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Abstract

In this article, likelihood ratio tests concerning multivariate normal models with
block circular covariance structures are obtained. Hypotheses about general block
structures of the covariance matrix and specific covariance parameters of the block
circular covariance structure have been of main interest. In addition, tests about

the mean vector have been considered.
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1. Introduction

The main goal of this paper is to develop likelihood ratio tests (LRT) for mul-
tivariate normal models with block circular covariance structure. We consider
both testing a block structure (external test) and testing specific (co)variance pa-
rameters inside of the block circular structure (internal test). Testing specific
(co)variance parameters in case of block structures is a quite challenging problem.
It demanded innovative solutions to solve an overparametrization problem, and
formulation of a meaningful hypotheses.

For some related works of the external test we refer to Wilks (1946), Votaw
(1948), Olkin and Press (1969), Olkin (1973) and Srivastava et al. (2008) who



all consider estimation and testing problems for patterned covariance matrices.
For example, Votaw (1948) studied a test for block compound symmetry (CS)
covariance matrix, extended the testing problem of the CS structure of Wilks
(1946) to a “block version” and developed a likelihood ratio test (LRT) criteria
for testing 12 hypotheses which are relevant to certain psychometric and medical
research problems. Olkin (1973) considered the problem of testing circular Toeplitz
(CT) covariance matrix in blocks which is an extension of his previous work Olkin
and Press (1969). In comparison to the mentioned works this paper treats a
different covariance structure which has only been studied by Liang et al. (2014).
In this work, we also take into account the mean structure and test both mean and
covariance structures simultaneously. Furthermore, we consider testing hypotheses
about the mean given a specific covariance matrix.

The organization of the paper is as follows. In Section 2, we present a model
with three hypothetical block covariance structures and consider various hypothe-
ses concerning testing mean and covariance matrices. Moreover, the model with a
block circular Toeplitz covariance structure will be further studied by introducing
two nested random effects. The LRT statistics for testing block structures as well
as the corresponding null distributions are given in Section 3. In Section 4, we test
hypotheses concerning (co)variance parameters within the block circular Toeplitz

covariance structure.

2. Models

Let y1,¥2,...,¥» be independent samples from N,(1,, ® p,X), where p is an ny
variate unknown vector, p = ngny, and let Y = (y1,y2,...,¥n). Then we may

write

Y ~ Np,n((1”2 ® “)1;17 E7I1’L>7 (1)



where N, ,,((1,, ® p)1!, %, I,,) denotes the p x n matrix normal distribution with
mean matrix (1,, ® )1, and p X p covariance matrix within elements of columns
3 and there are n independent columns. Throughout this paper, 1, is a column
vector of size s with all elements equal to one, J, = 1,1%, I is the s X s identity
matrix and ® denotes the Kronecker product. In addition, we denote P, = %J s
and Q, = I,— P, as two mutually orthogonal projectors of size s x s. The notation
vec(e) denotes the vectorization operator and tr(e) denotes the trace function.
The following three specific structures of 3, namely, 3, 3;; and ¥, are of

interest when constructing the LRT statistics in this article.

(i) 2 =I,XY +(J,,—I,,)®2® where 2" : ny x n; is an unstructured
symmetric matrix, h = 1, 2;

(i) By =1I,, @ XY + (J,, — I,,) @ 2? where ™, h = 1,2, is a CT matrix
which depends on r parameters, r = [ny/2] + 1, and the symbol [e] stands
for the integer part;

(i) Bpp = I, @ W 4+ (J,, — I,,,) @ 2P where T®_ h = 1,2, is a CS matrix

and can be written as 3" = oLy, + ope(Jn, — In,).

Throughout this thesis, the notation CT matrix stands for a symmetric circular
Toeplitz matrix. Note that the matrix 3" = (agl)) depends on 7, r = [ny/2] + 1,

parameters, and for i,j =1,...,n1, h =1,2,

() ) T=il+ 1+ (=1 if [j—i] <r—1,

Tny—|j—i|+1+(h—1)rs otherwise,

where the 7;s are unknown parameters, and taking into account that h = 1,2, the
index ¢ = 1,...,2r. For spectral properties of CT matrices, see Basilevsky (1983),
for example.

