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4 Lqwurgxfwlrq
Wklv sdshu lv frqfhuqhg zlwk dwwdlqhg ydoxhv ri wkh ghjuhh yduldqfh lq judskv1
Wkh ghjuhh yduldqfh ri d judsk rq ? yhuwlfhv zlwk o hgjhv lv gh�qhg dv
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Khqfh/ li zh pxowlso| r � e| ? � zh jhw dq lqwhjhu ydoxhg txdqwlw|/ ghqrwhg 5/
5 ' ? � r �

' ?'� eo � �
Iru judskv zlwk �{hg ydoxhv rq ? dqg o/ wkhuh lv d rqh0wr0rqh fruuhvsrqghqfh
ehwzhhq srvvleoh glvwlqfw ydoxhv rq ' dqg r � 1Wklv sdshu zloo vkrz wkdw wkhuh
duh vrph lqwhjhu vhtxhqfhv dvvrfldwhg wr 5 dqg '/ wkdw duh ri wkhruhwlfdo
dqg2ru sudfwlfdo lqwhuhvw1 Dq h{dpsoh lv wkh frqqhfwlrq ehwzhhq wkh lqwhjhu
vhtxhqfh

�c fc �c �c fc �c �c �c fc �c �c �c �c fc �c �c �c �c �c fc �c ���
dqg wkh qxpehu ri srvvleoh ydoxhv dwwdlqhg e| ' iru �{hg ? dqg o� D uhodwhg
vhtxhqfh lv

�c 2c 2c �c �c �c ec ec ec ec Dc Dc Dc Dc Dc Sc Sc Sc Sc Sc Sc ����
Wkh glvwlqfw ydoxhv dwwdlqhg e| ' duh dovr frqqhfwhg wr wkhvh vhtxhqfhv1 Wkh
lpsruwdqfh ri nqrzlqj wkh srvvleoh ydoxhv ri ' lv looxvwudwhg e| Kdjehuj
+5336e, zkr vkrzv wkdw iru fhuwdlq udqgrp judskv lw lv srvvleoh wr lpsuryh
rq frpprq dssur{lpdwlrqv wr wkh suredelolw| glvwulexwlrqv ri wkh ghjuhh
yduldqfh1

Wzr fodvvhv ri judskv duh wuhdwhg khuh1 Lq Fodvv 4 wkh rughu ri wkh judsk
lv d �{hg qxpehu ? dqg wkh vl}h ri wkh judsk lv d �{hg qxpehu o/ f � o � � � � ��
Lq Fodvv 5/ o lv qrw �{hg1 Vhfwlrq 5 wuhdwv wkh pd{lpxp ydoxh ri wkh ghjuhh
yduldqfh dqg Vhfwlrq 6 wkh plqlpxp ydoxh ri wkh ghjuhh yduldqfh lq wkh
wzr fodvvhv1 Lq Vhfwlrq 7/ zh ghyhors d frxqwlqj irupxod iru wkh qxpehu ri
srvvleoh ydoxhv ri wkh ghjuhh yduldqfh1 Ilqdoo|/ Vhfwlrq 8 wuhdwv rwkhu dwwdlqhg
ydoxhv ri wkh ghjuhh yduldqfh1

5 Wkh pd{lpxp ydoxh ri wkh ghjuhh yduldqfh

514 Fodvv 4
Iru judskv ri rughu ? dqg vl}h oc wkh pd{lpxp ydoxh ri ' '
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 kdv ehhq wuhdwhg lq dw ohdvw vhyhq sdshuv dqg rqh wh{werrn
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nqrzq wr wkh dxwkru= Vqlmghuv +4<;4d/ e,/ Erhvfk hw do1+4<<3, / Pdkdghy
dqg Shohg +4<<8,/ gh Fdhq +4<<;, / Shohg hw do1 +4<<<,/ Fdur dqg \xvwhu
+5333, dqg Kdjehuj +5333,1 Wkh surri e| Fdur dqg \xvwhu lv edvhg rq wkh
frqqhfwlrq ehwzhhq wkh qxpehu ri wuldqjohv lq wkh judskC dqg wkh pd{lpxp
ydoxh ri'�Dqrwkhu phwkrg lv wr xvh wkh frqqhfwlrq ehwzhhq wkuhvkrog judskv
dqg wkh pd{lpxp ydoxh ri '� Vhyhudo htxlydohqw surshuwlhv pd| eh xvhg wr
fkdudfwhul}h wkh wkuhvkrog judskv dqg wkh| duh wuhdwhg lq ghwdlo e| Pdkdghy
dqg Shohg +4<<8,1 Wkuhh ri wkh htxlydohqw surshuwlhv duh jlyhq ehorz=

+4, Wkhuh h{lvwv vrph k|shusodqh wkdw vwulfwo| vhsdudwhv wkh fkdudf0
whulvwlf yhfwruv ri wkh lqghshqghqw vhwv ri yhuwlfhv ri C iurp wkrvh ri wkh
qrq0lqghshqghqw vhwv1

+5, Hyhu| wkuhh glvwlqfw yhuwlfhv �c �c & ri C vdwlvi| wkh iroorzlqj frq0
glwlrq lq whupv ri wkh dgmdfhqf| lqglfdwruv % � � iru yhuwlfhv � dqg � lq C=

% � � � %� � iru doo & 9' �c � zkhqhyhu % � � % � �
+6, C fdq eh frqvwuxfwhg iurp wkh rqh0yhuwh{ judsk e| uhshdwhgo|

dgglqj dq lvrodwhg yhuwh{ ru d xqlyhuvdo rqh +d yhuwh{ dgmdfhqw wr hyhu| rwkhu
yhuwh{,1

Wkh �uvw surshuw| jlyhv ulvh wr wkh qdph �wkuhvkrog judskv�1 Zh xvh khuh
wkh vhfrqg surshuw| dqg wkh idfw wkdw d judsk C dqg lwv frpsohphqw C kdv
wkh vdph ghjuhh yduldqfh r � 1

Wkhruhp 4 Frqvlghu judskv ri rughu ? dqg vl}h o1 Li C lv vxfk d judsk ri
pd{lpxp ghjuhh yduldqfh/ wkhq C kdv wkh wkuhvkrog surshuw| wkdw % � 	 � % 
 	
iru doo & 9' �c � zkhqhyhu % � � %� �
Surri1 Zh suryh wkh wkhruhp e| frqwudglfwlrq1 Li C grhv qrw kdyh wkh
wkuhvkrog surshuw|/ wkhq d judsk C  fdq eh frqvwuxfwhg zklfk kdv odujhu
ghjuhh yduldqfh1 Wr vhh wklv/ dvvxph wkdw % � � %� dqg % � � : %� � iru vrph
glvwlqfw �c �c &1 Khqfh % � � ' � dqg % � � ' f� Ohw C � eh wkh judsk rewdlqhg
iurp C e| prylqj wkh hgjh iurp E�c &� wr E�c &� vr wkdw % �� � ' fc % �� � ' �c
% �� ' % � � �c dqg % �� ' %� n�� Lw iroorzv wkdw ' � ' 'n2n2%� � 2% � � 'n2
vlqfh %� � % � c l1h1 ' � : ' dqg r �

� : r � �

Wkhruhp 5 Frqvlghu judskv ri rughu ? dqg vl}h o vdwlvi|lqj wkh wkuhvkrog
surshuw| wkdw % � � � % � � iru doo & 9' �c � zkhqhyhu % � � %� � Li J lv vxfk d judsk
ri pd{lpxp ghjuhh yduldqfh/ wkhq C frqvlvwv ri hlwkhu
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4, d frpsohwh vxejudsk/ dw prvw rqh rwkhu yhuwh{ dgmdfhqw wr vrph ri wkh
yhuwlfhv lq wkh vxejudsk/ dqg srvvleo| vrph lvrodwhg yhuwlfhv/ ru

5, d vhw ri vdwxudwhg yhuwlfhv/ srvvleo| vrph lqghshqghqw yhuwlfhv/ dqg dw
prvw rqh rwkhu yhuwh{ dgmdfhqw wr doo wkh vdwxudwhg dqg vrph ri wkh lqghshq0
ghqw yhuwlfhv1
Surri1 Wkh rswlpdo judsk ri w|sh � kdv o ' � � � �

�
�n | zlwk f 	 | 	 6 dqg

6 � ? li wkhuh duh6 frqqhfwhg yhuwlfhv dqg ?�6 lvrodwhg yhuwlfhv1 Qrwh wkdw
| ' 6� � lpsolhv wkdw o ' � �

�
� dqg wkdw wkhuh lv d frpsohwh vxejudsk dqg

lvrodwhg yhuwlfhv rqo|1 Wkh rswlpdo judsk ri w|sh 5 kdv o ' E?� ��6�� �
�
�n|

zlwk f � | 	 ? � E6n �� dqg 6 � ? li wkhuh duh 6 vdwxudwhg yhuwlfhv dqg
?�6 qrq0vdwxudwhg yhuwlfhv ri zklfk rqh lv dgmdfhqw wr | ri wkh qrq0vdwxudwhg
yhuwlfhv1 Qrwh wkdw 6 ' ? lpsolhv wkdw | ' f dqg wkh judsk lv frpsohwh1 Iru
6 	 ? dqg | ' f doo qrq0vdwxudwhg yhuwlfhv kdyh ghjuhh 61

Lq rughu wr suryh wkh wkhruhp e| frqwudglfwlrq zh dvvxph wkdw C lv d
judsk vdwlvi|lqj wkh wkuhvkrog surshuw| exw qrw ehlqj ri w|sh 4 ru w|sh 5 dqg
zh vkrz wkdw wkhuh h{lvw d judsk C � vdwlvi|lqj wkh wkuhvkrog surshuw| dqg
ehlqj ri odujhu ghjuhh yduldqfh wkdq C1

OhwC vdwlvi| wkh wkuhvkrog surshuw| dqg frqvlvw ri d frpsohwh vxejudsk ri
rughu6�� dqg wzr +ru pruh, rwkhu yhuwlfhv frqqhfwhg wr | � dqg | � yhuwlfhv lq
wkh vxejudsk/ uhvshfwlyho|/ zkhuh | � n | � ' |c f 	 | � � | � � Iljxuh 4 looxvwudwhv
d fdvh ri wkh dgmdfhqf| pdwul{ ri C1 Dvvxph % � 	 
 � �  ' � dqg % � � � � � � ' f�
Wkhq % � � ' 6c % � � � ' | � c % � � � � ' 6� 2c % � ' | � �

� 2 � � � 6� � 6 6n � ��� ?
� f 4 4 4 4 4 4 4 3 3
2 4 f 4 4 4 4 4 4 3 3
� 4 4 f 4 4 4 4 3 3 3
� 4 4 4 f 4 4 3 3 3 3
� 4 4 4 4 f 4 3 3 3 3

6� � 4 4 4 4 4 f 3 3 3 3
6 4 4 4 3 3 3 f 3 3 3

6n � 4 4 3 3 3 3 3 f 3 3111 3 3 3 3 3 3 3 3 f 3
? 3 3 3 3 3 3 3 3 3 f

Iljxuh 41 Wkh dgmdfhqf| pdwul{ ri wkh wkuhvkrog judsk C�
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Ohw C � eh wkh judsk rewdlqhg iurp C e| prylqj wkh hgjh dw E| � c6n ��
wr E| � n �c6� � Qrz

% �
� � ' % � � � � ' 6� �c

% �
� � � ' % � � � � � ' | � � �c

% �
� � � � ' % � � � � n � ' 6� �c
% �

� ' % � n � ' | � n �c
dqg lw iroorzv wkdw

' � ' 'n e n 2 E% � � � � n % � � % � � � % � � � �
' 'n e n 2 E6� 2 n | � �6� | � �
' 'n 2 E| � � | � � �

Khqfh ' � � ' zlwk vwulfw lqhtxdolw| li | � 	 | � 1 Zkhq | � lqlwldoo| lv
htxdo wr | � / uhshdwhg dssolfdwlrq ri wklv whfkqltxh ohdgv wr d judsk zlwk
' � : ' 1 Zkhq lqlwldoo| wkhuh duh pruh wkdq wzr rwkhu yhuwlfhv frqqhfwhg
wr wkh frpsohwh vxejudsk/ wkh vdph whfkqltxh fdq eh uhshdwhgo| dssolhg wr
pryh wkh �odvw� � wr wkh ��uvw� f lq wkh froxpqv ri wkh dgmdfhqf| pdwul{
fruuhvsrqglqj wr wkh h{wud yhuwlfhv1

D vlplodu dujxphqw fdq eh dssolhg wr d judsk vdwlvi|lqj wkh wkuhvkrog
surshuw| wkdw frqvlvwv ri d vhw ri vdwxudwhg yhuwlfhv/ d vhw ri lqghshqghqw
yhuwlfhv/ dqg wzr ru pruh rwkhu yhuwlfhv frqqhfwhg wr vrph ri wkh lqghshqghqw
yhuwlfhv1

Wkh rswlpdo judsk ri w|sh 4 zlwk o ' � � � �
�
�n | dqg f 	 | � 6� � kdv

| yhuwlfhv ri ghjuhh 6� �
6� �� | yhuwlfhv ri ghjuhh 6� 2
� yhuwh{ ri ghjuhh |
?�6 yhuwlfhv ri ghjuhh fc

dqg
' ' | E?� �� � n E6� �� |� E6� 2� �

' | � n E26� �� |n E6� �� E6� 2� � �
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Qrwh wkdw 6 lv jlyhq e| 6 ' � n � �
� ns2o� zkhuh � �

� ns2o� |lhogv wkh
vhtxhqfh

�c 2c 2c �c �c �c ec ec ec ec Dc Dc Dc Dc Dc Sc ���
iru o ' �c 2c ���1 Iru ghwdlov derxw wkh vhtxhqfh/ vhh/ Judkdp hw do1 +4<<7, ru
Vordqh +5336,1

Wkh rswlpdo judsk ri w|sh 5 zlwk o ' E?� ��6 � � �
�
� n | dqg f � | �

?�6� 2 kdv

6 yhuwlfhv ri ghjuhh ?� �
� yhuwh{ ri ghjuhh 6n |
| yhuwlfhv ri ghjuhh 6n �
?�6� �� | yhuwlfhv ri ghjuhh 6c

dqg
' ' 6 E?� �� � n E6n |� � n E6n �� � |n E?�6� �� |�6 �

' | � n Ee6n �� |n6 E?� �� � n E?�6�6 � �
Khuh 6 lv jlyhq e| 6 ' ?� �� m �

� ns? E?� ��� 2o
n

�
Wkh vhtxhqfh ri rswlpdo judskv ri w|sh 4 iru o ' �c 2c ��� fdq eh frqvlghuhg

dv orfdoo| jurzq zlwk hgjhv dgghg rqh e| rqh lq wkh rughu E�c 2� c E�c �� c E2c �� c
E�c e� c E2c e� c E�c e� c E�c D� c ���/ vr wkdw wkh owk hgjh lv dgmdfhqw wr yhuwlfhv |
dqg 6 iru o ' � � � 	



