqw glvwulexwlrq ri f dqg f T iroorzv dv
s U V U W E%c % T �

' ?s U E% T � s U E%�
X

[

Y Z [
� X \ [Y \ [ � ] 8 Y \ [^ W E�� 8 ^ W � X \ Y 8 Y \ [^ E�� 8 ^ � X \ Y � +44,

Diwhu wudqvirupdwlrq dqg frqglwlrqlqj rq f/ +43, iroorzv1
Wkh uhvxow lv vwudljkwiruzdug krzhyhu lpsudfwlfdo/ hvshfldoo| iru odujhu

vdpsoh vl}hv1 Frqglwlrqdo phdqv dqg yduldqfhv ri +43, xqghu d vwdqgdugl}hg
qrupdo glvwulexwlrq zhuh krzhyhu hydoxdwhg qxphulfdoo| wrjhwkhu zlwk wkh
�fwk dqg bfwk shufhqwlohv iru gl�huhqw ? dqg iru d vhohfwlrq ri ydoxhv rq
f1 Wkh uhvxowv duh suhvhqwhg lq wdeoh 8> gxh wr wkh v|pphwu| lq wkh mrlqw
glvwulexwlrq zh duh vdwlv�hg zlwk uhsruwlqj wkh ydoxhv iru f A f> iru qhjdwlyh
f wkh uhvxowv duh dqdorjrxv1

Wkh edvlf �qglqjv duh +d, wkh frqglwlrqdo phdq lv txlwh vwdeoh qhdu wkh
fhqwhu exw whqgv wr fxuyh r� dv f dssurdfkhv wkh wdlov/ +e, wkh frqglwlrqdo
vsuhdg ri wkh huuru lqfuhdvhv dv f lqfuhdvhv lq devroxwh pdjqlwxgh exw whqgv
wr ghfuhdvh voljkwo| zkhq f lv dw lwv h{wuhph> wklv lv qrwlfhdeoh iru ? ' �f
dqg �ff/ dqg +f, wkh frqglwlrqdo vsuhdg dqg fxuylqj ri wkh frqglwlrqdo phdq
ghfuhdvh zlwk vdpsoh vl}h1 Wkh surshuwlhv duh looxvwudwhg lq �jxuh 7 zkhuh wkh
frqglwlrqdo phdqv dqg shufhqwlohv duh lpsrvhg ryhu vfdwwhusorwv ri vlpxodwhg
fdvhv +vhh wkh iroorzlqj vxevhfwlrq,1

Iurp +44, lw lv srvvleoh wr ghulyh wkh xqfrqglwlrqdo glvwulexwlrq ri wkh
huuru whup zklfk fdq eh xvhg wr fkdudfwhul}h wkh joredo surshuwlhv ri wkh
shuwxuedwlrq1 Zh duh vdwlv�hg khuh e| vlpso| irupxodwlqj wkh h{shfwdwlrq
dqg yduldqfh=

. dBo ' . df _ �fo ' . df _ o� . dfo ' > ` � > ` ' f +45,
dqg

T @o dBo ' T @o df a o n T @o dfo� 2�J� df b cfo ' 2j cd � 2.df e fo n > cd �

Wkh furvv surgxfw prphqw .df e fo deryh lv douhdg| jlyhq lq +8, e| vhwwlqj
4 ' �1 Wkxv/ xqghu wkh dvvxpswlrq ri }hur h{shfwdwlrqv dqg xqlw yduldqfhv
iru wkh f*v/ wkh yduldqfh lv jlyhq e|

T @o dBo ' 2
#

�� �
?

f
[

g h i >
jk l m

$

� +46,
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915 Vlpxodwlrq vwxg| xqghu d xqlyduldwh qrupdo glvwul0
exwlrq

Lq rughu wr h{dplqh wkh h{shfwhg ehkdylru ri wkh dgghg huuru zh frqgxfwhg
d vlpsoh vlpxodwlrq vwxg|1 Wkh vlpxodwlrq vwxg| zdv fduulhg rxw iru vdpsoh
vl}hv ? ' �fc �ffc �ff dqg �fff dqg zdv shuiruphg dv iroorzv=

41 Wzr lqghshqghqw dqg htxdoo| vl}hg xqlyduldwh vdpsohv � n dqg � o
zhuh jhqhudwhg iurp d qrupdo glvwulexwlrq zlwk }hur phdq dqg xqlw
yduldqfh1

51 D udqn o zdv udqgrpo| vhohfwhg iurp wkh lqwhuydo d�c ?o dqg wkh gl�hu0
hqfh _ ' % p q o � % p q n zdv fdofxodwhg1

61 Wkh ydoxhv ri o/ % p q n / % p q o dqg _ zhuh vxevhtxhqwo| vwruhg lq d �oh dqg
wkh surfhgxuh zdv uhshdwhg � ' Dfc fff wlphv iru hdfk vdpsoh vl}h1

Wkh uhvxowlqj mrlqw glvwulexwlrq ri wkh huuru whup dqg wkh ruljlqdo ydoxh ri
f lv ghslfwhg lq �jxuh 7 dqg vkrzv vfdwwhusorwv ri wkh vlpxodwhg B*v djdlqvw
wkh vlpxodwhg f*v/ vkrzlqj wkh �uvw 2fff ydoxhv iru hdfk vdpsoh vl}h1 Wkh
qxphulfdoo| hydoxdwhg phdqv ri +43, duh lpsrvhg rq wkh sorwv wrjhwkhu zlwk
wkh �fwk dqg bfwk shufhqwlohv1

Wkh �qglqjv uhsruwhg lq wkh suhfhglqj vxevhfwlrq duh odujho| frq�uphg1
Lw lv lqwhuhvwlqj wr qrwh wkh �wlowlqj� krxujodvv vkdsh lq wkh glvwulexwlrq1
Wklv ehkdylru lv h{sodlqhg e| wkh srvvlelolw| ri revhuylqj h{wuhph rxwolhuv
lq hlwkhu ri wkh wzr yduldeohv/ f dqg f r 1 Li dq rxwolhu lv revhuyhg lq wkh
f*v/ wkh vzdsslqj surfhgxuh zloo whqg wr sxoo lw edfn e| h{fkdqjlqj lw iru d
pruh suredeoh revhuydwlrq irxqg lq wkh f r *v1 Li wkh rssrvlwh rffxuv/ l1h1 dq
rxwo|lqj ydoxh lq wkh vxevwlwxwh f r / wklv zrxog whqg wr sxvk wkh ruljlqdo re0
vhuydwlrq/ zklfk zlwk kljk suredelolw| lv orfdwhg forvhu wr wkh fhqwhu/ ixuwkhu
dzd|1 Wklv dovr h{sodlqv wkh fxuylqj ri wkh frqglwlrqdo phdq qhdu wkh wdlov
dqg wkh �exps� revhuyhg lq wkh fruuhvsrqglqj shufhqwlohv1