The number of unknown parameters in %;, ¥, and X5 are ny(n; + 1), 2r

and 4, respectively. That is, more restrictions are imposed on ¥ from ¥; to ;.



Olkin (1973) considered the problems of testing the block versions of hypothe-
ses: sphericity versus intraclass correlation, sphericity versus circular symmetry,
intraclass correlation versus circular symmetry and circular symmetry versus gen-
eral structure by assuming unstructured mean. Olkin’s block version of intraclass
correlation is the same as 3;. Different from Olkin (1973), this paper will start
the null hypothesis of X; and test 3; versus a type of mixed block structure 3;;
which follows to Barton and Fuhrmann (1993), which has been shown that it can
be transformed into Olkin’s block circular symmetry model with intraclass blocks
inside by using the so-called commutation matrix (Liang et al., 2012). Moreover,
it is useful to test further X; or 3;; versus a more parsimonious structure Xj;;.

It is of interest to test both the mean g and block structure of ¥ simultaneously.

H?: p=pl, 3 =3 versus H{ : p € R"™ 3 =3

HY: p=pl,,, X =3 versus Hy : p € R, X =3
Furthermore, the following hypotheses about the pattern of 3 will be tested, i.e.,

H?? : X =3y versus Hg : X = 3y, given p = pul,,,
Hff o X =3y versus Hy : ¥ =3, given p € R™|

Hg : X =3y versus He : X =3, given p € R™|
or test about the mean, i.e.,

HY: p=pl,, versus HY : p € R™ | given & = Xy,
HY: p=pl,, versus HY : p € R™ | given ¥ = Xy
In this paper we will also pay particular attention to the case when ¥ = 3;;.
In Liang et al. (2012, 2014), a balanced hierarchical mixed linear model with the

covariance structure 2;; is considered and the model can be applied to situations

when there is a spatial circular layout on one factor and another factor satisfies the
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property of exchangeability. Liang et al. (2014) gave a real-data example which
motivated the pattern of 3;;. Moreover, ¥;; characterizes the dependency when
both compound symmetry and circular symmetry appear hierarchically (Liang
et al., 2011).

Now we will introduce two random effects v, and ~,, where -, is nested within

7, and the response vector y; is given by
yi=pl,+Z1y,+Zyy, +€, i=1,...,n, (2)

where y; is a p X 1 vector of observations, p = nins, p is an unknown constant,
v; i g X 1, 75 : px 1 and € are independently normally distributed random vectors
with zero means and variances-covariance matrices 31, 3y, and oI, respectively.

Here 2, =1,,®1,,, Zy=1,,® I,,. Hence,
yi ~ Np(pl,,V(0)), i=1,...,n,
V(0) = Z,%,Z) + 3, + 01, (3)
where V' (0) is the covariance matrix with the vector of unknown parameters 6.
The covariance matrix V' (0) in (3) may have different structures depending on 3,

and X,. Here we will consider V' (8) when the covariance matrix 3;: ny X ng is

compound symmetric, i.e.
21 — O-lInz + 0-2<J1’L2 - ITLQ)? (4)

where o and o0y are unknown parameters. Furthermore, the covariance matrix
3o :p X p, in (3), is assumed to have the following block compound symmetric

pattern:
EQ:Im@E(l)"’(an_In2>®2(2)7 (5)

where ¥™ is a CT matrix, h = 1,2. Spectral properties of 3, Z13,Z and X,
have been derived in Liang et al. (2012), which will be used later in Section 4 when

discussing test for the parameters € of V() in (3).
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3. Testing block covariance structures

In this section we are going to derive LRT statistics for testing the null hypotheses

HY? versus the alternative hypotheses H® ;i =1,...,7 defined in Section 2.