� n |c | ' �c ���c6� �c 6 ' 2c �c ���1 Qrwh wkdw | dqg 6

duh xqltxho| ghwhuplqhg e| o1 Zh zulwh 6 ' 6 � dqg | ' | � li zh qhhg wr
vshfli| 6 dqg | iru glvwlqfw o1

Wkh rswlpdo judsk ri vl}h o kdv 6 frqqhfwhg yhuwlfhv/ dqg wkh odvw hgjh
frqqhfwv yhuwlfhv ri ghjuhhv 6�� dqg |1 Wkh rwkhu hgjhv doo frqqhfw yhuwlfhv
ri ghjuhh 6 � �1 Ehiruh wkh odvw hgjh zdv dgghg/ lwv lqflghqw yhuwlfhv kdg
ghjuhhv 6� 2 dqg |� �1 Wkhuhiruh wkh lqfuhphqw lq '/ vd| ' � �' � � 	 c zkhq
wkh owk hgjh lv dgghg lv vhhq wr eh

' � �' � � 	 ' E6� �� 
 � E6� 2� 
 n | 
 � E|� �� 


' 2 E6n |� 2�
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iru o ' �c 2c ���/ zlwk ' � ' f� Lw iroorzv wkdw

' � '
�

[

� � � 2 E6
� n | � � 2�

' o Eo � ��� o E@� �� @n S
�@n �

e
�

iru o ' �c 2c ���/ dqg @ ' � �� ns2o� � Wkh owk lqfuhphqw lq ' lv jlyhq dv
hohphqw E|c6� lq wkh iroorzlqj pdwul{1

6 ' 2 6 ' � 6 ' e 6 ' D � � �
| ' � 5 7 9 ; � � �
| ' 2 9 ; 43 � � �
| ' � 43 45 � � �
| ' e 47 � � �111 � � �

Zh vhh wkdw � � 	 
 � � 
� ' o � �n @� � � � � |lhog wkh vhtxhqfh

�c 2c �c �c ec Dc ec Dc Sc .c Dc Sc .c Hc bc Sc .c Hc bc �fc ��c ����

Zh froohfw wkhvh uhvxowv dv wkh iroorzlqj wkhruhp
Wkhruhp 6 Iru w|sh 4 judskv ri rughu ? dqg vl}h o/ wkh pd{lpxp ghjuhh
yduldqfh lv jlyhq e|

r �
� � � Eo� ' ' � � �

? � �2o
?
� �

zkhuh
' � � � ' | � n E26� �� |n E6� �� E6� 2� �

dqg | dqg 6 duh ghwhuplqhg e| o ' � � �  ! � n | dqg f 	 | 	 6 vr wkdw
6 ' � n � "# ns2o� � Dowhuqdwlyho|

:



' � � � ' 2
�

[

� � � E6 � n | � � 2�

' o Eo � ��� o E@� �� @n S
�@n �

e
�

zkhuh | � dqg 6 � duh wkh ydoxhv ri | dqg 6 fruuhvsrqglqj wr o ' & iru
& ' �c 2c ���c o dqg @ ' � �	 ns2o� �
Fruroodu| 4 Iru doo judskv ri rughu ? dqg vl}h o/ wkh pd{lpxp ghjuhh ydul0
dqfh lv jlyhq e| wkh odujhvw ri wkh wzr ydoxhv r 
� �  Eo� dqg r 
� �  �� � � �� o� �

Wkh rswlpdo judsk ri w|sh 5/ phqwlrqhg lq Wkhruhp 5/ zlwk o ' E?� ��6�
� � � �n | dqg f � | � ?�6� 2 kdv

6 yhuwlfhv ri ghjuhh ?� �
� yhuwh{ ri ghjuhh 6n |
| yhuwlfhv ri ghjuhh 6n �
?�6� �� | yhuwlfhv ri ghjuhh 6c

dqg
' ' 6 E?� �� � n E6n |� � n E6n �� � |n E?�6� �� |�6 �

' | � n Ee6n �� |n6 E?� �� � n E?�6�6 � �
Khuh 6 lv jlyhq e| 6 ' ?� �� m �

� ns? E?� ��� 2o
n

�
D vlplodu lqfuhphqwdo surfhgxuh fdq eh dgylvhg iru judskv ri wkh vhfrqg

w|sh1 Wkh vhtxhqfhv ri rswlpdo judskv ri w|sh 5 iru o ' �c 2c ���c � � � � duh frqvlg0
huhg dv joredoo| jurzq zlwk hgjhv lq wkh rughu E�c 2� c E�c �� c ���c E�c ?� c E2c �� c
E2c e� c ���c E2c ?� c E�c e� c ���1 Zh rplw wkh ixuwkhu ghwdlov dqg forvh wklv vhfwlrq
zlwk wkh iroorzlqj frqmhfwxuh=
Frqmhfwxuh 4 Iru judskv ri rughu ? dqg vl}h o zh kdyh

' � � � � �' � � � � � f li o � �E � � �� � �  
�

'
m ! " # $ % & '

( )
n

' ) * + , �' ( * + , � f li o � �E - . �) n / 0
�

'
m

/
1 0 / 2 3 43 5

n

zkhuh ' 3 6 7 8 lv wkh pd{lpxp vxp ri vtxduhv iru judskv ri w|sh 4 dqg ' 9 : ; <
lv wkh pd{lpxp vxp ri vtxduhv iru judskv ri w|sh 51

;



Wkh frqmhfwxuh lv wuxh dw ohdvw iru ? � �Df1

515 Fodvv 5
Wkhruhp 7 D glvfrqqhfwhg judsk ri rughu ? kdv pd{lpdo ghjuhh yduldqfh li
dqg rqo| li lw frqvlvwv ri & lvrodwhg yhuwlfhv dqg d frpsohwh vxejudsk rq wkh
rwkhu ?� & ' 6 yhuwlfhv1 D frqqhfwhg judsk ri rughu ? kdv pd{lpdo ghjuhh
yduldqfh li dqg rqo| li lw frqvlvwv ri & yhuwlfhv ri ghjuhh ?� � dqg qr rwkhu
hgjhv1
Surri1 Zh xvh wkh idfw wkdw d judsk C dqg lwv frpsohphqw C kdyh wkh
vdph ghjuhh yduldqfh r � 1 Ohw C � ghqrwh judskv ri w|sh 41 Iurp Vhfwlrq 514
zh kdyh
? � r � EC � � ' ? �E6� �� E6� 2� � n 2 E6n |� 2��� eo �

' ? �E6� �� E6� 2� � n 2 E6n |� 2��� e
��6� �

2
�

n |
�

' E?� e� | � n d? E26� ��� e E6� �� E6� 2�o |
nE?�6n �� E6� �� E6� 2� �

' s � E|�
Iru ? � e lw lv hdv| wr vkrz wkdw d frpsohwh judsk rq ? yhuwlfhv dqg qr
pruh hgjhv |lhog wkh pd{lpxp ydoxh ri s � E|� � Iru ? : e zh vhh wkdw s � E|�
lv d frqyh{ ixqfwlrq ri |/ dqg iru d �{hg 6/ s � E|� kdv d plqlpxp lq | iru d
xqltxh | ' | � 1 Wkdw lv

4@ s � E|� rffxuv iru
;

?

