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4 Lqwurgxfwlrq
Frqvlghu d udqgrp judsk rq ? yhuwlfhv zlwk o hgjhv/ l1h1 d udqgrp judsk ri
rughu ? dqg vl}h o/ dqg ohw f ò eh wkh ghjuhh ri yhuwh{ �/ l1h1 wkh qxpehu ri
hgjhv lqflghqw wr yhuwh{ �1 Wkh ghjuhh yduldqfh lv gh�qhg dv

7 ó ' �
?

ô
[

õ ö ÷
�f ø �f� ù c

zkhuh f ' ú
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S üý þ ÿ f � � Wkh glvwulexwlrq ri 7 � ghshqgv rq wkh udqgrp judsk

prgho wkdw jhqhudwhv wkh hgjhv1 Vhfwlrq 5 jlyhv d eulhi ghvfulswlrq ri wkh wzr
prghov ri wklv sdshu= wkh �eo?J�,,� E?c R�0prgho dqg wkh L?�sJo6 E?c o�0
prgho1 Iru ixuwkhu ghwdlov rq wkhvh prghov/ vhh Kdjehuj +5336d,1 Vrph
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surshuwlhv ri wkh ghjuhh yduldqfh dqg uhodwhg hqxphudwlrq sureohpv duh glv0
fxvvhg lq Vhfwlrq 61 H{dfw glvwulexwlrqv ri wkh ghjuhh yduldqfh iru judskv ri
vpdoo rughu duh jlyhq lq Vhfwlrq 7 dqg dssur{lpdwh glvwulexwlrqv iru judskv ri
odujh rughu duh jlyhq lq Vhfwlrq 81 Lq Vhfwlrq 9/ wkh dffxudf| ri wkh dssur{0
lpdwlrqv duh lqyhvwljdwhg e| frpsdulqj h{dfw dqg vlpxodwhg glvwulexwlrqv
zlwk wkh dssur{lpdwh glvwulexwlrqv1 Lw lv vkrzq wkdw zh qhhg wr dgmxvw wkh
dssur{lpdwlrq iru wkh ghshqghqfh ehwzhhq wkh yhuwh{ ghjuhhv1 Ilqdoo|/ lq
Vhfwlrq :/ wkh dssur{lpdwh glvwulexwlrq ri 7 � lv dssolhg wr judsk fhqwudolw|
+ru yhuwh{ khwhurjhqhlw|, whvwlqj1

5 Udqgrp judsk prghov
Zh frqvlghu d udqgrp judsk rq ? odehohg yhuwlfhv1 Wkh yhuwlfhv duh odehohg
e| lqwhjhuv �c ���c ?1 Ohw f � eh wkh qxpehu ri hgjhv lqflghqw wr yhuwh{ �1

Prgho 4= �eo?J�,,� E?c R�
Zlwk suredelolw| R/ hdfk sdlu ri glvwlqfw yhuwlfhv � dqg � lv frqqhfwhg e|

dq hgjh1 Wkhvh frqqhfwlrqv duh pdgh lqghshqghqwo| ri hdfk rwkhu1 Ohw f � �
eh dq hgjh lqglfdwru wkdw lv � ru f dffruglqj wr zkhwkhu ru qrw wkhuh lv dq
hgjh ehwzhhq � dqg �1 Iru � ' � lw lv frqyhqlhqw wr gh�qh f � � ' f vr wkdw
f � ' S �� � � f � � � Vlqfh d yhuwh{ fdq kdyh qr pruh wkdq ?� � hgjhv lw iroorzv
wkdw

f � � � �eo?J�,,�ER� c � 9' �c
f 	 � ��?E?� �c R� c � ' �c 2c ���c ? dqg
- � ��? E�c R� c

zkhuh - lv wkh qxpehu ri hgjhv dqg � ' � 
 � �1
Prgho 5= L?�sJo6 E?c o�
Ohw wkh qxpehu ri hgjhv/ o/ eh �{hg/ f � o � � 1 Wkh o sdluv ri glv0

wlqfw yhuwlfhv � dqg � frqqhfwhg e| dq hgjh/ duh fkrvhq xqlirupo| dw udqgrp
zlwkrxw uhsodfhphqw dprqj wkh � sdluv1 Lw iroorzv wkdw f �  lv Ehuqrxool
glvwulexwhg dqg f � lv k|shujhrphwulfdoo| glvwulexwhg/ l1h1

f � � � �eo?J�,,�E o� �c
f � � M+R}� Eo(?� �c� � ?n �� �
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6 Ghjuhh yduldqfh
Wr dyrlg iudfwlrqv/ lw lv frqyhqlhqw wr xvh wkh lqwhjhu ydoxhg udqgrp yduldeoh

~ ' ? � 7 � ' ?
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�f � �f�

�

' [

� � �
Ef � �f� � � � +614,

Zh vhh wkdw ~ wdnhv wkh ydoxh }hur li dqg rqo| li wkh judsk lv uhjxodu/ l1h1 doo
ghjuhhv duh htxdo1

Wkh glvwulexwlrq ri wkh ghjuhh yduldqfh lv uhodwhg wr wkh glvwulexwlrq ri
wkh rughuhg ghjuhh vhtxhqfh/ exw lv hyhq pruh frpsolfdwhg wr ghwhuplqh1
Lvrprusklf judskv kdyh wkh vdph rughuhg ghjuhh vhtxhqfh dqg wkh vdph
ghjuhh yduldqfh1 Frpsohphqwdu| judskv kdyh wkh vdph ghjuhh yduldqfh hyhq
li wkhlu rughuhg ghjuhh vhtxhqfhv duh qrw htxdo1 Qrq0lvrprusklf judskv fdq
kdyh wkh vdph ghjuhh yduldqfh hyhq li wkhlu rughuhg ghjuhh vhtxhqfhv duh qrw
htxdo1

Frqvlghu dq| jlyhq rughuhg ghjuhh vhtxhqfh Ef � c ���cf � � zkhuh f � �
c ���c� f � dqg lwv rughuhg frpsohphqw/ E?� ��f � c ���c ?� ��f � �1 Wkh wzr
rughuhg vhtxhqfhv fruuhvsrqg wr d judsk dqg lwv frpsohphqw/ dqg wkh| kdyh
wkh vdph ghjuhh yduldqfh/ exw wkdw ydoxh lv qrw qhfhvvdulo| xqltxh iru wkhvh
wzr judskv1

Wkh wzr rughuhg ghjuhh vhtxhqfhv E�c �c �c �c �c �� dqg E�c �c �c �c �c �� erwk
|lhog ~ ' f dqg wkh wzr rughuhg ghjuhh vhtxhqfhv Eec �c �c �c �c f� dqg
Eec 2c 2c �c �c f� erwk |lhog ~ ' DS1 Wkh phdq lv qrw wkh vdph iru wkh odvw wzr
vhtxhqfhv/ exw wkh vhtxhqfhv E�c �c �c �c fc f� dqg E2c 2c 2c fc fc f� kdyh wkh vdph
phdq dqg erwk |lhog ~ ' �S� Vr wkh vdph ghjuhh yduldqfh grhvq*w lpso| wkdw
wkh judskv duh lvrprusklf/ frpsohphqwdu|/ uhjxodu ru kdyh wkh vdph phdq1
Wkh judskv fruuhvsrqglqj wr wkh vl{ ghjuhh vhtxhqfhv deryh duh vkrzq lq
Iljxuh 41
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1,1,1,1,1,1 3,3,3,3,3,3