3.1. Testing simultaneous hypotheses
The LRT statistics corresponding to test HY versus HY, i = 1,2, are defined as

A, = max L(u, Xy7) A — max L(p, X177)

max L(p,%;)" 0 maxL(p, ;)

We start with defining an orthogonal matrix (known as Helmert matrix, see Lan-

caster, 1965) K : ny x ny such that
K = (ny "1, K1), (6)

where K'1,, = 0 and K1K; = I,, ;. Moreover, an orthogonal matrix which
contains the known orthonormal eigenvectors, v;, j = 1,...,n4, of any n; x ny CT

matrix is denoted V', i.e. V. = (vy,...,v,,). We also define the following matrices:

Xl:(n;1/21;12®In1)Y7 X2:<K/1®ITL1)Y> X,2:<X/21?"'7X,2(n2—1))7
na—1

S1=X1Q,X), Sy=) XX}, S;=XP,X)
=1
(7)

The next theorem establishes A;.

Theorem 3.1. The LRT statistic for testing HY versus H{, defined in Section 2,

18 given by
2”2(”17171even) S S ng—1
2/n _ S1][82|

Al T 2r
m; m;
tor [Tt77 T tor
=2 i=r+1

: (8)

where leyen 1S the indicator function that nq is even, matrices Sy are given in

(7), h=1,2, ty; = tr(( X1 X)) (0i¥] + U, —ig2¥),, 1)), tor = tr(S1Py,), to,ps =
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tr(So(Viv] + Vny—iv2V), _i1n)), i =2,...,7 =1, and fori=r,

tr((XIXD('Ur’U; + vn1—r+2v;11—r+2))a if ny 1s odd,
tl’r‘ -

(X1 X1) (v,00), if my is even,

tr(Sz(v,v) + vnl—T+2v’//11—T+2))7 if na 1s odd,

to o, =
tr(Syv,v)), if ny is even.

Proof. The likelihood function under the alternative hypothesis H{ is given by
L(p, 1) = (2m)7% |52 o3t { B (Y~ (1, @) 1) (Y = (1, 0)17) (9)

Now it is convenient to use the reduction to a canonical form. Observe that
(X1:X,) =(K'®1I,,)Y, where K has been defined in (6). The expectations of
X and X5 equal

(ny "1}, @ Loy) (Lo, ® )1}, = /iopl,  (Kj @ 1,) (1o, @ p)1, =0,

respectively. For the dispersion matrices of X; and X, first observe that

, Mo 0
KJ, K= ,
0 0n2,1
and then using the properties of Kronecker product yields
x4 (ny —1)x® 0

(K/ @ I,,)E (K ®I,) =
0 I, 1® (2(1) _ 2(2))

Thus, we have the following canonical form:

X roul’ A 0
1 ~ Np,n o ) ' ) (10)
X 0 0 I, 1®A,

where A; = M 4+ (ng — 1)2(2) and A, = XM — =@ Moreover, since the co-

variance between X; and X5 equals 0, X; and X, are independently distributed.
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Let Li(p, A1) and Ly(As) be the two likelihood functions corresponding to X,

and X, respectively. Using (10), equation (9) can be rewritten as

L(p,31) = Li(p, A1) La(Ay)
= (271-)_% |A1|7% efétr{Alil(lex/@Iﬂ%)(Xl*\/@ulﬁl)’} (11)

x (2m) O AT e e Ay T Xaixy, )

From (11) it can be observed that the likelihood function in (9) is identical to
the likelihood functions of two independent MANOVA (multivariate analysis of
variance) models where in one the mean equals 0. Hence, the MLEs of p and A;
equal

.1 A 1 1
Vot = E-Xlln’ Al = EXlQnXll = 551 (12)

The MLE of A, is given by

R 1 no—1 1
Ay=— N XX, =———8S,.
? n(ng—l); T (ng—1)77

Hence, the likelihood function in (11) is maximized by replacing p, A; and A,
with their corresponding MLEs; i.e.,

_n(ng—1)
Sy 2
n(ny — 1)