=

| ' 6� � li | 	 � f
| ' f ru 6� � li f 	 | 	 	 6� �

| ' f li | 	 � 6� ��
Lq doo wkh fdvhv s 
 Ef� ru s 
 � � Ef� ' s 
 E6� �� lv wkh rswlpdo +pd{lpdo,
ydoxh ri s  E|� � Wkhuhiruh

4@ � s Eo� ' 4@  s
��6

2
��

' 4@  s
��6 � � �

2
��

�

Wkhruhp 7 lv lghqwlfdo wr wkh frqmhfwxuh jlyhq e| Fdur dqg \xvwhu +5333,/
khqfh wkh frqmhfwxuh lv suryhg1

Wr ghwhuplqh wkh rswlpdo 6/ zh ohw ?�6 � � � ' &�
<



Wkhruhp 8 Iru judskv ri rughu ?/ wkh pd{lpdo ghjuhh yduldqfh lv jlyhq e|

r �
� � � ' & E?� &�

�?� & � �
?

�
�

zkhuh & '
�?n �

e
�

�
Surri1

r �
� ' &%

? n E?� &� E?� & � �� %� �

?
zkhuh % ' E?� &� E?� & � ��

?
wkdw lv

r �
� ' & E?� &�

�?� & � �
?

�
�

dqg lw iroorzv wkdw r �
� � 	 ' 4@ � r �

� � E| zulwlqj

r 

� ' s � E&� ' & E?� &�

�

�� & n �
?

�



lw iroorzv wkdw
s �  � E&� 9 s � E&� iru doo &

dqg
s � E&� ' f iru & ' fc ?� �c ?�

Ixuwkhu/ ghqrwh e| & � dq| ydoxh ri & iru zklfk
s � E& 	 �� 9 s � E&� 1

Wkdw lv/ & vkrxog vdwlvi| wkh lqhtxdolwlhv � dqg � ehorz1
� G f 9 &E?� &�E?� & � �� � � E& n ��E?� & � ��E?� & � 2� �

e& � � ED?� H� & n E?� 2� �
9 f

@ � 9 & 9 � �
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zkhuh
@ � ' D?� H�sb? � � �S?

H c � � ' D?� H nsb? � � �S?
H

� G f 9 &E?� &�E?� & � �� � � E& � ��E?� & n ��E?� &� �

e& � � D?& n ? E?n �� A f
& 9 K � ru & A � �

zkhuh�
K � ' D?�sb? � � �S?

H c � � ' D?nsb? � � �S?
H �

Wkdw lv/ & vkrxog ehorqj wr wkh lqwhuydo d@ � c � � o exw qrw wr wkh lqwhuydo
EK � c � � �1 Vlqfh K � ' @ � n� dqg� � ' � � n�/ wklv phdqv wkdw K � �� 9 & � 9 K � 1
Li K � lv dq lqwhjhu erwk K � � � dqg K � duh srvvleoh ydoxhv iru & � 1 Rwkhuzlvh
wkhuh lv d xqltxh & � ' eK � f1

Li zh uhzulwh K � dv

K � ' D?�sb? � � �S?
H ' ?

e n �?
H

#

��
u

�� �S
b?

$

' ?
e n � 	 �

zh vhh wkdw � 
 ' �

 1 Xvlqj d jhqhudol}dwlrq ri wkh elqrpldo wkhruhp/ lw fdq

eh vkrzq wkdw
� � ' �?

H
#

��
#

�� 2

[

� � �
�
�
�2� � 2
� � �

�� e
b?

� � $$

' �
�

�
[

� � �
�
�
�2� � 2
� � �

�� e
b?

� � � �
�

Khqfh/ iru ? : 2 zh kdyh wkdw �� 	 � � 	 �� l1h1/ K � lv dq lqwhjhu li dqg rqo| li
? ' 21 Wkxv/ & � ' � � � n � �

� lv xqltxh iru ? : 2 dqg
?
e n �

� 	 K � 	 ?
e n �

2 / ? : 2�
Wkxv/ vlqfh wkh fdvhv ? ' � dqg ? ' 2 duh wulyldo/ zh kdyh & � ' � � � n �� � '
� � � �� � iru doo ?1
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6 Wkh plqlpxp ydoxh ri wkh ghjuhh yduldqfh
614 Fodvv 4
Wkh ghjuhh yduldqfh lv }hur iru dq|60uhjxodu judsk dqg zh qhhg wkh iroorzlqj
uhvxow iurp judsk wkhru|1
Wkhruhp 9 +Fkduwudqg dqg Ohvqldn +4<<9,, Li ? lv hyhq lw lv srvvleoh wr
frqvwuxfw 60uhjxodu judskv iru 6 ' fc �c 2c ���c ? � � dqg li ? lv rgg lw lv
srvvleoh wr frqvwuxfw 60uhjxodu judskv iru 6 ' fc 2c ec ���c ?� ��
Wkhruhp : Frqvlghu judskv ri rughu ? dqg vl}h o1 Li C lv vxfk d judsk ri
plqlpxp ghjuhh yduldqfh/ wkhq C kdv & yhuwlfhv ri ghjuhh 6n � dqg ? � &
yhuwlfhv ri ghjuhh 6/ zkhuh 6 ' � � �

�
� dqg & ' 2o�?6� Wkh plqlpxp ghjuhh

yduldqfh lv jlyhq e|
r �

� � � ' w E�� w�
zkhuh

w ' 2o
? �6

' 2o
? � �2o

?
�

�
Surri1 Wkh phdq ghjuhh % ' 6 n wc f � w 	 �c dqg 2o ' ?6 n &c
f � w 	 ?1 Li � �

	 ' 6 zkhuh 6 lv dq lqwhjhu/ wkhq w ' f/ ? lv hyhq li 6 lv
rgg/ dqg C vkrxog eh uhjxodu zlwk doo ghjuhhv htxdo wr 6/ l1h1 dq 60uhjxodu
judsk1 Rwkhuzlvh C vkrxog kdyh ? E�� w� yhuwlfhv ri ghjuhh � 
 �

�
� ' 6 dqg ?w

yhuwlfhv ri ghjuhh 6n �� Wr rewdlq dq rswlpdo judsk/ zh hlwkhu frqvwuxfw dq
60uhjxodu ru dq E6n ��0uhjxodu judsk1 Li wkh 60uhjxodu judsk lv frqvwuxfwhg/
zh dgg &*2 hgjhv zlwk qr frpprq yhuwlfhv1 Li wkh E6n ��0uhjxodu judsk lv
frqvwuxfwhg/ zh uhpryh E?� &� *2 hgjhv zlwk qr frpprq yhuwlfhv1 Khqfh/

r 
� � � ' ? E�� w� E6� %�  n ?w E6n �� %� 

?
zkhuh % '  �

� ' 6n w� Lw iroorzv wkdw
r 

� � � ' E�� w� w  n w E�� w� 

' w E�� w� �

45



Wkh rswlpdo judsk lv qrw xqltxh/ iru lqvwdqfh/ frqvlghu wkh wkuhh judskv
lq Iljxuh 51 Wkh| duh doo ri rughu ? ' . vl}h o ' b dqg kdyh 6 ' 2c & ' e�

Iljxuh 5
Erwk C � dqg C � duh rewdlqhg e| dgglqj E&*2� ' 2 glvmrlqw hgjhv wr dq

60uhjxodu judsk iru 6 ' 2c ? ' .1 Krzhyhu/ wkhuh pd| dovr eh rwkhu zd|v wr
frqvwuxfw dq rswlpdo judsk1 Wkh judsk C � lq Iljxuh 5 lv wkh glvmrlqw xqlrq
ri wzr uhjxodu vxejudskv dqg iru ?� & : 6 dqg & : 6n�/ lw lv srvvleoh wr
frqvwuxfw vxfk rswlpdo vxejudskv 1 Wklv iroorzv vlqfh

? hyhq , & hyhq vr
� < 60uhj ri rughu ?� & : 6< E6n �� 0uhj ri rughu & : 6n �

�

? rgg/ 6 rgg , � & rgg vr < 60uhj ri rughu ?� & : 6
?� & hyhq vr < E6n �� 0uhj ri rughu & : 6n �

�

? rgg/ 6 hyhq , � & hyhq vr < 60uhj ri rughu ?� & : 6
?� & rgg vr < E6n �� 0uhj ri rughu & : 6n �

�

�

Wkh plqlpxp ydoxh ri ' lv jlyhq e|
' � � � ' ? �r �

� � � n % � �

' ? �E%�6� E�� %n6� n % � �

' 2o � �2o
?
��

?� eo n ?
�2o
?
��

�

Lq sduwlfxodu/ o � �
	 lpsolhv wkdw ' 
 � � ' 2o�
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615 Fodvv 5
Lq Fodvv 5 wkhuh lv qr uhvwulfwlrq rq wkh vl}h ri wkh judsk dqg dq| 60uhjxodu
judsk lv rewdlqdeoh iru ? hyhq dqg dq| 260uhjxodu judsk lv rewdlqdeoh iru ?
rgg1 Wkh ghjuhh yduldqfh iru dq| 60uhjxodu judsk lv }hur1 Khqfh/ 4�? r � ' f
lq Fodvv 51

7 Frxqwlqj wkh qxpehu ri srvvleoh ydoxhv ri
wkh ghjuhh yduldqfh

Lqwurgxfh wkh qrwdwlrq �� � � iru wkh qxpehu ri srvvleoh glvwlqfw ydoxhv ri '
dprqj wkh judskv ri rughu ? dqg vl}h o1 Iru vpdoo dqg odujh ydoxhv ri o/ zh
kdyh wkh iroorzlqj h{solflw uhvxow1 Qrwh wkdw � � � � grhv qrw ghshqg rq ? iru
wkh udqjh ri o frqvlghuhg1
Wkhruhp ; Frqvlghu judskv ri rughu ? dqg vl}h o � �

� ru o � � �
�
�� �

� � Iru
vxfk judskv zh kdyh

�� 	 
 '
�o n �

2
�� @ Eo n 2� n

�@n �
�

�

c

zkhuh @ '
m �

� ns2 Eo n ��
n

� Dq xsshu erxqg lv jlyhq e| �� 	 
 � � 

�
�n ��

Surri1 Iurp Vhfwlrq 514 zh kdyh wkdw wkh pd{lpxp ydoxh ri ' iru o � �
�

lv rewdlqhg li rqh yhuwh{ kdv ghjuhh o dqg o yhuwlfhv kdyh ghjuhh �� Doo rwkhu
yhuwlfhv duh lvrodwhg1 Wklv judsk lv d vwdu dqg wkh pd{lpxp ydoxh ri ' iru
vxfk d judsk lv o Eo n �� � Wkh judsk wkdw |lhogv wkh vhfrqg kljkhvw ydoxh/
kdv rqh yhuwh{ ri ghjuhh o � �/ wzr yhuwlfhv ri ghjuhh 2 dqg o � � yhuwlfhv ri
ghjuhh � dqg vr rq +vhh Iljxuh 6,1 Ohw � E|� ghqrwh wkh pd{lpxp ydoxh dqg
� E|� wkh plqlpxp ydoxh ri ' zkhq zh pryh | hgjhv iurp wkh fhqwhu ri wkh
vwdu1 � E|� lv rewdlqhg zkhq zh ohw | pryhg hgjhv mrlq rqh ri wkh shulskhudo
yhuwlfhv zlwk | rwkhu shulskhudo yhuwlfhv1 Wkhq zh kdyh � yhuwh{ ri ghjuhh
o � |/ � yhuwh{ ri ghjuhh � n |/ | yhuwlfhv ri ghjuhh 2 dqg o � 2| � � yhuwlfhv
ri ghjuhh �1 Zh kdyh wkdw

� E|� ' Eo � |� � n | E|n e� n o
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iru | � � � �
� � Wkh plqlpxp ydoxh � E|� lv rewdlqhg zkhq zh ohw wkh | pryhg

hgjhv ehfrph lvrodwhg/ vr wkdw zh kdyh � yhuwh{ ri ghjuhh o� | dqg o� |n2|
' o n | yhuwlfhv ri ghjuhh �1 Zh kdyh wkdw

� E|� ' Eo � |� Eo � |n �� n 2|�
Wr vhh wkdw wkh gl�huhqfh ehwzhhq dq| wzr frqvhfxwlyh ydoxhv ri ' lv 2

iurp � E|� wr � E|�/ zh �uvw qrwh wkdw wkh � E|� judsk kdv | yhuwlfhv ri ghjuhh
21 Wkhq/ frqvlghu dq hgjh frqqhfwlqj wkh yhuwh{ ri ghjuhh |n� zlwk d yhuwh{
ri ghjuhh 21 Li zh ohw wklv hgjh frqqhfw wkh yhuwh{ ri ghjuhh | n � zlwk d
suhylrxvo| lvrodwhg yhuwh{/ zh uhgxfh ' e| 51 E| uhshdwlqj wklv | wlphv/ zh
uhgxfh ' e| 2|1 Wklv |lhog d judsk zlwk � yhuwh{ ri ghjuhh Eo � |� c � yhuwh{
ri ghjuhh |n� dqg o� � yhuwlfhv ri ghjuhh � +Vhh wkh wklug judsk iru | ' 2 lq
Iljxuh 61,1 Pryh rqh ri wkh hgjhv frqqhfwlqj wkh yhuwh{ ri ghjuhh |n� zlwk
d yhuwh{ ri ghjuhh � wr wzr suhylrxvo| lvrodwhg yhuwlfhv1 Qrz zh kdyh uhgxfhg
' e| | � � E|n �� � n � ' �2|1 E| frqqhfwlqj wkh | � � hgjhv ri wkh yhuwh{
ri ghjuhh | zlwk | � � vwdu yhuwlfhv ri ghjuhh �c zh lqfuhdvh ' e| 2E| � ���
Wkh ryhudoo fkdqjh ri ' lv 2E| � �� � 2| ' �2� Zh qrz kdyh dq � E|� ��
judsk soxv rqh hgjh frqqhfwlqj wzr suhylrxvo| lvrodwhg yhuwlfhv1 Zh uhshdw
wkh surfhvv xqwlo zh rewdlq d vwdu zlwk o � | hgjhv soxv 2| yhuwlfhv ri ghjuhh
� +Vhh wkh odvw judsk iru | ' 2 lq Iljxuh 61, l1h1 d � E|� judsk1

t = 0

t = 1

t = 2

Iljxuh 61 Judskv zlwk u@: hgjhv dqg w@3/4/51
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� E|�� &
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| � E|� � � � � � � � � � � � 	 � 
 � � � 2 �� � � 