4,1,1,1,1,0 4,2,2,1,1,0

3,1,1,1,0,0 2,2,2,0,0,0

Iljxuh 41 Vl{ judskv dqg wkhlu rughuhg ghjuhh vhtxhqfhv1 Judskv lq wkh
vdph urz kdyh wkh vdph ghjuhh yduldqfh1

Dq dojrulwkp wkdw jhqhudwhv doo rughuhg ghjuhh vhtxhqfhv ri d jlyhq ohqjwk
lv ghyhorshg e| Frkhq hw do1 +4<<7, dqg d irupxod iru wkh qxpehu ri Efc ��0
pdwulfhv iru dq| rughuhg ghjuhh vhtxhqfh lv jlyhq e|Zdqj dqg ]kdqj +4<<;,1
Iru judskv ri vpdoo rughu/ wkh odwwhu fdq dovr eh frpsxwhg e| wkh surjudp
]R 516/ ghyhorshg e| Vqlmghuv +5335,1

Wkh qxpehu ri rughuhg ghjuhh vhtxhqfhv lqfuhdvhv udslgo| zlwk ?/ dv
lqglfdwhg e| Wdeoh 41 Wkh qxpehu ri xqodehohg judskv lqfuhdvh hyhq pruh
udslgo|1 Iru phwkrgv ri judsklfdo hqxphudwlrq vhh/ iru h{dpsoh/ Kdudu|
+4<9<, / Ghr +4<:6, ru Vordqh ) Sorx�h +4<<8,1
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q Qxpehu ri Qxpehu ri rughuhg Qxpehu ri glvwlqfw
xqodehohg judskv ghjuhh vhtxhqfhv r � 0� �

� � � �

4 4 4 4
5 5 5 4
6 7 7 5
7 44 44 7
8 67 64 44
9 489 435 47
: 4 377 675 76
; 45 679 4 546 67
< 5:7 99; 7 694 435
43 45 338 49; 49 349 444
44 4 34; <<: ;97 8< 67; 5<9
45 498 3<4 4:5 8<5 555 44: 595

Wdeoh 41 Wkh qxpehu ri xqodehohg judskv/ rughuhg ghjuhh
vhtxhqfhv/ dqg glvwlqfw r � 0 ydoxhv iru ? ' �c ���c �21

Qrwlfh wkdw wkh qxpehu ri glvwlqfw r � 0ydoxhv lv qrw prqrwrqlfdoo| lqfuhdv0
lqj zlwk ?1

7 H{dfw glvwulexwlrqv
Dv lqglfdwhg lq wkh suhylrxv vhfwlrq/ lw lv yhu| wlph frqvxplqj wr �qg wkh
h{dfw glvwulexwlrq ri 7 � li ? : .� Hyhq wkh wdvn ri ghwhuplqlqj wkh srvvleoh
ydoxhv ri 7 	 lv fxpehuvrph iru prghvw ydoxhv ri ?1 Iurp Wdeoh 5 ehorz/ lw lv
srvvleoh wr rewdlq vlpsoh suredelolw| ixqfwlrqv ri ~ xqghu wkh�eo?J�,,� E?c R�
prgho ri rughu � dqg e=

? ' � G ~ � 2�e E�R^� dqg ? ' e G ~ � e��? E�c 2R^� �
Lq idfw/ iru ? ' �

~ ' 2U E� � - � 2� c
dqg iru ? ' e vrph dojheud uhyhdov wkdw

~ ' e �Ef 
 � �f �  � � n Ef � � �f �  � � n Ef �  �f � � � �
� �
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Gxh wr wkh luuhjxodulwlhv lq wkh wdlov ri wkh glvwulexwlrqv dqg wkh udslgo|
lqfuhdvlqj qxpehu ri ghjuhh vhtxhqfhv/ lw lv pxfk kdughu/ ru lq sudfwlfh
lpsrvvleoh/ wr ghulyh wkh fruuhvsrqglqj ixqfwlrqv iru wkh �eo?J�,,� E?c R�
prgho ri odujh rughu1 Wkxv/ wkhuh lv d qhhg iru dssur{lpdwh phwkrgv1

Wkh qxpehuv qhhghg iru wkh h{dfw glvwulexwlrqv ri wkh ghjuhh yduldqfh iru
xqlirup udqgrp judskv dqg Ehuqrxool judskv ri rughu ? iru ? ' �c ���c . duh
jlyhq ehorz1 Khuh uE?c oc 5� lv wkh qxpehu ri odehohg judskv ri rughu ?/ vl}h
o dqg ghjuhh yduldqfh 5*? � 1 Iru wkh L?�sJo6 E?c o�0prgho

� E~ ' 5� ' u E?c oc 5�
2 � c

dqg iru wkh �eo?J�,,� E?c R�0prgho
� E~ ' 5� ' [

�
u E?c oc 5� R � ^ � � � �

Qrwlfh wkdw S
�
u E?c oc 5� ' � �

�
� dqg S

�
S

�
u E?c oc 5� ' 2 � �

Wdeoh 51 Wkh qxpehuv u E?c oc 5� ri odehohg judskv ri rughu ? glvwulexwhg
dffruglqj wr o dqg 51

5 q o 3/ 6 4/ 5
3 �
5 �
Vxp 4 6

? ' �� 2E
�� � ' H odehohg judskv glvwulexwhg dffruglqj wr 5 dqg o1

5 q o 3/ 9 4/ 8 5/ 7 6
3 � �
7 S �2
; �2
45 H
Vxp 4 9 48 53

? ' e� 2E
	

 � ' Se odehohg judskv glvwulexwhg dffruglqj wr 5 dqg o1
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5 q o 3/ 43 4/ < 5/ ; 6/ : 7/ 9 8
3 � �2
7 �D �f
9 �f .f
43 �2f
47 �f Sf
49 .D
53 Sf
57 �f
59 Sf
63 Sf
69 D
Vxp 4 43 78 453 543 585

? ' D� 2E
�

� � ' �f2e odehohg judskv glvwulexwhg dffruglqj wr 5 dqg o1

5 q o 3/ 48 4/ 47 5/ 46 6/ 45 7/ 44 8/ 43 9/ < :/ ;
3 � �D .f
; �D eD 2.f eSD H�f
45 �Hf �fHf
53 Sf eHf b.2 �Hff
57 �Hf �D�f
65 efD H�f
69 Hf �fHf
77 �Hf eHf �fHf
7; H�f
89 �f 2.f S�f
93 �Sf
9; �Sf
:5 .D
Hf S
Vxp 4 48 438 788 4698 6336 8338 9768