Si| 7% e
L e (13)

max L(p, Ay, Ay) = L(fa, Ah AQ) = (27T)_% n

The likelihood function under HY, i.e. Y ~ N, (u1,1/, 37, I,) can be written as
L, Sir) = (21)~ 5 |2y] 7% e 2t {B0 (Y -mlp 1) (Y -udp 1) ) (14)
Furthermore,
(I, @ K'®@ V')vecY ~ N, [(I,® K'l,, @ V'1,,)u, I, @ D(n)],

where K'1,, = (y/n2,0,...,0) and V'1,, = (/n1,0,...,0)". The last equality

follows because K ® V is the matrix of eigenvectors of 3;;, i.e.,
Xn=(K®V)Dn) (K oV,
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where D(n) is a p x p diagonal matrix with the eigenvalues of ¥;; (Liang et al.,
2012). Put w; = (I,, ® u})vecY and w; is the ith column of K @ V,i=1,...,p.
It follows that the model can be split into 2r independent models (Liang et al.,
2014, proof of Proposition 1), where r = [n;/2] + 1 and [e] denotes the integer

part. Each model has the following response vector:

yi=w, Y= vec('wi, ’wm—z‘+2);

vec(w,, Wy, —r12), if ny is odd,

yr =
w,, if ny is even;
Yr+1 = Vec(wn1+17 Won 41,y - - ,’UJ(nQ,l)n1+1); (15)
Yr+i = Vec(wnl—l-i’ Wony—i42; « - - s W(ng—1)ny+is wn2n1—i+2)7 1=2,...,1r—1;
_ VEC(Wn, 475 Wan, —r42, - - - s W(ng—1)ny+rs Wnony —r+2); if 11 is odd,
Yor =
VeC(Wy, 47, Wany 47y - - - s Wing—1)ng+r)s if n; is even.

It can be shown that y, ~ N,(\/ppln,mI,) and §; ~ Ny, (0,0i15,), | =
2,...,2r, where 7, are the distinct eigenvalue of X¥;;, of multiplicity m;, | =

1,...,2r. Thus, the MLEs of i and 1 are given by

VB = S = Q. =5 =2 (1)
In order to related the maximum of the likelihoods under HY and H{, we should
rewrite the MLEs of 7, in terms of the matrices Sy, h = 1,2,3. Since w; =
(I, ® ui)vecY =Y'u;, ie. w; = Y'(1/\/n2l,, @ v;), and wj,,; = Y'(k; ® v;)
(Liang et al., 2012, Theorem 2.4), where k; is the jth column of the matrix K,
1 =1,...,n1,7 = 1,...,ny — 1, after some manipulations we get the following

expressions for 7;:

. 1._ 5 1 1 1
= Ey/lQnyl = EUQYQnYlul = E’v’leQnX'lm = ﬁtr(Sle), (17)



with the multiplicity m, = 1;

R 1 ., _ 1 ng—1 ,
Mr41 = myr+1YT+l = m ; Wi, 11 Wing+1
1 el 1
— ! Xy X, = ———tr(S,P 18
n(n2 — 1)’01 ]Zl 254 2;V1 n(n2 — 1) 1"( 2 n1)7 ( )
with Myy1 = Ng — 1.
Fori=2,...,r — 1, we have m; = 2, and
A 1, 1 / /
=5, YiYi = %(wiwi W, oWy —it2)
1
= %(U;XlXavi + v/nl—i—i-2X1X/1vn1—i+2>
1
= %tr ((S1 4 S3) (V0] + Vpy—i2V)y ;1)) ; (19)
no—1
2 4_;”#_;22(/ 4w . +2)
fhri = 2n(ng — 1)yiyZ -~ 2n(ny — 1) — Wjny +iWina+i T Wit 1yn, —it2W(j+1)n1—i+2
1 ng—1
= ol =1 Z [(K; @ v))YY'(k; @ v;) + (K; @ v, ;) YY'(kj @ vy, _its)]
j=1
1
= mtr (S2(viV]) 4+ Vpy—i2V), _i10)) s (20)

with My, = 2(77,2 — 1)

Similarly, when n, is odd, we have m, = 2 and my, = 2(ny — 1); when n; is even,

m, = 1 and msg, = ny — 1. Then,

(

L S ((S1+ 83)(v,07)), if ny is even.
. 2n(n12—1)-tr (52(’1’r’l’;« + Um—r+2vlm,r+2)) , if ny is odd,
Nor =

\ n(ngl—l) tr (SQ(IUT,U;)) ; if n1 1S even.