�� ��

f o  n o � � � � � � � � � � �
� Eo � �� � n E� n e� n o � � � � � � � � � � �
2 Eo � 2� � n 2 E2 n e� n o � � � � � � � � � � �
� Eo � �� � n � E� n e� n o � � � � � � � � � � �� � � � � � � � � � � � � � �
6 Eo �6� � n6 E6n e� n o � � � � � � � � � � �
Wdeoh 41 Wkh glvwlqfw srvvleoh ydoxhv ri ' E|� iru hdfk |� Hdfk { phdqv d
srvvleoh ydoxh1
Iurp Wdeoh 4 zh vhh wkdw wkhuh duh � � � �

�
� glvwlqfw ydoxhv iru hdfk |1 Zkhq

� E|n �� � � E|� wkh gl�huhqfh ehwzhhq dq| wzr frqvhfxwlyh ydoxhv lv 2 iurp
� E|� grzq wr wkh plqlpxp ydoxh 2o/ zklfk dovr fdq eh vhhq iurp Wdeoh 41

Wkh gl�huhqfh � E|�� � E|n �� lv
� E|�� � E|n �� ' 2 Eo � ��� | E|n .� �

dqg iurp wkh lqhtxdolw|
2 Eo � �� � | E|n .�

vroyhg iru |/ zh kdyh
| � ��.

2 ns2 Eo n ��
�

' @� e

zkhuh @ '
m �

� ns2 Eo n ��
n

� Khqfh

�� � � '
�o
2
�

n ��
� � �
[

� � �

�� E|��� E|n ��
2 � �

�

'
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2
�

n ��
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[

" # $

�2 Eo � ��� | E|n .�
2 � �

�

$

' Eo n 2� Eo n ��
2 � �

S@
�So n ��� @ % �
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�o n �
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Iru o ' �c ���c �� � � |lhogv wkh vhtxhqfh
�c 2c ec .c �fc �ec �bc 2Dc ��c �Hc eSc DDc SDc .Dc ����

Dffruglqj wr wkh Wkh Rq0Olqh Hqf|forshgld ri Lqwhjhu Vhtxhqfhv +Vordqh
+5336,, wkh frqyroxwlrq ri wkh qdwxudo qxpehuv �c 2c ���c o zlwk wkh vhtxhqfh

�c fc �c �c fc �c �c �c fc �c �c �c �c fc �c �c �c �c �c fc �c ���
ghqrwhg e| D356865 lq Vordqh +5336,/ |lhogv wkh vhtxhqfh �c 2c ec .c �fc �ec �bc 2Dc
��c �Hc eSc DDc ���/ khuh ghqrwhg e| S � ru D356869 lq Vordqh +5336,1 Rqh dowhu0
qdwlyh/ exw qrw forvhg irupxod iru S � lv jlyhq e| wkh dxwkru lq Wkh Rq0Olqh
Hqf|forshgld ri Lqwhjhu Vhtxhqfhv +Kdjehuj1 +5335,,1

Zh vwdwh wkh iroorzlqj wkhruhp=
Wkhruhp < �� � � ' S� iru judskv ri rughu ? dqg vl}h o � �

� ru o � � �
�

�� �
� �

Surri1 Wkh vhtxhqfh D356865 wdnhv wkh ydoxh }hur iru 6E6 n ��*2/ dqg
wkh lqhtxdolw|

6 E6n ��
2 � o c

vroyhg iru 6/ jlyhv

6 �
'

��
2 n

u

2o n b
e
(

�

Frqvlghu wkh fdvh o ' b lq Wdeoh 51

4:



Vxp
< ; : 9 8 7 6 5 4 78
4 3 4 4 3 4 4 4 3
< 3 : 9 3 7 6 5 3 64

Wdeoh 51 Wkh frqyroxwlrq ri wkh qdwxudo
qxpehuv �c 2c ���c b zlwk D3568651
Zh vhh iurp Wdeoh 5 wkdw S � lv jlyhq e|

S � ' b Eb n ��
2 � E� Eb n ��� E2 n D n b�� ' ��c

dqg lq jhqhudo/ S � lv jlyhq e|

S � ' o Eo n ��
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� � �� � s � � � 	
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wkh frqyroxwlrq ri wkh qdwxudo qxpehuv zlwk D356865 lv jlyhq e|
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Wkh wzr irupxodv rewdlqhg iru S � dqg wkh irupxod iru � � � � orrn gl�huhqw/
exw wkh| |lhog wkh vdph vhtxhqfh1 Iru o ' �c 2c �c ���c wkh owk hohphqw ri wkh
vhtxhqfh

�c 2c 2c �c �c �c ec ec ec ec Dc Dc Dc Dc Dc ���
lv jlyhq e|

��
2 ns2o

�

�

Lw iroorzv wkdw
��
2 ns2Eo n ��

�

|lhogv wkh vhtxhqfh
�c �c �c ec ec ec ec Dc Dc Dc Dc Dc ���

dqg
��
2 ns2Eo n 2�

�

|lhogv wkh vhtxhqfh
2c �c �c �c ec ec ec ec Dc Dc Dc Dc Dc ���

Iru � �

� � B 	 �

�

��
2 ns2o n e

�

'
��
2 ns2o n e n B

�

�

Wkh orzhu erxqg ri B lv jlyhq e| wkh vroxwlrq wr wkh lqhtxdolw|
�
2 n

u2 E@E@n ��� 2�
2 n e n B ' �

2 ns@E@n �� n 2 n B � @n �
dqg wkh xsshu erxqg lv jlyhq e| wkh vroxwlrq wr

�
2 n

u2 E@E@n ��� e�
2 n e n B ' �

2 ns@E@n �� n B 	 @n ��

4<



Khqfh
'

�
2 n

u

2o n b
e
(

|lhogv wkh vhtxhqfh
2c �c �c �c ec ec ec ec Dc Dc Dc Dc Dc ���

iru o ' �c 2c �c ����
Ixuwkhupruh/ ohw

@ � '
��
2 ns2 Eo n ��

�

dqg K � '
��
2 ns2 Eo n 2�

�

' @ � � � c o ' �c 2c �c ���

Wkdw lv/ li @ � ' @ � � � zh vhh wkdw
ESo n ��� E@ � � @ � � � �� �@ �

� � @ �
� � �

� ' fc
dqg @ � � @ � � � ' � / o ' � � �

�
�� 2/ l1h1

S
�@ E@� ��� e

2
�

n ��� �@ � � E@� �� �
� ' fc @ ' �c ec Dc ����

Wkxv
� � 	 
 ' S 
 �

Iru rwkhu ydoxhv ri o � ?� �c zh fdq ghwhuplqh �� 	 
 e| fdofxodwlqj wkh
plqlpxp ydoxh ri ' dqg dgmxvwlqj � E|� � Zkhq o ' ? � �/ wkh plqlpxp
ydoxh ri ' lv 2 E2o � ��/ � E|� ' Eo � |� � ne|nEo � |� dqg � E|��� E|n �� '
2 Eo � ��� | E|n D� � Wklv |lhogv