? ' S1 2E
�

� � ' �2.SH odehohg judskv glvwulexwhg dffruglqj wr 5 dqg o1

:



z \ r 0, 21 1, 20 2, 19 3, 18 4, 17 5, 16 6, 15 7, 14 8, 13 9, 12 10, 11
0 1 465
6 105 315 5670
10 21 3507 9660
12 105 2625 19355
14 10500
20 630 1890 48300
24 12810 35910
26 105 4935 45360
28 27300
34 420 1890 62790
38 11970 41895
40 6552 71190
42 22365
48 175 1365 79170
52 13440 46620
54 3255 48055
56 26880
62 420 55230
66 6510 25620
68 2100 51030
70 13545
76 105 50715
80 4095 25305
82 840 27090
84 9240
90 21735
94 1470 10500
96 18585
98 3990
104 18270
108 455 5355
110 42 8190
112 1890
118 7455
122 1575
124 4200
132 3150
136 420
138 875
140 105
146 210
150 7
160 21
Sum 1 21 210 1330 5985 20349 54264 116280 203490 293930 352716

? ' .1 2E
�

� � ' 2fb.�D2 odehohg judskv glvwulexwhg dffruglqj wr 5 dqg o1

;



8 Jdppd dssur{lpdwlrqv

D udqgrp yduldeoh t kdv d jdppd glvwulexwlrq zlwk sdudphwhuv k : f dqg
q : fcghqrwhg e| t � C@66@ Ekc q� c li lwv ghqvlw| ixqfwlrq lv jlyhq e|

} � � � E+� ' �
K Ek� q � + � � � e � � � � c f 9 + 	 4�

Iru t � C@66@ Ekc q� lw krogv wkdw

.Et 	 � ' q 	
K Ek�K Ekn &� ' q 
 
 � �

\

 � � Ekn �� c & A f� +814,

Wkh �uvw wzr fhqwudo prphqwv duh wkxv
.Et � ' kq dqg T @oEt � ' kq � � +815,

Ohw L � c � ' �c 2c ���c ? eh d vhtxhqfh ri ? lqghshqghqw lghqwlfdoo| glvwulexwhg
qrupdo udqgrp yduldeohv zlwk phdq > dqg yduldqfh j � / wkdw lv/ L � c ���c L �
duh ��_ �E>c j � �1 Ohw ` ' �� S �� � � �L � � L� � zkhuh L ' �� S �� � � L � 1 Wkhq/
dffruglqj wr nqrzq uhvxowv +Mrkqvrq ) Nrw} 4<:3,/ ` lv jdppd glvwulexwhg
l1h1

` � C@66@
�?� �

2 c 2j �
?

�

+816,
dqg dffruglqj wr +814,

. E` � ' ?� �
? j � dqg T @o E` � ' 2

�?� �
? � j � � � +817,

Wkh ghjuhhv ri wkh yhuwlfhv xqghu wkh �eo?J�,,� E?c R� prgho duh elqr0
pldoo| glvwulexwhg zlwk > ' E?� �� R dqg j � ' E?� �� R^� Elqrpldoo| glv0
wulexwhg udqgrp yduldeohv duh dssur{lpdwho| qrupdoo| glvwulexwhg li wkhlu
yduldqfhv duh vx!flhqwo| odujh1 Wkxv/ qhjohfwlqj wkh zhdn sdlu zlvh ghshq0
ghqfh ehwzhhq wkh yhuwh{ ghjuhhv +Vhh Kdjehuj +5333/ 5336d,1,/ zh fdq dujxh
wkdw 7 � vkrxog eh dssur{lpdwho|

C@66@
�?� �

2 c 2 E?� �� R^
?

�

� +818,

<



Krzhyhu/ gxh wr wkh ghshqghqfh ehwzhhq wkh yhuwh{ ghjuhhv/ wklv jdppd glv0
wulexwlrq grhv qrw kdyh wkh fruuhfw phdq dqg yduldqfh1 D jdppd glvwulexwlrq
zlwk wkh fruuhfw phdq dqg yduldqfh fdq eh rewdlqhg e| fkrrvlqj wkh jdppd
glvwulexwlrq sdudphwhuv k dqg q vr wkdw kq ' .7 � dqg kq � ' T @o7 � / zkhuh
.7 � dqg T @o E7 � � duh jlyhq e| Kdjehuj +5333/ 5336d,1 Wklv ohdgv wr

k ' ?E?� ��
2 d� n E?� S�R^oR^ dqg q ' 2E?� 2�

? � d� n E?� S�R^o � +819,

Wdeoh 6 vkrzv wkh �uvw wkuhh prphqwv ri 7 � ghulyhg xqghu lqghshqghqfh
dvvxpswlrqv +xqdgmxvwhg jdppd, dqg dgmxvwhg iru wkh ghshqghqfh +dgmxvwhg
jdppd,1

Prphqw Xqdgmxvwhg jdppd Dgmxvwhg jdppd
4 � � � � � �

� R^ 	 � 
 � � 	 � 
 � �
� R^

5 	 �  � � 	 � 
 � � �
� � R � ^ � 	 � 
 � � 	 � 
 � � � � � � � � � � � � � � � � � � � � �

� �
6 � � � � � � � � � � � � � � � �

� � R � ^ � � � �  ! " � �  # " $
� % R^

n
# � �  ! " � �  # " $ E & � ' ( ) * + , - �* . R / ^ /

n
0 * + 1 2 0 * + / 2 3 0 * + 4 2 0 * 5 , 2 E * 6 5 4 0 * + - 2 �* . R 4 ^ 4

Wdeoh 61 Wkh �uvw wkuhh dssur{lpdwh prphqwv ri 7 / �
Wkh h{dfw �uvw wzr prphqwv ri 7 / htxdo wkh dgmxvwhg jdppd prphqwv/

dqg wkh h{dfw wklug prphqw lv htxdo wr

. �7 / �
4 ' e E?� �� E?� 2� 4

? ) R^ +81:,

n2 E?� �� 0 4 2 E�?� e� dE?� 2� E?n S�� Ho
? ) R / ^ /

nE?� �� 0 4 2 d? , E?n ��� e E�?� e� d� E?� 2� E?n S�� ?� eoo
? ) R 4 ^ 4 c

zkhuh wkh h{srqhqw lq sduhqwkhvlv ghqrwhv wkh idoolqj idfwruldo1
Ohw ( 7 ghqrwh wkh gl�huhqfh ehwzhhq wkh h{dfw wklug prphqw ri 7 8

dqg wkh wklug dgmxvwhg jdppd prphqw dqg qrwlfh wkdw wkh frh!flhqwv ri

43



? � c ? � cdqg ? � duh htxdo lq wkh qxphudwruv ri R � ^ � *? � 1 Zh kdyh wkdw

( � ' �e E?� �� E?� 2� �

? � R^ n e E?� �� E?� 2� E�? � � 22? � n eH?� 2e�
? � R � ^ �

�Se E?� �� � E?� 2� E?� �� E?� e�
? � R � ^ � �

Iru �{hg Rc m( � m lqfuhdvhv zlwk ? dqg
*�4� 	 
 ( � ' ( ' eR � ^ � E�� �SR^� � +81;,

Wkh pd{lpxp ydoxh ri ( lv  � dqg lv rewdlqhg iru R ' � 	
t �

� / dqg wkh
plqlpxp ydoxh �

�
� lv rewdlqhg iru R '