Therefore, the likelihood function in (14) is maximized by

2r

max L, £11) = (2m) 5 [[ o 7 e %,

=1

10

(21)

(22)



where 7;, i = 1,...,2r is given in (17), (18), (19), (20) and (21). Using the
expressions given in (13) and (22), A; has the form given in (8) and this completes

the proof. [ ]

Next we will show that under the null hypothesis H?, the distribution of A; has
the same distribution as a product of independent Beta random variables. The
result is given in Theorem 3.4. We will use the notation «4” to indicate that
“has the same distribution (of)” and /3(a, b) indicates a Beta random variable with
parameters a and b. We first present two auxiliary lemmas which will be used in

the subsequent proof.

Lemma 3.2. (Muirhead, 1982, Theorem 3.2.15, p.100) If A is W,,(n,X), where
n > m is an integer, then |A| /|X| has the same distribution as the product of m

independent x* random variables, [[;%, X2 _;.1-

Lemma 3.3. (Olkin and Press, 1969, Lemma 2) Let Wy, W1, ..., W,, be indepen-
dently distributed, W; ~ Xgaj, g=0,1,....m. If

m H;n:1 Wj
(Wo + 2255, W)™

L=m

then L < H;nzl X, where Xq,..., X, are independently distributed,

i a+7—1
ijﬁ(aj,bj), &:Za]‘, bj:T—aj.
j=0

Theorem 3.4. Under the null hypothesis HY, the distribution of Ay, given in (8),
follows

ni—1

AT S H By By, (23)
i=1
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where By; and By; are independently distributed, i =1,...,n1 — 1,

B ﬁ(niéila%% fOTiZl,...,[nl/Q],
15 ™
\ﬁ(n—;’—% %)7 fOT Z - [n1/2] + 17 SEERRL] S 1’
(
. B(%’%), fori=1,...,[n1/2],
2i ™
BB, fori =[m/2) 1, om — 1.

Proof. To derive the distribution of A;, we first need the distributions of Sy,
S, and Ss. Since Xy ~ N, ,(y/napll, Ay, I,) and (I, — +J,) is idempotent
of rank n — 1, we have (Kollo and von Rosen, 2005, Corollary 2.4.3.1, p.240)
S1 ~W,,(A1,n —1). By Definition 2.4.1 in Kollo and von Rosen (2005), S5 has
a non-central Wishart distribution with the non-central parameter non’pp/, i.e.,
S3 ~ W, (A1, 1, nen?pp’), and since Xo; ~ Ny, (0, Ay, I,), we have X o; X5, ~
Wy (Ag,n), i = 1,...,n0 — 1. Based on the property of the sum of indepen-
dent Wishart variables (Anderson, 2003, Theorem 7.3.2, p.260), we have Sy ~
W, (Ag,n(ng — 1)).

Using the results of Theorem 2.4. in Vaish and Chaganty (2004), it can be
found that S; and S3 are independent. Moreover, S, and S5 are independent of
Sy since they are the statistics from two separate MANOVA models, see equation
(11). Now we start to derive the distribution of A;. Recall that the orthogonal
matrix V' contains the orthonormal eigenvectors of the CT matrix of size n; x nq,
we know that |V'S, V| = |S}| holds, k = 1,2. The statistics a1, t1; (1 =2,...,7)
and to,4; (1 =1,...,r) are nothing but some functions of the ith diagonal element

of the matrices V'S, V, h = 1,...,3. When n; is odd, based on Theorem 3.1,

AY™ can be written as follows:

gnz(ni1—1) ‘V/.S'1V’

(V'SIV) i ITis [(V/S1V)is + (V' S1V )ny—iv2mi—it2 + (V'S3V )i + (V/SSV)n17i+27n17i+2}2