�� 	 
 ' o Eo n ��
2 � 2 E2o � 2�

2 � 2 n @� �
2
# � � �
[

�  �
E2 Eo � ��� | E|n D��

$

' Eo � �� Eo n 2�
2 n �

S@
�D� So n @ � �

'
�o n �

2
�� �� @ Eo � �� n

�@n �
�

�

c
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zkhuh @ ' � �� ns2o� dqg o ' ?� � : 21
Iru E?� �� 	 o � � � � � � �� / � � � � lv pruh frpsolfdwhg wr ghwhuplqh gxh wr

wkh vwuxfwxuhv ri wkh judskv wkdw |lhog wkh pd{lpxp ydoxh ri '1 Dq|krz/
uhvxowv iurp frpsxwhu fdofxodwlrqv vkrz wkdw wkh gl�huhqfh ehwzhhq wzr frq0
vhfxwlyh ydoxhv dwwdlqhg e| ' lv 2 zkhq ' lv qrw wrr forvh wr lwv pd{lpxp
ydoxh1

8 Rwkhu dwwdlqhg ydoxhv ri wkh ghjuhh ydul0
dqfh

814 Fodvv 4
E| rughulqj wkh glvwlqfw ydoxhv ri 5 ' ?'� eo 	 / zh jhw wkh lqwhjhu vhtxhqfh
5 
 	 5 	 	 � � � 	 5 � zkhuh 5 
 lv wkh plqlpdo ydoxh jlyhq lq Vhfwlrq 614 dqg
5 � lv wkh pd{lpdo ydoxh jlyhq lq Vhfwlrq 5141 Lq Vhfwlrq 7 zh kdyh vhhq wkdw
wkh gl�huhqfh ehwzhhq wzr frqvhfxwlyh ydoxhv lv 2 zkhq ' lv qrw wrr forvh
wr lwv pd{lpxp ydoxh1 Vlqfh 5 ' ?'� eo 	 / wkh iroorzlqj uhfxuuhqfh uhodwlrq
krogv iru judskv ri rughu ? dqg vl}h o G

5� ' 2?n 5�  
 iru � ' 2c ���c | � 6� � +814,
zkhuh 5 
 lv jlyhq lq Vhfwlrq 6141 Li wkh hgjhv duh jhqhudwhg dffruglqj wr wkh
XqlirupE?c o� udqgrp judsk prgho +Vhh Kdjehuj +5336 d/ e,1, wkh suredelo0
lw| wr rewdlq d 50ydoxh forvh wr lwv pd{lpxp ydoxh ghfuhdvhv zkhq o $ � � � �1
Iru odujh ? wklv suredelolw| lv yhu| vpdoo dqg wkh uhfxuuhqfh uhodwlrq jlyhq
e| +814, lv xvhixo hyhq li | lv qrw nqrzq1 Doo srvvleoh ydoxhv ri wkh ghjuhh
yduldqfh wlphv ?

�
iru judskv ri rughu . duh jlyhq lq Wdeoh 6�
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o 5 ' ? � r �
3 3
4 43
5 45/59
6 9/53/67/7;
7 9/53/67/7;/95/:9
8 45/59/73/87/9;/;5/443
9 43/57/6;/85/99/;3/<7/43;/483
: 3/47/5;/75/89/:3/;7/<;/445/473
; 43/57/6;/85/99/;3/<7/43;/455/469
< 45/59/73/87/9;/;5/443/457/46;
43 9/53/67/7;/95/:9/<3/437/44;/465/479/493

Wdeoh 61 Wkh srvvleoh ydoxhv ri 5 ' ? � r � iru judskv ri
rughu ? ' . dqg vl}h o ' fc ���c �f�

Wkh srvvleoh ydoxhv ri 5 lq judskv ri rughu �c ���c S dqg vl}h fc ���c � �
�
� duh

jlyhq lq Kdjehuj +5336e,1

815 Fodvv 5
Iru judskv zlwk qr uhvwulfwlrq rq vl}h/ wkh uhfxuuhqfh uhodwlrq lv jlyhq e|

5� ' 2?n 5� � � iru � � 2c ���c | � 6� � +815,
zkhuh b lv d lqwhjhu ydoxhg odj ohqjwk ri wkh uhfxuuhqfh uhodwlrq1 Li wkh qxpehu
ri hgjhv duh jhqhudwhg dffruglqj wr wkh EhuqrxoolE?c R� udqgrp judsk prgho
+Vhh Kdjehuj +5336d/ e,1, wkh suredelolw| wr rewdlq d 50ydoxh forvh wr lwv
pd{lpxp ydoxh ghfuhdvhv iru �{hg R zkhq ? lqfuhdvhv1 Iru ? � b wklv
suredelolw| lv yhu| vpdoo/ hyhq iru R forvh wr f�D/ dqg wkh uhfxuuhqfh uhodwlrq
jlyhq e| +815, lv xvhixo hyhq li | lv qrw nqrzq1 Doo ydoxhv lq wkh ohiw wdlo fdq
eh ghulyhg e| wkh irupxod iru wkh plqlpxp ydoxh ri r � jlyhq lq vhfwlrq 6141
Lq sduwlfxodu/ wkh �uvw wkuhh ydoxhv ri 5� duh

5 � ' f c 5 � ' 2 E?� 2� / 5 � ' 2? li ? lv hyhq/ dqg
5 � ' f c 5 � ' ?� � / 5 � ' 2 E?� 2� li ? lv rgg �
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Wkh sdudphwhu b l1h1 wkh odj ohqjwk/ whoo xv lq krz pdq| vxevhtxhqfhv
5 � c ���c 5 � fdq eh vhsdudwhg vr wkdw wkh gl�huhqfh ehwzhhq dq| wzr frqvhfxwlyh
whupv/ h{fhsw iru wkh uljkw wdlo/ lv 2? lq hyhu| vxevhtxhqfh1 Iurp Wdeoh 6
zkhuh ? ' ./ zh fdq vhh wkdw b ' e/

5� ' �e n 5� � � / 5 � ' f / 5 � ' S / 5 � ' �f / 5 � ' �2
dqg lq wklv fdvh b lv htxdo wr wkh vl}h ri wkh vhw ri lqlwldo ydoxhv1 Lq jhqhudo/
b dqg wkh lqlwldo ydoxhv duh rewdlqhg lq wkh iroorzlqj zd|= Fdofxodwh wkh
plqlpxp ydoxh ri 5 iru hyhu| o 9

� �
�
�*2 dqg rughu wkh glvwlqfw plqlpxp

ydoxhv iurp @ � 	 @ � 	 � � � 	 @ � � Ghqrwh wkh vhw i@ � c ���c @ 	 j e| �� Uhpryh
iurp � vxfk hohphqwv @
 li @ � n 2? ' @� iru � ' �c ���c6 wr rewdlq d qhz vhwiK  c ���c K � j ghqrwhg \� Wkh qxpehu ri hohphqwv lq \ htxdov wkh odj ohqjwk
b ri wkh uhfxuuhqfh uhodwlrq +815,1 Ixuwkhu/ \ � Uc wkh vhw ri lqlwldo ydoxhv/
dqg U frqvlvwv ri iK � c ���c K � j dqg EK � n 2?� 	 K � iru � ' �c ���c6� Lw vkrxog eh
qrwhg wkdw U pljkw frqwdlq hohphqwv EK � n 2?� *5 �� Wkh uhdvrq lv wkdw wkh
plqlpxp ydoxh 5 � iru �{hg o pljkw eh odujhu wkdq 5 � iru dqrwkhu o1 Pruh
irupdoo| zh kdyh

~ E?� ' i5� E?c o� G � ' �c 2c ��� / o ' fc �c ���j
� E?� '

q

5 G 5 ' 4�?� ~ E?�
r

(E?� '
q

5 G 5 n 2? ' 4�?� ~ E?�
r

\E?� ' � E?��(E?�m\E?�m ' b
~ � E?� '