Wr frqfoxgh wklv vhfwlrq zh uhsruw wkh xqfrqglwlrqdo ehkdylru ri wkh huuru
whupv1 Lq wdeoh 5 wkh ydoxhv ri wkh phdqv dqg vwdqgdug ghyldwlrqv ri wkh huuru
whupv/ erwk wkhruhwlfdoo| ghulyhg dqg vlpxodwhg/ duh jlyhq iru doo irxu vdpsoh
vl}hv1 Wkh wkhruhwlfdo ydoxhv zhuh ghulyhg xvlqj +45, dqg +46, dqg iru wkh
odwwhu zh xvhg wkh ydoxhv ri wkh vxp ri vtxduhg h{shfwdwlrqv ri wkh rughu
vwdwlvwlfv olvwhg lq wdeoh 41
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Iljxuh 7= Uhodwlrqvkls ehwzhhq wkh ruljlqdo ydoxhv f dqg wkh dgghg huuru B
xqghu d vwdqgdugl}hg qrupdo glvwulexwlrq iru gl�huhqw vdpsoh vl}hv ?1 Vfdw0
whusorw edvhg rq 5/333 vlpxodwhg fdvhv> frqglwlrqdo phdq +vrolg olqh, dqg 43wk
dqg <3wk shufhqwlohv +gdvkhg olqhv, wkhruhwlfdoo| ghulyhg1

Wdeoh 5= Wkhruhwlfdo dqg vlpxodwhg xqfrqglwlrqdo phdqv dqg vwdqgdug gh0
yldwlrqv ri wkh dgghg huuru B iru gl�huhqw vdpsoh vl}hv ?> edvhg rq 83/333
vlpxodwlrqv1 +-, Wkh ydoxhv ri wkh wkhruhwlfdo vwdqgdug ghyldwlrqv iru ? ' �ff
dqg �fff zhuh fdofxodwhg xvlqj wkh wuxqfdwhg yhuvlrq ri +8, zlwk 6 ' 2�1

Wkhruhwlfdo Vlpxodwhg
Vdpsoh vl}h ? Phdq VwGhy Phdq VwGhy

63 313 31737 31336 3173:
433 313 31567 031333 31567
633 313 31474 s 31333 31473
4333 313 313;3 t 031333 313:<
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: Wkh H�hfwv ri Gdwd0Vzdsslqj
Lq wkh vwdwlvwlfdo dqdo|vlv ri d gdwd vhw vxemhfwhg wr d pdvnlqj whfkqltxh
vxfk dv gdwd0vzdsslqj lw lv qhfhvvdu| wr dffrxqw iru wkh dprxqw ri dgghg
shuwxuedwlrq1 Wkxv/ iru dq dqdo|vw wr pdnh lqihuhqfh derxw wkh sdudphwhuv
xqghuo|lqj wkh ruljlqdo gdwd wkh gdwd surylghu pxvw dovr vxsso| dgglwlrqdo
lqirupdwlrq vr wkdw wkh dqdo|vw fdq �vwdwlvwlfdoo| xqgr� wkh wudqvirupdwlrq
dqg lq grlqj vr dovr lqfoxgh wkh dgglwlrqdo xqfhuwdlqw| lqwurgxfhg1 Wkdw lv/
jlyhq lqirupdwlrq derxw zklfk yduldeohv wkdw kdyh ehhq vzdsshg/ wkh vrxufhv
ri wkh vzdsshg gdwd +dx{loldu| vhwv,/ dqg wkh vhw vl}h ? xvhg iru wkh vzds/
dq dqdo|vw vkrxog eh deoh wr dgmxvw iru wkh dgghg eldv dqg wdnh lqwr dffrxqw
wkh dgghg xqfhuwdlqw|1 H{dpsohv ri wklv lqihuhqwldo dssurdfk duh surylghg
e| h1j1 Jrxzhohhxz hw do1 +4<<;, dqg Ilhqehuj hw do1 +4<<;,1 Vhh dovr wkh
glvfxvvlrq e| Uxelq +4<<6,1

Dv glvfxvvhg lq wkh suhfhglqj vhfwlrq wkh sursrvhg vzdsslqj whfkqltxh
fdq eh vhhq dv d surfhgxuh zkhuh lqglylgxdo vfruhv duh shuwxuehg e| dgglqj
dq huuru whup1 Krzhyhu/ dv douhdg| dujxhg/ dq| vwulfwo| xqlyduldwh lqihuhqfh
vkrxog qrw kdyh wr wdnh wkh sursrvhg vzdsslqj whfkqltxh dqg wkh dgghg
huuru lqwr dffrxqw vlqfh wkh vzdsshg gdwd frqvwlwxwhv dq htxdoo| ydolg vdp0
soh frpsduhg wr wkh ruljlqdo gdwd> zh kdyh vlpso| vzdsshg rqh vdpsoh iru
dqrwkhu ri wkh vdph vl}h1 Wklv lv hyhq pruh hylghqw diwhu phujlqj vzdsshg
vxevhwv wr wkh ruljlqdo vhw vl}h vlqfh doo ruljlqdo vfruhv duh vwloo lq wkh gdwd1
Wkh surfhgxuh zloo krzhyhu kdyh dq lpsdfw rq dq| pxowlyduldwh dqdo|vlv1
W|slfdoo| dvvrfldwlrqv ehwzhhq yduldeohv duh zhdnhqhg dqg wkh ohyho ri h{0
shfwhg ghwhulrudwlrq lv vhhq wr ghshqg rq wkh vshfl�f irup ri wkh dvvxphg
sduhqw glvwulexwlrq dqg rq wkh vl}h ri wkh vxevhwv/ dv vhhq lq h1j1 wdeoh 41 Iru
h{dpsoh/ zkhq wkh fruuhodwlrq frh!flhqw lv ri lqwhuhvw/ dq dssur{lpdwh iru0
pxod iru wkh yduldqfh ri wkh vdph lv xvxdoo| jlyhq e| T @o do u o � ? v w E��4 x � x 1
Wkh dgghg yduldelolw| diwhu vzdsslqj fdq eh dffrxqwhg iru e| dgmxvwlqj wkh
irupxod iru wkh h{shfwhg dgglwlrqdo eldv/ l1h1 T @o do y o � ? v w E�� E4n dgghg
eldv� x � x / dq dssur{lpdwlrq zklfk krogv iru u xs wr derxw 31<8 edvhg rq wkh
hpslulfdo uhvxowv lq wdeohv 6071 Rwkhu w|shv ri pxowlyduldwh dqdo|vlv vxfk dv
phdqv ryhu grpdlqv zloo ri frxuvh dovr uhtxluh dgmxvwlqj iru eldv dqg dgghg
yduldelolw|1 Lw vkrxog eh qrwhg wkdw wkhvh uhvxowv uhihu wr h{shfwhg ghjudgd0
wlrq xqghu vshfl�f prghov exw wkdw wkh| vwloo surylgh vrph lqvljkw lq zkdw wr
h{shfw iurp dsso|lqj wkh phwkrg1 Dv srlqwhg rxw e| dq dqrq|prxv uhihuhh/
vxfk dv|pswrwlf uhvxowv duh qrw dozd|v xvhixo iru dq dqdo|vw lq sudfwlfdo vlwx0
dwlrqv dqg ixuwkhu uhvhdufk lv ri frxuvh qhfhvvdu|1 Wklv lv hyhq pruh reylrxv
zkhq lw frphv wr vxfk vwdwlvwlfdo xvhv dv prgho vhohfwlrq dqg hvwlpdwlrq ri
fdvxdo h�hfwv1