X ( |V/S2V| )nz—l
(V'S2V)1 T, [(V’SQV)“- + (V/Szv)nrwz,nlsz]Q ’

(24)
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where (V'S,V);; is the ith diagonal element of the matrix V'S,V. Due to the
mutual independence of Sy, Sy and S3, equation (24) actually contains two inde-

pendent components

|[V'S1V|

(V S1V)1s H [(V/Slv)n (V/51V)7117i+2,n17i+2 + (V/SBV)M + (V/SSV)n17i+2,n17i+2} ?

and i
( V'S, V| ) ’
(V'S V)i [Ty (VIS V)i + (V/SQV)nl—i+2,n1—i+2]2 '
We first apply Barlett decomposition (Muirhead, 1982, Theorem 3.2.14, p.99).

Decompose V'S,V = UU' and V'S,V = LL', where U and L are two differ-

ent lower triangular matrices with positive diagonal elements and under the null

: 2 2 2 2 2 2
hypOtheSIS7 we have Uty ~ MXn-1> Wi ™~ MhiXn—i » Uny—it2n1—i+2 ™ nanf(n1f’i+2)’

i—1 ni— 2+1 2 P
S ui, ~ mixiy and Y onb TL1 120 ™ MiXpy—it1, for @ = 2,...,7 and they

are all independent. Similarly, it is noted that

i—1
1%1 ~ 77r+1X721(n271)> 11'21' ~ nr+iX$L(n2—1)—i+17 Z l?a ~ 77r+iX12717
a=1
ni1—i+1
2. o~ /2 4 12 N2
n1—i+2,n1—1i+2 nT+ZXn(n2—1)—(n1—z+2)+17 ny—i+2,a nT—Han—H—l’

and mutual independence also holds. Then,

/ —_—
|VSlV| Hum U’ll Huzz n1 +2,n1—142>

|V/SQV| = le?z = l%l HZZQZZTQU i+2,n1—i+2>

and under the null hypothesis H?,

HU, ~ annl HZM’ le ~ Mr41 H n; HZQM

i=1 i=r+42 =1
where Zy; ~ X2 _;, Zo; ~ Xi(m_l)_iﬂ are independently distributed, i = 1,...,n,.
Moreover, (V'S$1V)1y = w2, (V'SiV)y = w2 + Y0 w2, (V'S,V), = 13,

o)

13



(V'8 V) = 12 + S0 12, and all uy; and I;; (1 < j < i < ny) are indepen-

dently distributed. Moreover, under HY, v:S3v; and V), 1983V, _iy2 are both

independently x? distributed with the scale parameter Niy t =2,...,T

Since they are also independent of 3" w2, and " "y UL, ;194> We have
i—1 ny—i+1
Zum + Z um 2,0 + v S’3’Uz + vn1—1+253vn1 i+2 niX?u—&—Q‘
a=1
Similarly, we have 30 12, 4072 L~ 1402, Hence, equation (24) can
be written as
ﬁ 22“3;“%1 —i42,n1 —i+2
s (U + Um —it2mq—it2 T Za TN D D P 311 Cit2.0 T VSV U 58300, —iy2)?
ﬁ 221Lzlil —i+2,n1—i+2 e (25)
S (G o i T Z; 11 B+ 2ty T 2 ii0a)? 7
and its distribution can be illustrated:
ﬁ 220X —i X (ny—it2) z 220 X (1) =it 1 X (g — 1) (i —i42) 41 e

2 2 2 2 2 2 2
=2 U (Xn1+2 + Xn—i + an(n17i+2))2 i=2 nT-H(X?%l + Xn(n271)7i+1 + Xn(ngfl)f(n17i+2)+1)2
Then we can use Lemma 3.3 to obtain the distribution of A;. Put Wy, =
i+, 2
Za 1 uza + an ! n1 i+2,a + ’U;S;;’Ui + ’U;H_H_QS;g’Unl,iJrQ, Wlu = Uy; and Wgu =
. . 1 52 i+1 72 2
UL _ivom—ive and in a similar way let Wy, = SR Y B i Wu=10;

and Wy =I5 ;15 _iso- Then, (25) has the following form

no—1
ﬁ 22WluW2u ﬁ 22W11W21 ’
it (Wou + Wiy + Way)? |15 (Wor + Wi + Way)? '
Thus Lemma 3.3 yields that (25) is distributed as