�

5 G 5 9 4@ � 4�?� 5� E?c o� 5 \E?�
�

U E?� ' \ E?� ^ ~ � E?�
Iru h{dpsoh/ iru ? ' �D zh kdyh

� E�D� ' ifc �ec 2Sc �Sc eec Dfc Dec DSjc
\E�D� ' ifc �ec 2Sc �Sc Dfc Dejc
U E�D� ' ifc �ec 2Sc �fc �Sc eec Dfc Dejc

5� ' �fn 5� � � dqg
5 � ' DSc 5  ! ' Sfc 5 " " ' SSc ���
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Wkh odj ohqjwk ri wkh uhfxuuhqfh uhodwlrq +815, dqg wkh lqlwldo ydoxhv iru
? ' .c ���c 2f duh olvwhg lq Wdeoh 71 Qrwh wkdw iru ? ' ec �2c 2fc 2Hc ���c +815,
fdq eh zulwwhq dv 5� ' ?n 5� � � � � � Iru ? hyhq/ wkh odj ohqjwk b � � � : b � / dqg
xqghu wkh �eo?J�,,�E?c R�0 prgho wklv jlyh ulvh wr ohvv vprrwkhu glvwulexwlrq
ri wkh ghjuhh yduldqfh zkhq ? lv rgg1 Wkh lpsolfdwlrqv ri wkh vprrwkqhvv ri
wkh glvwulexwlrq duh glvfxvvhg lq Kdjehuj +5336e,1

? b Wkh lqlwldo ydoxhv ri 5 ' ? 	 r 
� �  � � � � � � � �
� � � � � � � � �
� � � � � �  � �  �

 � ! " # $ % # & " # & '
$ $ % " # $ " # $ ( # & & # & ' # & ( # ! "
$ & ' " # & " # & ' # ! & # ! %
$ ! ) " # $ & # & & # & % # ! " # ! % # ! ( # ' " # ' & # ' (
$ ' ' " # & ' # & ( # ' " # ' (
$ * + , - . / - 0 + - 1 , - 1 + - / / - * , - * /
. + 1 , - 0 2 - 1 0 - / 2
. 3 4 , - . + - 1 , - 1 / - / 0 - * , - * 0 - + , - + + - + 2 - 3 , - 3 0
. 2 / , - 1 0 - 1 + - * + - + 2 - 3 0 - 2 ,
. 4 . , , - . 2 - 1 / - 1 2 - / 2 - * + - + , - 3 , - 3 0 - 3 + - 3 2 - 2 / - 2 + - 2 2 - 4 ,

0 , + , - 1 + - / , - + / - 3 + - 2 , - 2 / - 4 +
Wdeoh 71 Wkh odj ohqjwk dqg lqlwldo ydoxhv ri

55 ' 2?n 55 6 7 1
Doo srvvleoh ydoxhv ri 5 iru judskv ri rughu ? ' �c ���c �2 duh jlyhq lq

Kdjehuj +5336e,1

Uhihuhqfhv
^4` Erhvfk/ I1/ Euljkdp/ U1/ Exuu/ V1/ Gxwwrq/ U1 dqg/ Wlqghoo1/ U1 +4<<3,1

Pd{lpl}lqj wkh Vxp ri wkh Vtxduh ri wkh Ghjuhhv ri d Judsk1 Whfk uh0
sruw/ Vwhyhqv Lqvw Whfk/ Krernhq/ QM1

^5` Fdur/\1/ dqg \xvwhu/ U1 +5333,1 Judskv zlwk Odujh Yduldqfh1 Duv Frp0
elqdwruld/ 8:/ 484 0 4951
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^6` Fkduwudqg/ F1/ dqg Ohvqldn/ O1 +4<<9,1 Judskv ) Gljudskv/ 6ug hg1 Orq0
grq= Fkdspdq ) Kdoo1

^7` gh Fdhq/ G1 +4<<;, Dq Xsshu Erxqg ri wkh Vxp ri vtxduhv lq d Judsk1
Glvfuhwh Pdwk1 4;8/ 578 0 57;1

^8` Judkdp/ U1/ Nqxwk/ G1/ dqg Sdwdvkqln/ R1 +4<<7,1 Frqfuhwh pdwkh0
pdwlfv= d irxqgdwlrq iru frpsxwhu vflhqfh/ 5qg hg1 Uhdglqj= Dgglvrq0
Zhvoh|1

^9` Kdjehuj/ M1 +5333,1 Fhqwudolw| Whvwlqj dqg wkh Glvwulexwlrq ri wkh Ghjuhh
Yduldqfh lq Ehuqrxool Judskv1 Uhvhdufk Uhsruw 5333=;/ Ghsduwphqw ri
Vwdwlvwlfv/ Vwrfnkrop Xqlyhuvlw|1

^:` Kdjehuj/ M1 +5335,1 �Vhtxhqfh D356869 Fruuhfwhg�1 Lq Q/ Vordqh/ +Hg,1
+5336,1 Wkh Rq0Olqh Hqf|forshgld ri Lqwhjhu Vhtxhqfhv/ sxeolvkhg hohf0
wurqlfdoo| dw kwws=22zzz1uhvhdufk1dww1frp2�qmdv2vhtxhqfhv21

^;` Kdjehuj/ M1 +5336d,1 Jhqhudo Prphqwv ri Ghjuhhv lq Udqgrp Judskv1
Uhvhdufk Uhsruw 5336=:/ Vwrfnkrop Xqlyhuvlw|/ Ghsduwphqw ri Vwdwlv0
wlfv1

^<` Kdjehuj/ M1 +5336e,1 Udqgrp Judsk Glvwulexwlrq ri Ghjuhh Yduldqfh1
Uhvhdufk Uhsruw 5336=;/ Ghsduwphqw ri Vwdwlvwlfv/ Vwrfnkrop Xqlyhu0
vlw|1

^43` Pdkdghy/ Q1/ Shohg/ X1 +4<<8,1 Wkuhvkrog Judskv dqg Uhodwhg Wrslfv1
Dqqdov ri Glvfuhwh Pdwkhpdwlfv1 Dpvwhugdp= Qruwk0Kroodqg1

^44` Shohg/ X1/ Shwuhvfkl/ U1/ dqg Vwhuelql/ D1 +4<<<,1 +q/h,0Judskv zlwk Pd{0
lpxp Vxp ri Vtxduhv ri Ghjuhhv1 Mrxuqdo ri Judsk Wkhru|/ 64/ 5;6 0
5<81

^45` Vordqh/ Q1 M1 D1 +Hg,1 +5336,/ Wkh Rq0Olqh Hqf|for0
shgld ri Lqwhjhu Vhtxhqfhv/ sxeolvkhg hohfwurqlfdoo| dw
kwws=22zzz1uhvhdufk1dww1frp2�qmdv2vhtxhqfhv21

^46` Vqlmghuv/ W1 +4<;4d,1 Wkh Ghjuhh Yduldqfh= Dq Lqgh{ ri Judsk Khwhur0
jhqhlw|1 Vrfldo Qhwzrunv/ 6= 496 04:7

58



^47` Vqlmghuv/ W1 +4<;4e,1 Pd{lpxp Ydoxh dqg Qxoo Prphqwv ri wkh Ghjuhh
Yduldqfh1 WZ0uhsruw 55<1 Ghsduwphqw ri Pdwkhpdwlfv/ Xqlyhuvlw| ri
Jurqlqjhq1
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