Wkh vhfrqg surshuw| ri wkh sursrvhg phwkrg wkdw pxvw eh hydoxdwhg eh0
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iruh lw fdq eh xvhg lq sudfwlfh/ lv lwv delolw| wr olplw wkh ulvn ri glvforvxuh1
Pdq| gl�huhqw frqfhswxdol}dwlrqv ri glvforvxuh kdyh ehhq frqvlghuhg lq wkh
olwhudwxuh dqg d yhu| xvhixo w|srorj| iru glvwlqjxlvklqj wkh ydulrxv frqfhs0
wlrqv lv jlyhq lq Gxqfdq dqg Odpehuw +4<;<,1 Dowkrxjk odujh vxevhwv zhuh
vkrzq wr uhwdlq dvvrfldwlrqv ehwzhhq sdluv ri yduldeohv/ wkh vzds pd| qrw
surylgh dq dffhswdeoh ohyho ri shuwxuedwlrq dqg h�hfwlyho| pdvn wkh gdwd
vlqfh wkh fkdqjhv rq lqglylgxdo vfruhv pd| qrw eh odujh hqrxjk1 Wklv srlqwv
wr wkh sureohp ri uhdfklqj d edodqfh ehwzhhq wkh wzr frq lfwlqj dlpv= wr
plqlpl}h lqirupdwlrq orvv dqg pd{lpl}lqj wkh uhgxfwlrq lq glvforvxuh ulvn1

Zlwk wkh phwkrg ri gdwd0vzdsslqj wkhuh duh vrph vshfldo frqvlghudwlrqv1
Dvvxph iru h{dpsoh wkdw d uhfrug kdv ehhq pdvnhg e| h{fkdqjlqj wkh vfruhv
ri doo yduldeohv iru qhz vfruhv ruljlqdwlqj iurp rqh dqg wkh vdph rwkhu uhfrug1
Zh wkhq idfh wzr srvvlelolwlhv iru d fruuhfw uh0lghqwl�fdwlrq> olqnlqj wr wkh
ruljlqdo uhfrug ru wr wkh uhfrug iurp zklfk wkh qhz vfruhv ruljlqdwh1 Wklv
odfn ri rqh0wr0rqh pdsslqj uhtxluhv d uhgh�qlwlrq ri glvforvxuh ulvn phdvxuhv
dv glvfxvvhg lq h1j1 lq Gdqghndu hw do1 +5335,1 Dqrwkhu lvvxh shuwdlqlqj wr
glvforvxuh olplwdwlrq frqfhuqv h{wuhph ydoxhv vlqfh uhfrugv frqwdlqlqj vxfk
ydoxhv rq rqh ru vhyhudo dwwulexwhv duh pruh hdvlo| vsrwwhg lq dq lghqwl�fdwlrq
surfhvv1 Lq wdeoh 9 lw lv looxvwudwhg krz wkh vzdsslqj surfhgxuh zloo uhvxow
lq odujh h{shfwhg fkdqjhv zhuh lw lv prvw olnho| qhhghg/ lq wkh wdlov ri wkh
glvwulexwlrq1 H1j1 dq ruljlqdo ydoxh orfdwhg dw 2�Dj iurp wkh ruljlq zloo
fkdqjh wr vrphwklqj lqvlgh dq dssur{lpdwh lqwhuydo ri 2j 	 j iru ? ' �f
dqg wr 2��j 	 f�bj iru ? ' �ff1 Lw lv dovr zruwk qrwlqj wkdw wkh uhvxow
lq +43, fdq eh xvhg wr lqihu wkh glvwulexwlrq ri wkh ruljlqdo ydoxh jlyhq wkh
vzdsshg ydoxh vlpso| e| frqglwlrqlqj rq wkh vzdsshg ydoxh/ l1h1 s z { z | E% m
% } �1 Wklv vkrzv wkdw vxsso|lqj wkh vzdsslqj vfkhph ri wkh pdvnhg gdwd
surylghv dgglwlrqdo lqirupdwlrq wkdw fdq eh xvhg e| d shufhlyhg lqwuxghu1 D
uhodwhg lvvxh frqfhuqv xqltxh uhfrug/ l1h1 uhfrugv zlwk d xqltxh frpelqdwlrq
ri vfruhv rq wkh dwwulexwhv +vhh Ehwkohkhp hw do1 4<<3,1 Dowkrxjk fkdqjhv duh
prvw olnho| wr eh odujh rq h{wuhph lqglylgxdo vfruhv wkhuh lv qr lqyhvwljdwlrq
ri zkdw zloo kdsshq wr frpelqdwlrqv ri h{wuhph vfruhv1 D xqltxh uhfrug
pd| yhu| zhoo vwloo eh xqltxh diwhu wkh vzds dqg li lw lq dgglwlrq lv forvhvw wr
wkh ruljlqdo e| vrph phwulf wkhuh zloo vwloo eh d ulvn ri fruuhfwo| olqnlqj wkh
uhfrug1