�
� dv vkrzq lq Iljxuh 51

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

p 

D 
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Wkh fruuhvsrqglqj gl�huhqfhv ehwzhhq wkh h{dfw prphqwv dqg wkh pr0
phqwv ri wkh xqdgmxvwhg jdppd glvwulexwhg yduldeoh ` whqg wr wkh iroorzlqj
olplwv=
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Wkxv/ wkh xqdgmxvwhg jdppd dssur{lpdwlrq jlyhv d eldv wr wkh phdq dqg
lqfuhdvlqj eldvhv wr kljkhu prphqwv1 Wkh dgmxvwhg jdppd dssur{lpdwlrq
zlwk fruuhfw �uvw wzr prphqwv kdv d eldv iru wkh wklug prphqw zklfk lv
erxqghg e| ��*e dqg �*�S�

Vlqfh wkh glvwulexwlrq ri 7 � lv glvfuhwh dqg wkh jdppd glvwulexwlrq lv frq0
wlqxrxv/ zh fdq lpsuryh wkh dssur{lpdwlrq e| wkh xvh ri d frqwlqxlw| fru0
uhfwlrq1 Wkh lpsuryhphqw lv yhul�hg e| vlpxodwlrqv dqg h{dfw fdofxodwlrqv1
Ohw 5 � 	 5 � 	 � � � 	 5 � ghqrwh wkh rughuhg srvvleoh ydoxhv ri ~ ' ? � 7 � � dqg
ohw r �� ' 5� *? � iru � ' �c ���c6 dqg ohw C � � ghqrwh wkh glvwulexwlrq ixqfwlrq
ri d C@66@ Ekc q� yduldeoh1 Zh kdyh

� E7 � ' r �� � ' �
�

5� � 5 � � 5� � 	
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�r �� � ' r �� � � � r �� � �
2 } � � �

�r �� � c +8143,

� E7 � 9 r �� � ' � E7 � 9 r �� n K
? � � � C � � �

�

r �� n K
? �

�

+8144,
dqg

� E7 � A r �� � ' � E7 � A r �� � @
? � � � ��C � � �

�

r �� � @
? �

�

� +8145,
zkhuh @ ' � � � � �  !" dqg K ' # $ % & ' ( )* �

Wkh srvvleoh 50ydoxhv duh qrw doo nqrzq iru odujh ?� Wdeoh 5 olvwv wkh 50
ydoxhv iru ? � . dqg Wdeoh : frqwdlqv wkh ydoxhv iru ? ' H1 Doo srvvleoh
ydoxhv ri 5 iru judskv ri rughu ? ' bc �fc �� dqg �2 duh olvwhg lq Wdeoh ; dw
wkh hqg ri wkh sdshu/ dqg d phwkrg iru ghulylqj wkh ydoxhv lq judskv ri odujhu
rughu lv wuhdwhg lq Kdjehuj +5336f,1 Ehorz iroorzv d phwkrg iru vlpsol�hg
frqwlqxlw| fruuhfwlrq1
Wkhruhp 4 Iru ? : 2 dqg dq| wzr frqvhfxwlyh ydoxhv/ 5+ dqg 5 + , - c lw krogv
wkdw

4�?. / 0 1 2 E53 4 5 � 5 6 � ' 2 li ? lv rggc
4�?7 8 9 : ; E59 < 7 � 5 9 � ' e li ? lv hyhq1
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Surri1 E| zulwlqj
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� eo � c +8146,

zkhuh o lv wkh qxpehu ri hgjhv/ zh vhh wkdw 5 lv hyhq dqg 5 lv dovr glylvleoh
e| e li ? lv hyhq1 Wkxv/ lq rughu wr suryh wkh wkhruhp zh qhhg wr vkrz wkdw
iru vrph judsk C ri rughu ? wkhuh lv dqrwkhu judsk C � ri rughu ? vxfk wkdw

5 EC � �� 5 EC� '
� 2 li ? rgg

e li ? hyhq1
Frqvlghu d judsk J ri rughu ? dqg vl}h o � � �

�
�� � kdylqj f 	 
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dqg lw iroorzv wkdw
5 � � 5 ' 2? E� n % � n % � �� e E2o n �� �

Wdnlqj % � ' % � ' f dqg o � � � � �
�
� zh rewdlq

5 � � 5 ' 2?� Ho � e ' 2 li ? ' eo n �
zklfk suryhv wkh wkhruhp iru ? ' �c .c ��c ���1

Wdnlqj % � ' % � ' � dqg o � 2n � � � �
�
� zh rewdlq

5  � 5 ' S?� Ho � e ' 2 li ? ' e& n � dqg o ' �&�
iru vrph srvlwlyh lqwhjhu &/ surylqj wkh wkhruhp iru ? ' Dc bc ��c ���1

Ilqdoo|/ wdnlqj % ! ' fc % " ' � dqg o � �n � # $ "
"
� zh rewdlq
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Dffruglqj wr wklv wkhruhp/ li zh revhuyh d ydoxh r �
� dqg grq*w nqrz wkh

ydoxhv ri r �
� � � dqg r �

� � � zh fdq xvh

@ ' K '
� � li ? lv rgg

2 li ? lv hyhq +8147,

lq +8143, 0 +8145,1
Xqghu wkh L?�sJo6 E?c o�0prgho wkh ghjuhhv ri wkh yhuwlfhv duh k|shujh0

rphwulfdoo| glvwulexwhg zlwk phdq > ' 2o*? dqg yduldqfh
j � ' 2o E? � � ?� 2o� *E? � E?n ���� Dffruglqj wr Mrkqvrq/ Nrw} ) Nhps
+4<<5, k|shujhrphwulf udqgrp yduldeohv fdq eh dssur{lpdwhg e| wkh qrupdo
glvwulexwlrq1 E| xvlqj wkh vdph dujxphqwv dv xvhg iru wkh �eo?J�,,� E?c R�0
prgho/ lw iroorzv wkdw jdppd dssur{lpdwlrq lv ydolg iru 7 � lq wkh L?�sJo6 E?c o�0
prgho1 Lq dffrugdqfh zlwk wkh �eo?J�,,� E?c R�0prgho/ zh fkrrvh wkh jdppd
glvwulexwlrq sdudphwhuv k dqg q vr wkdw kq ' .7 	 dqg kq 	 ' T @o7 
 /
zkhuh .7 
 dqg T @o7 
 duh jlyhq e| Kdjehuj +5333/ 5336d,1 Wkxv/ 7 
 lq wkh
L?�sJo6E?c o� prgho lv dssur{lpdwho| C@66@ Ek c q� zkhuh wkh sdudph0
whuv dgmxvwhg iru ghshqghqfh duh

k ' o E?n 2� d? E?� ��� eo d? E?� ��� 2oo
2? � Eo � �� d? E?� ��� 2 Eo n ��o +8148,

dqg
q ' e Eo � �� d? E?� ��� 2 Eo n ��o

E?n 2� E?n �� d? E?� ��� eo � +8149,

Zh fdq dovr lpsuryh wkh dssur{lpdwlrq e| wkh xvh ri d frqwlqxlw| fruuhf0
wlrq1 Iru wkh ghjuhh yduldqfh 7 � lq L?�sJo6E?c o�0judskv zh xvh