. n—i i n—(ng—i+2) ng—i+3
Hﬁ<272>5< e

n2—1—1+12—1 nng—1)—(m1—i+2)+1 ny —i+2
(" 7)o 2 )

which gives the result (23).

no—1

When n; is even, the distribution of Af/ " can be obtained using exactly the same

ideas and manipulations. |
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In the next theorem we are going to derive the expression of Ay. Let us first
give a lemma which will be used in the proof (for the proof of the lemma we refer

to Nahtman, 2006).
Lemma 3.5. The matriz X :p X p, p = nanq,
EIII - ITLQ ® [UllInl + UIQ(Jnl - ITL1>] + (Jn2 - ITLQ) ® [0-21In1 + 022(Jn1 - I'I‘L1>] )
where oy, 1 = 1,2, are constants, has the following four distinct eigenvalues
A = o1+ (ng = 1)oe + (ng — 1) [o21 + (01 — 1)092]
Ay = 011 — 012 + (2 — 1) (021 — 022) ,
A3 = o011+ (ng — 1)o1 — [091 + (01 — 1)oa],
Ay = 011 — 019 — (021 - U22)>

of multiplicity my = 1, mg = ny — 1, mg = ny — 1 and my = (ny — 1)(ny — 1),

respectively.

Theorem 3.6. The LRT statistic for testing HY versus HS, defined in Section 2,

15 given by
o _ (m = 1)V |S,"
A" = (26)
[T 35 (tso + 372, v;S5v,)m
L
j#2

where Sy, are given in (7), h=1,2,3, m; =1,n1 —1,ng — 1, (ng — 1)(ny — 1) for
Jj=1,...,4, respectively, t3; = tr(S1Py,), tsa = tr(51Q,,,), t33 = tr(S2Py,) and
t34 = tr(SQin)'

Proof. Since the maximum of the likelihood function under the alternative hy-
pothesis HY, i.e., maxL(u, X;), has been given in (13), let us now consider the
derivation of maxZL(u, ¥ ;7). The likelihood function under the null hypothesis
HY is given by

L, Zpr) = (27) 7% Sy 73 e~ 3B (Y ol 1) (Y —iady 1)’} (27)

15



Here it is convenient to use the canonical form with the help of Lemma 3.5. First,
(I,0K'@V')vecY ~ N, (I, ® K'1,, @ V1, )u, I, @ (K' @ V)3 (K @ V)],

which becomes N, [(I, @ (y/n2,0,...,0) @ (y/n1,0,...,0))u, I, @ D(X))], where
D(A) is the p x p diagonal matrix given in Lemma 3.5. It yields that the model

can be split into 4 independent models and each model has the following response

vector:
Yi=w1, Y2= VeC(wz, e 7wn1)7 Y3 = VeC(mea s 7w(n2—1)n1+1)7
(28)
ys = Vec<wn1+27 ey Wopy, Won 42, -0 W3ny s - oo, Wng—1)ng+25 - - - awn2n1)a

where w; = (I, ®u})vecY and w; is the ith column of K®V,i=1,...,p. It can
be shown that 1 ~ Ny (y/ppdn, Aidy,) and §; ~ Ny, (0, NI, ), for j = 2,3, 4,
where \; and m;, j = 1,...,4 are given in Lemma 3.5. Thus, the MLEs of 1 and
A are given by

VB P M= @S h=FE. =234 (@)
Recall that there is a reformulation of the MLEs of i in the proof of Theorem 3.1.
Here the expressions of A in terms of S}, h = 1,2, 3, are analogous. Observe that
A = A1 and A3 = 7,41, where 7y and 7,1 are given in (16). As a result, \; and

A3 can be reexpressed as given in (17) and (18), respectively. Moreover, since

Yoy2 = waz Z 1/y/all, @ v)YY'(1/\/ngl,, © ;)

=2

— Z v, X1 X v; = tr((S1+ S3)Q.,,),
=2

no—1 ny no—1 nq
1= S S e = S SN @ oYYy 00
7j=1 i=2 j=1 =2
ni no—1
=2_v (Z XwX’w) vi = r(S:Qn,).
=2 7=1



the MLEs ;\2 and 5\4 can be rewritten as follows:

~ 1 e 1
17 gy T SQ) (30)
~ 1 e 1 .