Srwhqwldo gdwd xvhv duh yhu| glyhuvh dqg lw lv gl!fxow/ li dw doo srvvleoh/ wr
lghqwli| wkhp doo dw wkh wlph ri uhohdvh1 Krzhyhu/ wkh qhhg wr phdvxuh lqiru0
pdwlrq orvv lq vrph jhqhulf zd| uh hfwlqj wkh kdup grqh wr wkh ruljlqdo gdwd
lv vwloo ghvludeoh1 Iru wklv sxusrvh Grplqjr0Ihuuhu dqg Wruud +5334, ghyho0
rshg d phwulf iru frpsdulqj pdvnlqj whfkqltxhv zkhuh wkh lqirupdwlrq orvv
dqg uhgxfwlrq ri glvforvxuh ulvn duh frpelqhg lqwr dq ryhudoo vfruh1 Lqirupd0
wlrq orvv lv e| wkhlu gh�qlwlrq gh�qhg dv wkh glvfuhsdqf| ehwzhhq wkh ruljlqdo
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dqg wkh pdvnhg gdwd dv phdvxuhg e| wkh lqglylgxdo uhfrug vfruhv dqg d vhw ri
vwdwlvwlfv vxfk dv phdqv dqg fryduldqfhv1 Lq wkhlu sdshu/ dqg lq Gdqghndu hw
do1 +5335,/ wkh udqn0sur{lplw|0vzds ri Juhhqehuj +4<;:, dqg Prruh +4<<9, lv
frpsduhg wr rwkhu pdvnlqj phwkrgv vxfk dv pxowlyduldwh plfurdjjuhjdwlrq
dqg dgglwlyh qrlvh/ xvlqj wkh phwulf ri Grplqjr0Ihuuhu dqg Wruud1 Dowkrxjk
wkh phwulf lq lwvhoi lv shukdsv qrw yhu| xvhixo iru dq dqdo|vw/ wkh uhvxowv duh
vwloo hqfrxudjlqj vlqfh wkh| dsshdu wr idyru gdwd0vzdsslqj ryhu rwkhu1

; Frpphqwv
Zh frqfoxgh iurp wkh uhvxowv wkdw wkh sursrvhg phwkrg lv deoh wr uhwdlq edvlf
surshuwlhv ri dq ruljlqdo gdwd vhw dw ohdvw idluo| zhoo1 Lw vkrxog krzhyhu rqfh
djdlq eh vwuhvvhg wkdw wkh lghdv lq wklv sdshu duh whqwdwlyh dqg kdyh qrw ehhq
whvwhg rq uhdo0olih gdwd1 Ehiruh wkh phwkrgv fdq eh xvhg rq d odujhu vfdoh
pruh uhvhdufk lv qhhghg dqg lq wklv vhfwlrq zh pljkw klqw dw vrph duhdv1

Lw uhpdlqv wr eh lqyhvwljdwhg krz wkh phwkrgv iduh zkhq idfhg zlwk gdwd
frpsulvlqj d odujh qxpehu ri yduldeohv dqg frplqj iurp srsxodwlrqv zlwk
pruh frpsoh{ xqghuo|lqj surshuwlhv1 Dv glvfxvvhg dqg h{hpsol�hg e| Odp0
ehuw +4<<6,/ pdq| lqwhuhvwlqj dqdo|vhv gr qrw lqyroyh mxvw wkh phdq yhfwru
dqg yduldqfh0fryduldqfh pdwul{ ri wkh mrlqw glvwulexwlrq dqg d ixwxuh duhd ri
lqyhvwljdwlrq zrxog eh wr dvfhuwdlq wkh ghjuhh ri frqjuxlw| zlwk uhvshfw wr
kljkhu rughu dvvrfldwlrqv1 Lw lv ri frxuvh srvvleoh wr dssur{lpdwho| uhfryhu
wkh vdpsoh prphqwv diwhu wkh vzdsslqj surfhgxuh kdv wdnhq sodfh lq rughu
wr suhvhuyh wkh yduldqfh0fryduldqfh vwuxfwxuh ri wkh ruljlqdo gdwd/ h1j1 e| wkh
srvw0pdvnlqj rswlpl}dwlrq surfhgxuh ri Vheì hw do1 +5335,1 Exw rqh frxog
dvn rqhvhoi/ dv Flwwhxu dqg Zloohqeruj +4<<6, dujxh/ li |lhoglqj wkh vdpsoh
prphqwv gluhfwo| zrxog qrw eh d pruh h!flhqw dowhuqdwlyh vlqfh wkh rwkhu
lqirupdwlrq lq wkh �oh zrxog qrw qhfhvvdulo| shuwdlq wr uhdolw|1

Wkh vlpxodwlrq vwxglhv uhsruwhg rq lq wklv sdshu kdyh rqo| frqvlghuhg d
vwdqgdugl}hg elyduldwh qrupdo glvwulexwlrq1 Lq sudfwlfh gdwd lv riwhq kljko|
vnhzhg dv lq h1j1 exvlqhvv dqg hfrqrplf ru vrfldo gdwd dqg vxfk fdvhv vkrxog
eh lqyhvwljdwhg dv zhoo1 Wkh wkhruhwlfdo uhvxowv ri wkhruhpv 407 krzhyhu
uho| rqo| rq wkh yhu| vlpsoh dvvxpswlrqv ri �qlwh �uvw dqg vhfrqg rughu
prphqwv lq wkh sduhqw glvwulexwlrqv dqg wkdw wkh yduldeohv duh olqnhg e|
d olqhdu uhjuhvvlrq uhodwlrq1 Wkh vshfl�f irup ri wkh sduhqw glvwulexwlrq lv
qrw vshfl�hg dqg wkh uhvxowv krog lq wkh jhqhudo fdvh dv zhoo1 Lq wdeoh 4
wkh h{shfwhg h�hfw rq irxu gl�huhqw sduhqw glvwulexwlrqv duh uhsruwhg1 Wkh
orjqrupdo shuirupv zruvw ri wkh irxu dqg d suredeoh uhdvrq lv d khdylhu
xsshu wdlo frpsduhg wr h1j1 wkh h{srqhqwldo/ d surshuw| zklfk zloo |lhog
pruh �h{wuhph� ydoxhv zklfk lq wxuq zloo eh vxemhfwhg wr d odujhu dprxqw
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ri dgghg yduldelolw|1 Krzhyhu/ pruh uhvhdufk lv qhhghg ehiruh dq| jhqhudo
frqfoxvlrqv fdq eh vwdwhg1

Sudfwlfdo lvvxhv kdyh wr eh lqyhvwljdwhg dqg uhvroyhg1 Lq dssolfdwlrqv lw
zloo eh qhfhvvdu| wr frqvlghu wkh qxpehu ri dydlodeoh revhuydwlrqv dqg wkh vl}h
? ri wkh vdpsoh frqvlghuhg iru uhohdvh zklfk frqwurov wkh qxpehu & ri srvvleoh
vxevhwv1 D sduwlwlrqlqj ri wkh ruljlqdo vhw lqwr vxevhwv kdv wr eh grqh dqg
wkh uhihuhqfh vhw dqg dx{loldu| vhwv kdyh wr eh fkrvhq1 Ixuwkhupruh/ lw kdv wr
eh ghwhuplqhg zklfk yduldeohv wr vzds dqg iru hdfk yduldeoh zklfk dx{loldu|
vhw wr vzds ydoxhv iurp1 Reylrxvo|/ fduhixo frqvlghudwlrq zrxog kdyh wr eh
jlyhq wr wkhvh odwwhu vwhsv vlqfh wkhuh zloo eh d wudgh0r� ehwzhhq wkh ghjuhh
ri h{shfwhg ghwhulrudwlrq ri lqirupdwlrq dqg wkh ulvn ri glvforvlqj vhqvlwlyh
lqirupdwlrq1 Iru lqvwdqfh lw pljkw eh frqvlghuhg wkdw fhuwdlq frpelqdwlrqv
ri yduldeohv frqvwlwxwh d srwhqwldo ulvn li ohiw lqwdfw1 Lq vxfk fdvhv d vxevhw
ri wkh yduldeohv pljkw kdyh wr eh vzdsshg/ ohdylqj wkh uhvw xqvzdsshg ru
dowhuqdwlyho| vzdsshg iru ydoxhv iurp dqrwkhu vrxufh/ lq rughu wr dfklhyh dq
dffhswdeoh ohyho ri shuwxuedwlrq1