@ ' K ' ?� +814:,
lq +8143, 0 +8145,1 Lw lv vkrzq lq Kdjehuj +5336e, wkdw wkh gl�huhqfh ehwzhhq
dq| wzr frqvhfxwlyh ydoxhv ri ~ lv 2?/ h{fhsw iru wkh uljkw wdlo ri wkh glvwul0
exwlrq1 Lq wkh uljkw wdlo wkh gl�huhqfh ehwzhhq dq| wzr frqvhfxwlyh ydoxhv lv
dw ohdvw 2?1
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9 Vlpxodwlrq uhvxowv
Lq wklv vhfwlrq 8 Er � � phdqv wkh h{dfw ru d vlpxodwhg glvwulexwlrq ixqfwlrq ri
7 � / C Er � � phdqv wkh jdppd glvwulexwlrq ixqfwlrq lq wkh dgmxvwhg dssur{l0
pdwlrq zlwk frqwlqxlw| fruuhfwlrq/ dqgC � Er � �phdqv wkh jdppd glvwulexwlrq
ixqfwlrq lq wkh dgmxvwhg dssur{lpdwlrq zlwkrxw frqwlqxlw| fruuhfwlrq1 Iru
wkh �eo?J�,,� E?c R�0prgho/ wkh ixqfwlrq 8 lv edvhg rq wkh h{dfw glvwulexwlrq
ri 7 � iru ? ' S dqg ./ lw lv edvhg rq wkh dssur{lpdwh glvwulexwlrq ri 7 � re0
wdlqhg iurp �f � vlpxodwhg judskv iru ? ' Hc bc ���c �Dc 2fc �f dqg �f � vlpxodwhg
judskv iru ? ' �ff� Gxh wr wkh lqfuhdvlqj frpsxwhu wlph qhhghg wr vlpxodwh
judskv ri kljkhu rughu/ ihzhu judskv duh vlpxodwhg iru ? ' �ff1 Ixuwkhupruh/
wr lqyhvwljdwh wkh dffxudf| ri wkh dgmxvwhg jdppd dssur{lpdwlrq wr wkh glv0
wulexwlrq ixqfwlrq ri 7 � lq L?�sJo6E?c o�0judskv/ �f � judskv zhuh vlpxodwhg
iru ? ' Hc ���c �2c �D dqg ydulrxv ydoxhv ri o1 Wkh h{dfw glvwulexwlrq lv xvhg
iru ? ' .1

? ' S � R ' f��
5 � E7 � ' �	 
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Wdeoh 71 Wkh gl�huhqfhv ehwzhhq wkh�h{dfw glvwulexwlrq ri 7 �
dqg wkh dgmxvwhg dqg xqdgmxvwhg jdppd dssur{lpdwlrqv uhvshfwlyho|

iru ? ' S/ R ' f�� dqg R ' f�D�
Lq Wdeoh 7 zh kdyh xvhg wkh frqwlqxlw| fruuhfwlrq +8143, iru wkh suredelo0

lw| ixqfwlrq/ dqg wkh frqwlqxlw| fruuhfwlrq +8144, iru wkh glvwulexwlrq ixqfwlrq1
Wdeoh 8 ehorz vkrzv wkh Nroprjrury glvwdqfh/ l1h1 wkh juhdwhvw devroxwh gh0
yldwlrq ehwzhhq wkh h{dfw ru vlpxodwhg glvwulexwlrq ixqfwlrq ri 7 � dqg wkh
dgmxvwhg dqg wkh xqdgmxvwhg jdppd dssur{lpdwlrq uhvshfwlyho| iru ydulrxv
ydoxhv ri ? dqg R� Irupdoo|/ wkh Nroprjrury glvwdqfh ehwzhhq 8 Er � � dqg
C Er � � lv jlyhq e| 4@ � � m8 Er � ��C Er � �m1 Wkh fruuhvsrqglqj glvwdqfh lq wkh
xsshu ghfloh ri C lv jlyhq zlwklq sduhqwkhvlv1 Wkh dffxudf| ri wkh dssur{0
lpdwlrq lq wkh xsshu ghfloh lv lpsruwdqw iru k|srwkhvlv whvwlqj dv vkrzq lq
Vhfwlrq :1 Iru ? � �2/ wkh frqwlqxlw| fruuhfwlrq +8144, lv xvhg dqg iru ? : �2
wkh frqwlqxlw| fruuhfwlrq +8147, lv xvhg1 Wdeoh 9 vkrzv wkh fruuhvsrqglqj ydo0
xhv iru wkh dgmxvwhg jdppd dssur{lpdwlrq wr 7 � lq L?�sJo6E?c o�0judskv
zkhuh wkh frqwlqxlw| fruuhfwlrq lv jlyhq e| +814:,1
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� � � � �   � � � � �  � � � � �  � � � � �  � � � � �  � � � � �  � � � � �  � � � � �  � � � � �

Wdeoh 81 Wkh Nroprjrury glvwdqfhv iru 7 � � Wkh glvwdqfhv
lq wkh xsshu ghflohv duh jlyhq zlwklq sduhqwkhvlv1

Zh vhh iurp Wdeoh 7 dqg 8 wkdw wkh dgmxvwhg jdppd dssur{lpdwlrq wr wkh
glvwulexwlrq ixqfwlrq ri 7 � lq Ehuqrxool judskv zrunv zhoo/ hvshfldoo| zkhq
� E7 � A r  � 9 f��f1 Iru ? ' Hc ���c �2 wkh dgmxvwhg dssur{lpdwlrq lv yhu|
jrrg zkhq R lv forvh wr f�2� Iru judskv ri kljkhu rughu wkh dssur{lpdwlrq
lv ehwwhu zkhq wkh yduldqfh lv kljkhu l1h1 zkhq R whqgv wr f�D1 Zkhq R lv
�{hg wkh dffxudf| ri wkh dssur{lpdwlrq iru judskv ri rughu ? lv ehwwhu wkdq
wkh dffxudf| iru judskv ri rughu ? n � li ? lv hyhq1 Wkh odwwhu lv gxh wr wkh
uhodwlyh vprrwkqhvv ri wkh glvwulexwlrq zkhq ? lv hyhq dqg fdq eh vhhq iurp
Iljxuh 6 dqg 7/ wkdw vkrz wkh glvwulexwlrq ri 7 ! iru R ' f�D dqg ? ' . dqg
�f uhvshfwlyho|1 Iru ixuwkhu ghwdlov rq wkh vprrwkqhvv ri wkh glvwulexwlrq/ vhh
Kdjehuj +5336e,1 Iurp Wdeoh 8 lw fdq eh vhhq wkdw wkh xqdgmxvwhg jdppd
dssur{lpdwlrq lv edg/ zklfk djuhh zlwk +81<,1
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Iljxuh 61 Wkh h{dfw glvwulexwlrq ri 7 � iru ? ' . dqg R ' f�D1
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Iljxuh 71 Wkh vlpxodwhg glvwulexwlrq ri 7 � iru ? ' �f dqg R ' f�D1
Iljxuh 8 ehorz vkrzv wkh gl�huhqfhv 8 Er � ��CEr � � /xqghu wkh�eo?J�,,� E?c R�0
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prgho/ sorwwhg djdlqvw 8 Er � � iru ? ' �D� Wkh ghshqghqfh vwuxfwxuh ri wkh
gl�huhqfhv ydulhv iru gl�huhqw ydoxhv ri ? dqg R dqg fdq kdugo| eh prghohg
zlwkrxw nqrzohgjh ri wkh wuxh glvwulexwlrq1
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Iljxuh 81 8 Er � ��CEr � � sorwwhg djdlqvw 8 Er � � iru ? ' �D�
Lq Iljxuh 9/ 8 Er � �� CEr � � lv sorwwhg djdlqvw r � iru ? ' �D dqg R ' f�D�

Iurp wkh �jxuh zh jhw dq lqnolqj ri wkh vwuxfwxuh ri wkh gl�huhqfhv1 Wkh
plqlpxp ydoxh ri 8 Er � � � CEr � � lv �f�ff. dqg lv rewdlqhg iru r � � � �
. E7 � � � Iru ? ' �D dqg R ' f�D zh kdyh wkdw � E7 � � . E7 � �� � f�De� D
�jxuh vlplodu wr Iljxuh 9 fdq eh rewdlqhg li d elqrpldo udqgrp yduldeoh
f lv dssur{lpdwhg e| d qrupdo glvwulexwhg udqgrp yduldeoh zlwk phdq ?R
dqg yduldqfh ?R^ dqg � Ef � . Ef�� � f�De/ xvlqj frqwlqxlw| fruuhfwlrq1
Wklv lv vkrzq lq Iljxuh : zkhuh f � ��? E�ffc f�S� dqg �E%� lv wkh qrupdo
dssur{lpdwhg glvwulexwlrq ixqfwlrq ri f1 Wkh plqlpxp ydoxh lq Iljxuh : lv
�f�ff� dqg lv rewdlqhg iru % ' Sf ' . Ef� �

4<
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Iljxuh 91 Wkh gl�huhqfhv ehwzhhq wkh vlpxodwhg glvwulexwlrq ixqfwlrq ri 7 �

dqg wkh dgmxvwhg jdppd dssur{lpdwlrq sorwwhg djdlqvw r � iru ? ' �D dqg
R ' f�D�
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Iljxuh :1 Wkh gl�huhqfhv ehwzhhq wkh h{dfw dqg wkh qrupdo dssur{lpdwhg
glvwulexwlrq ixqfwlrq ri fc f � ��?E�ff/f�S��
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Wdeoh 91 Wkh Nroprjrury glvwdqfhv iru 7  lq wkh xqlirupE?c o� prgho1�
Wkh glvwdqfhv lq wkh xsshu ghflohv ri C Er  � duh jlyhq zlwklq sduhqwkhvlv1
Wkh uhvxowv lq Wdeoh 9 vkrz wkdw wkh jdppd dssur{lpdwlrq wr wkh glv0

wulexwlrq ixqfwlrq ri 7  lq xqlirup udqgrp judskv lv ehwwhu wkdq wkh fru0
uhvsrqglqj dssur{lpdwlrq lq Ehuqrxool judskv1 Wklv lv h{sodlqhg e| wkh
vprrwkqhvv ri wkh glvwulexwlrq lq xqlirup udqgrp judskv/ dqg fdq eh vhhq
iurp Iljxuh ;1
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Wdeoh :1 Jdppd dssur{lpdwlrq C zlwk dqg C 1 zlwkrxw frqwlqxlw| fru0
uhfwlrq lq wkh �eo?J�,,� E?c R�0prgho ri rughu ? ' H1
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Ilqdoo|/ lq Wdeoh : zh kdyh frpsduhg 8 Er � ��C � Er � � zlwk 8 Er � ��C Er � �
iru hyhu| srvvleoh ydoxh ri 7 � lq wkh �eo?J�,,� E?c R�0prgho ri rughu ? ' H1
Wkh srlqwv ri wkh glvwulexwlrqv zkhuh m8 Er � ��C Er � �m : m8 Er � ��C � Er � �m
duh jlyhq lq erog1 Iru R ' f��/ zh vhh wkdw C � Er � � lv ehwwhu wkdq C Er � �
iru r � ' 2H*Se rqo|1 Iru R ' f�D/ C � Er � � lv ehwwhu wkdq C Er � � lq 8 ri wkh
67 srvvleoh ydoxhv ri 7 � 1 Rwkhu ydoxhv ri R iru ? ' H jlyh vlplodu uhvxowv1
Wkh frqfoxvlrq lv wkdw zh lq jhqhudo lpsuryh wkh dssur{lpdwlrq e| xvlqj wkh
frqwlqxlw| fruuhfwlrq iru ? ' H1 Ixuwkhu vlpxodwlrqv vkrz wkdw wkh lpsru0
wdqfh ri wkh frqwlqxlw| fruuhfwlrq ghfuhdvhv zkhq ? lqfuhdvhv1 Lw vhhpv wkdw
wkh iudfwlrq ri srlqwv zkhuh m8 Er � ��C Er � �m : m8 Er � ��C � Er � �m lqfuhdvhv
zlwk ?1 Krzhyhu/ lq wkh fdofxodwlrqv dqg vlpxodwlrqv suhiruphg iru ? � �D/
4@ 

� �
m8 Er � ��C Er � �m 	 4@ 

� �
m8 Er � ��C 	 Er � �m iru erwk wkh prghov1

: Dssolfdwlrq wr Judsk Fhqwudolw| Whvwlqj
Vhyhudo phdvxuhv ri judsk fhqwudolw| kdyh ehhq ghyhorshg ryhu wkh |hduv/ vhh
iru h{dpsoh Iuhhpdq +4<:;,/ Vqlmghuv +4<;4d, dqg Zdvvhupdq)Idxvw +4<<7,1
Rqh ri wkhp lv edvhg rq wkh ghjuhh yduldqfh/ dqg wklv fhqwudolw| ri d judsk fdq
eh lqwhusuhwhg dv d phdvxuh ri yhuwh{ khwhurjhqhlw| lq wkh judsk1 E| xvlqj
wkh dssur{lpdwh suredelolw| glvwulexwlrq ri 7 
 / zh fdq dvvhvv d fulwlfdo ydoxh
wr whvw wkh k|srwkhvlv ri qr fhqwudolw| djdlqvw dowhuqdwlyhv zlwk fhqwudolw|1
Wkh qxoo k|srwkhvlv zloo eh uhmhfwhg li wkh revhuyhg ydoxh r 
 lv odujh hqrxjk/
wkdw lv/ li wkh suredelolw| ydoxh � E7 


A r 
 mM � � lv vpdoo hqrxjk1
Qrwh wkdw zh kdyh wr uhmhfw wkh�eo?J�,,� E?c R�0prgho dqg wkh L?�sJo6 E?c o�0

prgho li wkh qxoo k|srwkhvlv lv uhmhfwhg1 Lq idfw wkh qxoo k|srwkhvlv ri qr
fhqwudolw| lv prghohg e| wkh Ehuqrxool judsk dqg wkh xqlirup udqgrp judsk1
Exw/ ghsduwxuhv iurp wkhvh judskv grhv qrw lpso| fhqwudolw|1 Fhqwudolw| khuh
phdqv/ wkdw wkh ghjuhhv ydu| pruh wkdq wkh| gr lq Ehuqrxool ru xqlirup
judskv1 Li wkh ghjuhhv ydu| ohvv/ dv wkh| gr iru lqvwdqfh lq uhjxodu judskv/
wkhq wklv lv qrw frqvlghuhg wr eh d ylrodwlrq ri M � � Ehorz zh dsso| wkh rxw0
olqhg phwkrg wr d zhoo nqrzq qhwzrun1