Rwkhu sudfwlfdo lvvxhv shuwdlq wr gdwd frpsulvlqj wlhv ru wr gdwd phdvxuhg
rq dq ruglqdo vfdoh1 Wkh uhrughulqj shupxwdwlrqv lq +4, duh qrw xqltxho| gh0
whuplqhg lq wkh suhvhqfh ri wlhv dqg lw uhpdlqv wr eh lqyhvwljdwhg krz gl�huhqw
exw ydolg uhrughulqj shupxwdwlrqv d�hfw wkh gdwd1 Wklv dovr wrxfkhv xsrq wkh
lvvxh ri wrs0erwwrp frghg gdwd ydoxhv dqg dovr plvvlqj gdwd1 Rqh dssurdfk
lv wr vroyh wkh sureohp lq wkh vdph pdqqhu dv Prruh +4<<9,1 Wkdw lv/ ohdyh
wkh uhfrugv frqwdlqlqj wrs0 ru erwwrp frghv ru plvvlqj ydoxhv xqvzdsshg
dqg surfhhg rqo| zlwk wkrvh iru zklfk dfwxdo ydoxhv duh surylghg1

< Dfnqrzohgjphqw
Wkh dxwkruv zlvk wr wkdqn Surihvvru Gdqlho Wkruexuq/ Ghs1 ri Vwdwlvwlfv/
Vwrfnkrop Xqlyhuvlw|/ iru eulqjlqj wklv duhd ri uhvhdufk wr wkhlu dwwhqwlrq dqg
iru pdq| ydoxdeoh vxjjhvwlrqv1 Wkh dxwkruv dovr dfnqrzohgjh wkh ydoxdeoh
frpphqwv dqg vxjjhvwlrqv ri dq dqrq|prxv uhihuhh dqg wkh hglwruv1

D Olplw ri 47
Dq rxwolqh iru d surri/ sursrvhg e| Wkruexuq +5333,/ wkdw wkh olplw ri +8,
dv ? $ 4 htxdov 4/ lv jlyhq e| wkh iroorzlqj dujxphqw1 Gh�qh wkh udqgrp
yduldeoh 1 e| fkrrvlqj dq| qxpehu " : f dqg e| wuxqfdwlqj wkh sduhqw
glvwulexwlrq ri f dw wkh vlqjoh srlqwv @ 	 f 	 K vr wkdw

1 ' 4@ i@c4�? ifc Kjj dqg . �1 ~ � : �� "*2�
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Wkurxjk wkh wuxqfdwlrq ri wkh sduhqw glvwulexwlrq dqg xvlqj wkh dv|pswrwlf
qrupdolw| ri wkh rughu vwdwlvwlfv +h1j1 Gdylg/ 4<;4/ ss1 587058:, lw fdq eh
vkrzq wkdw
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E Wdeohv

Wdeoh 6= Hvwlpdwhg eldv dqg vwdqgdug huuru +VH, ri o � dqg o � � o � dqg
fruuhodwlrq +Fruu, ehwzhhq o � dqg o � iru [ ' 7c (� dqg (2 +vhh vhf1 817,>
edvhg rq 83/333 vlpxodwlrqv/ doo ydoxhv h{fhsw Fruu duh ��f � � 1 Vdpsoh vl}h
? ' �fc �ff1

? ' �f
o � o � � o � o   ¡ � o � o   ¢ � o �
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Wdeoh 7= Hvwlpdwhg eldv dqg vwdqgdug huuru +VH, ri o ä dqg o å � o ä dqg
fruuhodwlrq +Fruu, ehwzhhq o å dqg o ä iru [ ' 7c (� dqg (2 +vhh vhfwlrq
817,> edvhg rq 83/333 vlpxodwlrqv/ doo ydoxhv h{fhsw Fruu duh ��f æ ç 1 Vdpsoh
vl}h ? ' �ffc �fff1

? ' �ff
o ä o è � o ä o é ê � o ä o é ë � o ä

4 ì í î ï ð ñ ì í î ï ð ñ ò ó ô ô ì í î ï ð ñ ò ó ô ô ì í î ï ð ñ ò ó ô ôõ ö õ ÷ õ ö ø ø ù ú ö û õ ö õ õ ù ö ú õ ö û û ù ÷ õ ö ü ü ý ö ü õ ö û û õ ÷ õ ö õ þ ý ö ü õ ö û û õ
õ ö ü ÷ õ ö ü ý ù ú ö õ ÷ õ ö ù ü ù ö ú õ ö û û ù ÷ ü ö õ ü ý ö õ õ ö û û õ ÷ ü ö õ ø ý ö õ õ ö û û õ
õ ö ø ÷ õ ö ø ù ù ù ö ú ÷ õ ö û ý ù ö ÿ õ ö û û ù ÷ ü ö û ø ý ö õ õ ö û û õ ÷ ü ö û � ý ö õ õ ö û û õ
õ ö þ ÷ õ ö ù ú ù ø ö ÿ ÷ ü ö � � ù ö ù õ ö û û ù ÷ ø ö ý � ú ö ú õ ö û ý û ÷ ø ö ý ÿ ý ö õ õ ö û ý û
õ ö � ÷ õ ö � � � ý ö ù ÷ ü ö û þ ù ö þ õ ö û û � ÷ þ ö ý � ú ö ù õ ö û ý ý ÷ þ ö ý ù ú ö ÿ õ ö û ý ý
õ ö ù ÷ õ ö � ú � þ ö ÿ ÷ ø ö � � ù ö ü õ ö û û þ ÷ � ö ý õ ú ö ø õ ö û ý ÿ ÷ � ö ý õ ú ö õ õ ö û ý ú
õ ö ÿ ÷ õ ö ù ÿ þ ú ö ü ÷ ø ö û ü � ö ý õ ö û û ø ÷ ù ö ù � ÿ ö ý õ ö û ý þ ÷ ù ö ÿ þ ÿ ö ÿ õ ö û ý �
õ ö ú ÷ õ ö ú ú ø û ö ù ÷ þ ö � � � ö � õ ö û ý û ÷ ÿ ö ø þ ÿ ö ø õ ö û ú ý ÷ ÿ ö � û ÿ ö õ õ ö û ú û
õ ö ý ÷ õ ö ù ù ø ü ö õ ÷ þ ö û þ þ ö û õ ö û ý þ ÷ ÿ ö ù ý ù ö � õ ö û ÿ ý ÷ ú ö ü ø ù ö ü õ ö û ú õ
õ ö û ÷ õ ö þ ø ü ü ö õ ÷ � ö þ ý þ ö þ õ ö û ù ý ÷ ÿ ö õ þ � ö ü õ ö û þ ý ÷ ú ö ø û þ ö û õ ö û þ ý
õ ö û ù ÷ õ ö ü ÿ ù ö ú ÷ � ö ÿ ü ø ö ý õ ö ý û ù ÷ ù ö õ ø þ ö õ õ ö ý û õ ÷ ú ö õ û þ ö ø õ ö ý ú þ
õ ö û û ÷ õ ö õ ø ü ö ø ÷ � ö ý � ø ö � õ ö � ø � ÷ ø ö ú õ ü ö ù õ ö ÿ � ÿ ÷ ÿ ö ü ù ø ö ù õ ö � � ø