Rqh sduw ri wkh qhwzrun gdwd frpslohg e| Sdgjhww/ +Sdgjhww ) Dqvhoo
+4<<6,, frqvlvw ri pduuldjh uhodwlrqv dprqj 49 idplolhv lq wkh 48wk fhqwxu|
Ioruhqfh/ Lwdo|1 Lq Iljxuh < zh kdyh gudzq dq hgjh ehwzhhq d sdlu ri yhuwlfhv
l1h1 d sdlu ri idplolhv li d phpehu ri rqh idplo| pduulhv d phpehu ri wkh rwkhu1
D pruh ghwdlohg ghvfulswlrq ri wkh qhwzrun fdq eh irxqg lq Zdvvhupdq )
Idxvw +4<<7,1
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Iljxuh <1 Pdulwdo uhodwlrqv ehwzhhq Sdgjhww*v Ioruhqwlqh idplolhv1

Wkh vwdwlvwlfv ri wkh qhwzrun duh=
? ' �S / o ' 2f / eR ' �

S dqg r � ' 2��2D �
Wr hvwlpdwh wkh k dqg q sdudphwhuv/ zh xvh +819, iru wkh Ehuqrxool E?c eR�
prgho dqg +8148,/ +8149, iru wkh xqlirupE?c o� prgho1 Zh dovr dsso| wkh
frqwlqxlw| fruuhfwlrqv jlyhq e| +8147, dqg +814:,1

Li zh dvvxph wkdw wkh hgjhv duh jhqhudwhg dffruglqj wr d EhuqrxoolE?c eR�
prgho/ 7 � lv dssur{lpdwho|C@66@ES�b.S. / f�2S��� dqg � �7 �

A 2��2D� �

� � �

� '
f��f� Wklv lv qr vwurqj hylghqfh djdlqvw wkh k|srwkhvlv ri qr judsk fhqwudo0
lw|1 Krzhyhu/ vlqfh wkh wuxh ydoxh ri R pljkw gl�hu iurp wkh hvwlpdwh eR/ wkh
suredelolw| ydoxh lv xqfhuwdlq1

Wr vhh krz wkh xqfhuwdlqw| derxw R pljkw d�hfw rxu frqfoxvlrqv/ zh
fdofxodwh d dssur{lpdwh <8( frq�ghqfh lqwhuydo iru R dffruglqj wr

eR	 2
ueR E�� eR�

�
dqg rewdlq wkh lqwhuydo Ef��f c f�2���

Iurp wkh orzhu hqgsrlqw ri wkh lqwhuydo zh kdyh

ek ' D�Se.e / eq ' f�2fSS / �
�
7 �

A 2��2D� 2
2DS

�
' f�fe

dqg iurp wkh xsshu hqgsrlqw zh kdyh
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ek ' .�.fHD / eq ' f��fDH / �
�
7 �

A 2��2D� 2
2DS

�
' f�D.�

Khqfh/ wkh wzr hqgsrlqwv |lhog wzr gl�huhqw frqfoxvlrqv derxw judsk fhq0
wudolw| dqg lqglfdwh wkdw wkh �eo?J�,,�E?c R�0prgho pljkw eh lqdssursuldwh
iru judskv ri orz rughu1

Li zh dvvxph dL?�sJo6E?c o�0prgho/ 7 � lv dssur{lpdwho|C@66@EH�H2�H
/ f�2fHe� dqg � �7 �

A
� � � � � �

� � �
� ' f��2� Xqghu wklv prgho/ wkhuh lv qr vwurqj

hylghqfh djdlqvw wkh k|srwkhvlv wkdw wkhuh lv qr judsk fhqwudolw|1 Zdvvhupdq
dqg Idxvw +4<<7, frph wr wkh vdph frqfoxvlrq lq vrph ri wkhlu lqyhvwljdwlrqv
ri wkhvh gdwd1 Wkh| dovr dssolhg rwkhu prghov dqg jrw rwkhu �qglqjv derxw
wkh vwuxfwxuh ri wklv qhwzrun1

1

Uhihuhqfhv
^4` Frkhq/ E1/ Hdghv/ S1/ Uxvnh|/ I1 ) Vfrww/ D1 +4<<7,1 Do0

oh| FDWv lq Vhdufk ri Jrrg Krphv1 Sdshu suhvhqwhg dw 58wk
V1H1 Frqihuhqfh rq Frpelqdwrulfv/ Judsk Wkhru|/ dqg Frp0
sxwlqj/ Frqjuhvvxv Qxphudqwlxp/ 435= <:04431 Dydlodeoh dw
kwws=22zzz1fvu1xylf1fd2�iuxvnh|2Sxeolfdwlrqv2Dooh|Fdw1kwpo

^5` Ghr/ Q1 +4<:7,1 Judsk Wkhru| Zlwk Dssolfdwlrqv wr Hqjlqhhulqj dqg
Frpsxwhu Vflhqfh1 Qhz Mhuvh|= Suhqwlfh0Kdoo1

^6` Iuhhpdq/ O1 +4<:;,1 Fhqwudolw| lq Vrfldo Qhwzrunv= Frqfhswxdo Fodul�0
fdwlrq1 Vrfldo Qhwzrunv/ 4= 548056<1

^7` Kdjehuj/ M +5333,1 Fhqwudolw| Whvwlqj dqg wkh Glvwulexwlrq ri wkh Gh0
juhh Yduldqfh lq Ehuqrxool Judskv1 Vwrfnkrop Xqlyhuvlw|/ Ghsduwphqw
ri Vwdwlvwlfv1

^8` Kdjehuj/ M +5336d,1 Jhqhudo Prphqwv ri Ghjuhhv lq Udqgrp Judskv1
Vwrfnkrop Xqlyhuvlw|/ Ghsduwphqw ri Vwdwlvwlfv1

^9` Kdjehuj/ M +5336e,1 h{wuhph Ydoxhv dqg Rwkhu Dwwdlqhg Ydoxhv ri wkh
Ghjuhh Yduldqfh lq Judskv1 Vwrfnkrop Xqlyhuvlw|/ Ghsduwphqw ri Vwdwlv0
wlfv1
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^:` Kdudu|/ I1 +4<9<,1 Judsk Wkhru|1 Uhdglqj= Shuvhxv Errnv1
^;` Mrkqvrq/ Q1 ) Nrw}/ V1 +4<:3,1 Frqwlqxrxv Xqlyduldwh Glvwulexwlrqv041

Ervwrq= Krxjkwrq Pl"lq1
^<` Mrkqvrq/ Q1/ Nrw}/ V1 ) Nhps/ D1 +4<<5,1 Xqlyduldwh Glvfuhwh Glvwul0

exwlrqv/ 5qg hg1 Qhz \run= Zloh|1
^43` Sdgjhww/ M1I1 ) Dqvhoo/ F1N1 +4<<6,1 Urexvw dfwlrq dqg wkh ulvh ri wkh

Phglfl/ 4733047671 Dphulfdq Mrxuqdo ri Vrflrorj|1 <;/ 458<0464<1
^44` Vordqh/ Q1 ) Sorx�h/ V1 +4<<8,1 Wkh Hqf|forshgld ri Lqwhjhu Vhtxhqfhv1