ü ö õ õ ö õ õ õ ö õ ÷ � ö ý ÿ ø ö þ ÷ õ ö õ õ õ ö õ ÷ ÷ � ö ý ý ø ö þ ÷
? ' �fffõ ö õ ÷ õ ö ü ú þ ü ö ÿ ÷ õ ö õ ü ü ö ý õ ö û û ý õ ö õ õ ø ö ÿ õ ö û û ú õ ö õ õ ø ö ÿ õ ö û û ú

õ ö ü ÷ õ ö õ ÿ þ ü ö ü ÷ õ ö ü ÿ ü ö ý õ ö û û ý ÷ õ ö þ � ø ö ÿ õ ö û û ú ÷ õ ö þ ù ø ö ÿ õ ö û û ú
õ ö ø ÷ õ ö õ ÿ þ õ ö � ÷ õ ö þ þ ü ö ý õ ö û û ý ÷ õ ö ÿ ÿ ø ö ù õ ö û û ú ÷ õ ö ÿ ÿ ø ö ù õ ö û û ú
õ ö þ ÷ õ ö þ ÿ ø ý ö û ÷ õ ö ù ü ü ö ú õ ö û û ý ÷ ü ö õ õ ø ö ù õ ö û û ÿ ÷ õ ö û û ø ö ù õ ö û û ÿ
õ ö � ÷ õ ö ø ø ø ÿ ö ù ÷ õ ö ÿ ÿ ü ö ú õ ö û û ý ÷ ü ö þ þ ø ö � õ ö û û ÿ ÷ ü ö þ ø ø ö � õ ö û û ÿ
õ ö ù ÷ õ ö ø ü ø þ ö ý ÷ õ ö ý þ ü ö ÿ õ ö û û ý ÷ ü ö ÿ þ ø ö þ õ ö û û ù ÷ ü ö ÿ þ ø ö þ õ ö û û ù
õ ö ÿ ÷ õ ö ø û ø õ ö þ ÷ õ ö û û ü ö ù õ ö û û ú ÷ ü ö û õ ø ö ø õ ö û û � ÷ ü ö û þ ø ö ü õ ö û û ù
õ ö ú ÷ õ ö ü ü ü ÿ ö ü ÷ ü ö ü ù ü ö � õ ö û û ÿ ÷ ø ö ü ø ø ö õ õ ö û û ø ÷ ø ö ø ü ü ö û õ ö û û þ
õ ö ý ÷ õ ö ü ÿ ü ü ö � ÷ ü ö þ þ ü ö ø õ ö û û � ÷ ø ö ø � ü ö ú õ ö û ý û ÷ ø ö � þ ü ö ú õ ö û ý û
õ ö û ÷ õ ö õ ú ÿ ö õ ÷ ü ö � ý ü ö õ õ ö û ý ÿ ÷ ø ö õ ÿ ü ö ø õ ö û ú û ÷ ø ö � û ü ö þ õ ö û ú û
õ ö û ù ÷ õ ö õ ø þ ö ü ÷ ü ö ù ú õ ö û õ ö û ÿ õ ÷ ü ö ú ü õ ö û õ ö û ÿ õ ÷ ø ö � õ ü ö õ õ ö û ù ü
õ ö û û ÷ õ ö õ ü õ ö ÿ ÷ ü ö ÿ � õ ö ý õ ö ÿ þ ÿ ÷ õ ö û ø õ ö � õ ö ý � ø ÷ ø ö ü õ õ ö ý õ ö ÿ þ ú

ü ö õ õ ö õ õ õ ö õ ÷ ü ö ÿ ù õ ö ú ÷ õ ö õ õ õ ö õ ÷ ÷ ü ö ÿ ù õ ö ú ÷
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Wdeoh 8= Wkhruhwlfdo frqglwlrqdo phdqv/ yduldqfhv dqg 43wk dqg <3wk shu0
fhqwlohv iru wkh dgghg huuru B jlyhq f xqghu d vwdqgdugl}hg qrupdo glvwulex0
wlrq iru gl�huhqw ydoxhv ri f dqg vdpsoh vl}hv ?1

? ' �f ? ' �ff
f � � � � � � � � 	 
 � �  � � � � � � � � � �  � � �  � �

 �  �  �     � �  � �  � � � �  � � � � �  �     �  � � �  � � � �  � � � �
 � � �  �   �  � � � � �  � � � �  � � � � �  �   �  �  � � �  � � � �  � � � �

� �  �  �  �   � � � � �  � � � �  � � � � �  �   �  �  � � �  � � � �  � � � �
� � � �  �  � �  � � � � �  � � � �  � � � � �  �  � �  �  � � �  � � � �  � � � �

� �  �  � �  �  � � � � �  � � � �  � � � � �  �  � �  � � � � �  � � � �  � � � �
� � � �  � � � �  � � � � � � � � �   � � � � �  � � � �  � � �  �  � � � �  � � � �

� �  �  � � � �  � � � � � � � � � � �  � � � � �  � � � �  � � � � � � �  � �  �  � �
? ' �ff ? ' �fff

f � � � � � � � �  � � �  � � � � � � � � � �  � � �  � �
 �  �  �     �  �  �  � � � �  � � � � �  �     �   � �  �  � �  �  � �
 � � �  �   �  �  � � �  � � � �  � � � � �  �     �   � �  �  � �  �  � �

� �  �  �   �  �  � � �  � � � �  � � � � �  �   �  �   � �  �  � �  �  � �
� � � �  �   �  �  � � �  � �    � �  � �  �   �  �   � �  � � �   � � � �

� �  �  �   �  �  � � �  � � �   � � � � �  �   �  �  � � �  � � � �  � � � �
� � � �  �  � �  � � �  �  � � �   � � �  �  �   �  �  � � �  � � � �  � � � �

� �  �  � � �   � � � � �  � � � �  � � � � �  �  � �  � �  � �  � � �   � � � �

Uhihuhqfhv
^4` Ehwkohkhp/ M1J1/ Nhoohu/ Z1M1 dqg Sdqqhnrhn/ M1 +4<<3, Glvforvxuh Frq0

wuro ri Plfurgdwd1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;8/
ss1 6;0781

^5` Flwwhxu/ F1D1Z1 dqg Zloohqeruj/ O1F1U1M1 +4<<6, Sxeolf Xvh Plfurgdwd
Ilohv= Fxuuhqw Sudfwlfhv dw Qdwlrqdo Vwdwlvwlfdo Exuhdxv1 Mrxuqdo ri Ri0
�fldo Vwdwlvwlfv/ </ ss1 :;60:<71

^6` Gdohqlxv/ W1 +4<:7, Wkh Lqydvlrq ri Sulydf| Sureohp dqg Vwdwlvwlfv Sur0
gxfwlrq 0 dq Ryhuylhz1 Vwdwlvwlvn Wlgvnuliw/ 6/ ss1 54605581

^7` Gdohqlxv/ W1 +4<::, Wrzdugv d Phwkrgrorj| Iru Vwdwlvwlfdo Glvforvxuh
Frqwuro1 Vwdwlvwlvn Wlgvnuliw/ 8/ ss1 75<07771
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^8` Gdohqlxv/ W1 +4<:<, Gdwd0vzdsslqj> D Whfkqltxh iru Glvforvxuh Frqwuro
zkhq Uhohdvlqj Plfur0Vwdwlvwlfv1 Vwdwlvwlvn Wlgvnuliw/ 7/ ss1 586058;1

^9` Gdohqlxv/ W1 +4<;;, Frqwuroolqj lqydvlrq ri sulydf| lq vxuyh|v1 Prqr0
judsk1 Vwdwlvwlfv Vzhghq/ Vwrfnkrop1

^:` Gdohqlxv/ W1 dqg Uhlvv/ V1S1 +4<;5, Gdwd0vzdsslqj> D Whfkqltxh iru
Glvforvxuh Frqwuro1 Mrxuqdo ri Vwdwlvwlfdo Sodqqlqj dqg Lqihuhqfh/ 9/ ss1
:60;81

^;` Gdqghndu / U1D1/ Grplqjr0Ihuuhu/ M1/ dqg Vheì/ I1 +5335, OKV0Edvhg
K|eulg Plfurgdwd yv Udqn Vzdsslqj dqg Plfurdjjuhjdwlrq iru Qxphulf
Plfurgdwd Surwhfwlrq1 Lq M1 Grplqjr0Ihuuhu +Hg1, Lqihuhqfh Frqwuro lq
Vwdwlvwlfdo Gdwdedvhv/ ss148604951 OQFV 5649/ Khlghoehuj= Vsulqjhu0
Yhuodj1

^<` Gdylg/ K1D1 +4<;4, Rughu Vwdwlvwlfv/ 5qg hg11 Prqrjudsk1 Mrkq Zloh|
) Vrqv/ Qhz \run1

^43` Gdylg/ K1D1/ R*Frqqhoo/ P1M1 dqg \dqj/ V1V1 +4<::, Glvwulexwlrq dqg
H{shfwhg Ydoxh ri wkh Udqn ri d Frqfrplwdqw ri dq Rughu Vwdwlvwlf1 Wkh
Dqqdov ri Vwdwlvwlfv/ 8/ ss1 54905561

^44` Grplqjr0Ihuuhu/ M1 +hg1, +5335, Lqihuhqfh Frqwuro lq Vwdwlvwlfdo
Gdwdedvhv1 Prqrjudsk1 Ehuolq= Vsulqjhu1

^45` Grplqjr0Ihuuhu/ M1 dqg Wruud/ Y1 +5334, D Txdqwdwlyh Frpsdulvrq ri
Glvforvxuh Frqwuro Phwkrgv iru Plfurgdwd1 Lq S1 Gr|oh/ M1 Odqh/ M1
Wkhhxzhv dqg O1 ]d|dw} +Hgv1, Frq�ghqwldolw|/ Glvforvxuh dqg Gdwd
Dffhvv/ ss1 44404661 Dpvwhugdp= Qruwk0Kroodqg1

^46` Gr|oh/ S1/ Odqh/ M1/ Wkhhxzhv/ M1M1P1/ dqg ]d|dw}/ O1 +hgv1,/ +5334,
Frq�ghqwldolw|/ Glvforvxuh/ dqg Gdwd Dffhvv1 Prqrjudsk1 Dpvwhugdp=
Hovhylhu1

^47` Gxqfdq/ J1 dqg Odpehuw/ G1 +4<;<, Wkh Ulvn ri Glvforvxuh iru Plfur0
gdwd1 Mrxuqdo ri Exvlqhvv ) Hfrqrplf Vwdwlvwlfv/ :/ ss1 53:054:1

^48` Gxqfdq/ J1W1 dqg Shduvrq/ U1Z1 +4<<4, Hqkdqflqj Dffhvv wr Plfur0
gdwd zkloh Surwhfwlqj Frq�ghqwldolw|= Survshfwv iru wkh Ixwxuh1 Zlwk
glvfxvvlrq1 Vwdwlvwlfdo Vflhqfh/ 9/ ss1 54<056<1

^49` Ilhqehuj/ V1H1 +4<<7, Frq lfwv Ehwzhhq wkh Qhhgv iru Dffhvv wr Vwdwlv0
wlfdo Lqirupdwlrq dqg Ghpdqgv iru Frq�ghqwldolw|1 Mrxuqdo ri R!fldo
Vwdwlvwlfv/ 43/ ss1 44804651
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^4:` Ilhqehuj/ V1H1/ Pdnry/ X1H1 dqg Vwhho/ U1M1 +4<<;, Glvforvxuh Olplwdwlrq
Xvlqj Shuwxuedwlrq dqg Uhodwhg Phwkrgv iru Fdwhjrulfdo Gdwd1 Zlwk
glvfxvvlrq1 Mrxuqdo ri R!fldo Vwdwlvwlfv/ 47/ ss1 7;808351