Vdq Glhjr= Dfdghplf Suhvv1
^45` Vqlmghuv/ W1 +4<;4d,1 Wkh Ghjuhh Yduldqfh= Dq Lqgh{ ri Judsk Khwhur0

jhqhlw|1 Vrfldo Qhwzrunv/ 6= 49604:7
^46` Vqlmghuv/ W1 +4<;4e,1 Pd{lpxp Ydoxh dqg Qxoo Prphqwv ri wkh Ghjuhh

Yduldqfh1 WZ0uhsruw 55<1 Ghsduwphqw ri Pdwkhpdwlfv/ Xqlyhuvlw| ri
Jurqlqjhq1

^47` Vqlmghuv/ W1 +5335,1 ]R 5161 Dydlodeoh dw
kwws=22vwdw1jdppd1uxj1qo2vwrfqhw21

^48` Zdqj/ E1\1 ) ]kdqj/ I1 +4<<;,1 Rq wkh Suhflvh Qxpehu ri +3/4,0 pd0
wulfhv lq &+U/V,1 Glvfuhwh Pdwkhpdwlfv/ 4;:/ 54405531

^49` Zdvvhupdq/ V1 ) Idxvw/ N1 +4<<7,1 Vrfldo Qhwzrun Dqdo|vlv= Phwkrgv
dqg Dssolfdwlrqv1 Qhz \run Fdpeulgjh Xqlyhuvlw| Suhvv1
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Wdeoh ;1 Wkh srvvleoh ydoxhv ri wkh ghjuhh yduldqfh wlphv ? � iru ? '
bc �fc ��c �21
? ' b G
3 ; 47 4; 53 59 65 69 6; 77 83 87 89 95 9; :5 :7 ;3 ;9 <3 <5 <; 437 43; 443
449 455 459 45; 467 473 477 479 485 48; 495 497 4:3 4:9 4;3 4;5 4;; 4<7
4<; 533 539 543 549 54; 557 563 567 569 575 57; 585 587 593 599 5:3 5:5
5:; 5;7 5;; 5<3 5<9 635 639 63; 647 653 657 659 665 66; 675 677 683 689
693 695 69; 6:7 6:; 6;3 6;9 6<5 6<9 6<; 737 743 747 749 755 75; 765 767
779 783 78; 7:3 837
? ' �f G
3 49 53 57 69 73 77 89 93 97 :9 ;3 ;7 <9 433 437 449 453 457 469 473 477
489 493 497 4:9 4;3 4;7 4<9 533 537 549 553 557 569 573 577 589 593 597
5:9 5;3 5;7 5<9 633 637 649 653 657 669 673 677 689 693 697 6:9 6;3 6;7
6<9 733 737 749 753 757 769 773 777 789 793 797 7:9 7;3 7;7 7<9 833 837
849 853 857 869 873 877 889 893 897 8:9 8;3 8;7 8<9 933 937 949 953 957
969 973 977 989 993 997 9:9 9;3 9;7 9<9 :33 :37 :49 :57 :77 :89 :;7
? ' �� G
3 43 4; 55 57 5; 63 65 73 77 79 83 85 87 95 99 9; :5 :7 :9 ;7 ;; <3 <7 <9 <;
439 443 445 449 44; 453 45; 465 467 46; 473 475 483 487 489 493 495 497
4:5 4:9 4:; 4;5 4;7 4;9 4<7 4<; 533 537 539 53; 549 553 555 559 55; 563
56; 575 577 57; 583 585 593 597 599 5:3 5:5 5:7 5;5 5;9 5;; 5<5 5<7 5<9
637 63; 643 647 649 64; 659 663 665 669 66; 673 67; 685 687 68; 693 695
6:3 6:7 6:9 6;3 6;5 6;7 6<5 6<9 6<; 735 737 739 747 74; 753 757 759 75;
769 773 775 779 77; 783 78; 795 797 79; 7:3 7:5 7;3 7;7 7;9 7<3 7<5 7<7
835 839 83; 845 847 849 857 85; 863 867 869 86; 879 883 885 889 88; 893
89; 8:5 8:7 8:; 8;3 8;5 8<3 8<7 8<9 933 935 937 945 949 94; 955 957 959
967 96; 973 977 979 97; 989 993 995 999 99; 9:3 9:; 9;5 9;7 9;; 9<3 9<5
:33 :37 :39 :43 :45 :47 :55 :59 :5; :65 :67 :69 :77 :7; :83 :87 :89 :8;
:99 ::3 ::5 ::9 ::; :;3 :;; :<5 :<7 :<; ;33 ;35 ;43 ;47 ;49 ;53 ;55 ;57
;65 ;69 ;6; ;75 ;77 ;79 ;87 ;8; ;93 ;97 ;99 ;9; ;:9 ;;3 ;;5 ;;9 ;;; ;<3
;<; <35 <37 <3; <43 <45 <53 <57 <59 <63 <65 <67 <75 <79 <7; <85 <87 <89
<97 <9; <:3 <:7 <:9 <:; <;9 <<3 <<5 <<9 <<; 4333 433; 4345 4347 434; 4353
4355 4363 4367 4369 4373 4377 4385 4389 438; 4395 4397 4399 43:7 43;9
4439 4443 4457 4485 44:9
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? ' �2 G
3 53 57 65 69 77 7; 89 93 9; :5 ;3 ;7 <5 <9 437 43; 449 453 45; 465 473 477
485 489 497 49; 4:9 4;3 4;; 4<5 533 537 545 549 557 55; 569 573 57; 585
593 597 5:5 5:9 5;7 5;; 5<9 633 63; 645 653 657 665 669 677 67; 689 693
69; 6:5 6;3 6;7 6<5 6<9 737 73; 749 753 75; 765 773 777 785 789 797 79;
7:9 7;3 7;; 7<5 833 837 845 849 857 85; 869 873 87; 885 893 897 8:5 8:9
8;7 8;; 8<9 933 93; 945 953 957 965 969 977 97; 989 993 99; 9:5 9;3 9;7
9<5 9<9 :37 :3; :49 :53 :5; :65 :73 :77 :85 :89 :97 :9; ::9 :;3 :;; :<5
;33 ;37 ;45 ;49 ;57 ;5; ;69 ;73 ;7; ;85 ;93 ;97 ;:5 ;:9 ;;7 ;;; ;<9 <33
<3; <45 <53 <57 <65 <69 <77 <7; <89 <93 <9; <:5 <;3 <;7 <<5 <<9 4337 433;
4349 4353 435; 4365 4373 4377 4385 4389 4397 439; 43:9 43;3 43;; 43<5
4433 4437 4445 4449 4457 445; 4469 4473 447; 4485 4493 4497 44:5 44:9
44;7 44;; 44<9 4533 453; 4545 4553 4557 4565 4569 4577 457; 4589 4593
459; 45:5 45;3 45;7 45<5 45<9 4637 463; 4649 4653 465; 4665 4673 4677
4685 4689 4697 469; 46:9 46;3 46;; 46<5 4733 4737 4745 4749 4757 475;
4769 4773 477; 4785 4793 4797 47:5 47:9 47;7 47;; 47<9 4833 483; 4845
4853 4857 4865 487; 4893 489; 48;7 48<5 4953 4985 4:5;
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