^4;` Iudqn/ R1 +4<:9, Lqglylgxdo Glvforvxuhv iurp Iuhtxhqf| Wdeohv1 Lq W1
Gdohqlxv dqg D1 Nohypdunhq +Hgv1, Shuvrqdo Lqwhjulw| dqg wkh Qhhg iru
Gdwd lq wkh Vrfldo Vflhqfhv1 Vzhglvk Frxqflo iru Vrfldo Vflhqfh Uhvhdufk/
ss1 4:804;:1

^4<` Iudqn/ R1 +4<;6, Vwdwlvwlfdo Glvforvxuh Frqwuro1 Vwdwlvwlfdo Uhylhz/ 8/
Hvvd|v lq Krqrxu ri Wruh H1 Gdohqlxv/ ss1 4:604:;1

^53` Jrxzhohhxz/ M1P/ Nrrlpdq/ S1/ Zloohqeruj/ O1F1U1M dqg gh Zroi/ S10S1
+4<<;, Srvw Udqgrplvdwlrq iru Vwdwlvwlfdo Glvforvxuh Frqwuro= Wkhru|
dqg Lpsohphqwdwlrq1 Zlwk glvfxvvlrq1 Mrxuqdo ri R!fldo Vwdwlvwlfv/ 47/
ss1 79607:;1

^54` Juhhqehuj/ E1 +4<;:, Udqn Vzdsslqj iru Pdvnlqj Ruglqdo Plfurgdwd/
XV Exuhdx ri wkh Fhqvxv +xqsxeolvkhg pdqxvfulsw,1

^55` Odpehuw/ G1 +4<<6, Phdvxuhv ri Glvforvxuh Ulvn dqg Kdup1 Mrxuqdo ri
R!fldo Vwdwlvwlfv/ </ ss1 64606641

^56` Olq/ J1G1 +4<;<, Wkh Surgxfw Prphqwv ri Rughu Vwdwlvwlfv zlwk Ds0
solfdwlrqv wr Fkdudfwhul}dwlrqv ri Glvwulexwlrqv1 Mrxuqdo ri Vwdwlvwlfdo
Sodqqlqj dqg Lqihuhqfh/ 54/ ss1 6<807391

^57` Prruh/ U1D1 +4<<9, Frqwuroohg Gdwd0Vzdsslqj Whfkqltxhv iru Pdvnlqj
Sxeolf Xvh Plfurgdwd Vhwv1 Exuhdx ri wkh Fhqvxv/ Vwdwlvwlfdo Uhvhdufk
Glylvlrq/ Vwdwlvwlfdo Uhvhdufk Uhsruw Vhulhv/ Qr1 UU<9237/ XV Exuhdx
ri wkh Fhqvxv/ Zdvklqjwrq G1F11

^58` Sddvv/ J1 +4<;;, Glvforvxuh Ulvn dqg Glvforvxuh Dyrlgdqfh iru Plfur0
gdwd1 Mrxuqdo ri Exvlqhvv ) Hfrqrplf Vwdwlvwlfv/ 9/ ss1 7;:08331

^59` Uh|qrogv/ S1G1 +4<<6, Sulydf| dqg Dgydqfhv lq Vrfldo dqg Srolf| Vfl0
hqfhv> Edodqflqj Suhvhqw Frvwv dqg Ixwxuh Jdlqv1 Zlwk glvfxvvlrq1 Mrxu0
qdo ri R!fldo Vwdwlvwlfv/ </ ss1 5:806451

^5:` Uxelq/ G1E1 +4<<6, Vwdwlvwlfdo Glvforvxuh Olplwdwlrq1 Glvfxvvlrq rq
Mdelqh/ W1E11 Mrxuqdo ri R!fldo Vwdwlvwlfv/ </ ss1 794079;1

^5;` Vdz/ M1J1 dqg Fkrz/ E1 +4<99, Wkh Fxuyh Wkurxjk wkh H{shfwhg Ydo0
xhv ri Rughuhg Yduldwhv dqg wkh Vxp ri Vtxduhv ri Qrupdo Vfruhv1
Elrphwulnd/ 86/ ss1 5850588
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^5<` Vheì/ I1/ Grplqjr0Ihuuhu/ M1/ Pdwhr0Vdq}/ M1P1/ dqg Wruud/ U1D1 +5335,
Srvw0Pdvnlqj Rswlpl}dwlrq ri wkh Wudghr� ehwzhhq Lqirupdwlrq Orvv
dqg Glvforvxuh Ulvn lq Pdvnhg Plfurgdwd Vhwv1 Lq M1 Grplqjr0Ihuuhu
+Hg1, Lqihuhqfh Frqwuro lq Vwdwlvwlfdo Gdwdedvhv/ ss1 49604:41 OQFV
5649/ Khlghoehuj= Vsulqjhu0Yhuodj1

^63` Vsuxloo/ Q1O1 +4<;6, Wkh Frq�ghqwldolw| dqg Dqdo|wlfdo Xvhixoqhvv ri
Pdvnhg Exvlqhvv Plfurgdwd1 Lq Surfhhglqjv ri wkh Vhfwlrq rq Vxuyh| Uh0
vhdufk Phwkrgv/ ss1 935093:/ Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ Doh{dq0
guld/ YD1

^64` Vwdwlvwlfv Vzhghq +4<<;, Mrxuqdo ri R!fldo Vwdwlvwlfv/ Vshfldo lvvxh rq
Glvforvxuh Olplwdwlrq Phwkrgv iru Surwhfwlqj wkh Frq�ghqwldolw| ri Vwd0
wlvwlfdo Gdwd/ Yro1 47/ Qr1 71

^65` Wkruexuq/ G1 +5333, Shuvrqdo frppxqlfdwlrq1 Ghs1 ri Vwdwlvwlfv/ Vwrfn0
krop Xqlyhuvlw|1

^66` Zloohqeruj/ O1 dqg gh Zddo/ W1 +4<<9, Vwdwlvwlfdo Glvforvxuh Frqwuro
lq Sudfwlfh> Vhulhv= Ohfwxuh Qrwhv lq Vwdwlvwlfv/ Yro1 4441 Prqrjudsk1
Vsulqjhu0Yhuodj/ Qhz \run1

^67` Zloohqeruj/ O1F1 dqg gh Zddo/ W1 +5333, Hohphqwv ri Vwdwlvwlfdo Glvfor0
vxuh Frqwuro> Vhulhv= Ohfwxuh Qrwhv lq Vwdwlvwlfv/ Yro1 4881 Prqrjudsk1
Vsulqjhu0Yhuodj/ Qhz \run1

^68` \dqj/ V1V1 +4<::, Jhqhudo Glvwulexwlrq Wkhru| ri wkh Frqfrplwdqwv ri
Rughu Vwdwlvwlfv1 Wkh Dqqdov ri Vwdwlvwlfv/ 8/ ss1 <<9043351
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