Hence, the maximum of the likelihood function in (27) is given by

nm.,;
2 ——L _pn

4
max L(p, Xyr7) = (27?)77" HS\] ez, (32)

J=1

where \j, j = 1,...,4, are given in (17), (30), (18) and (31). Using the expressions
given in (13) and (32), Ay has the form given in (26). This completes the proof. W

Theorem 3.7. Under the null hypothesis HY, the distribution of Ay, given in (26),

equals
ny—1
A" < H By By, (33)
i=1
where By; and Bsy; are independently distributed, i =1,...,n; — 1,
n—i—1 1—1 1+ 1
B i~ ) )
1~ P ( > w1 2 )
nng—1)—1 i—1
B i 5 - .
2~ P ( 2 1 2)

Proof. The proof is similar to the one of Theorem 3.4. Based on Theorem 3.7,

Ao can be written as follows:

A2/ — (ny = )tV |V'S, V|
’ (V'S V)11 S, (VISi V)i + S, (VIS5 V)™

no—1
V'S,V
W)

(34)
" ((V’SzV)n Do, (VIS V

. . . V'SV
which contains two independent components V'S5, V|

n n ny—1
(V'S1V)u [Zi, (VIS V)it 312, (VI S3 V)i

and V' S2V|
(V'S2V)n [Z?ZIQ(V/SQV)%

no—1
]nll) because of the mutual independence of S},

17



h = 1,2,3. Applying the same Barlett decompositions as in the proof of The-
orem 3.7, ie., V'S,V = UU' and V'S,V = LL', where U and L are two

different lower triangular matrices with positive diagonal elements. Under the null
i—1
2:1 uzza

S 2~ \yx?,, which are mutually independent. Then, V'S, V| = [, u?

=1 "is

hypothesis, we have u% ~ \ox2_;, > ~ XaXigs B~ Mo, 1) and

and |V'S,V| =[], I2. Moreover, under the null hypothesis, based on Lemma

i=1 Y-
3.2, we have

ni

ni ni 1

92 d n1—1 2 d n1—1
| | Ui ~ AAy! | | Zy;  and | | lii ~ AsAy! | | Zi;
=1 =1 =1

i=1

where Z1; ~ X5_;, Zai ~ X , are independently distributed, i = 1,...,n;.

nz—l)—i—l—
Equation (34) can be written as

no—1
(n — D" T, uf (m = D" T2, 0
. ny—1 . ny—1
(Zr + i) + S viSavs) | (Sl + S0 2))
Moreover, 2?22(22;11 Uz, FV;S3v;) ~ )‘2X?n1—1)i and ) i, 22;11 17, ~ )\4X%n1—1)(i—1)
are independent. Defining Wy, = Y1, (301 w2, + v} S3v;) and Wi, = u? 4, 4,
i =1,...,n — 1. Similarly, put Wy, = S0, 301 12 and W = 7oy, 0=

(35)

a=1 "t

1,...,ny — 1, the distribution of A, is obtained from Lemma 3.3. |

3.2. Testing hypotheses about means or patterned covariance matrices
In this section, we are going to derive the LRT statistics for testing patterned
covariance matrices given a specific mean structure:

A — max L(u, Xyrr) A — max L(p, 3p) A — max L(p, X1y7)
T maxL(pw,B)0 0 maxL(p, X)) 0 maxL(p,Xy)

Furthermore, we derive the LRT statistics for testing means given a specific co-

variance structure:

Ae = maxL(,u,ZH) As = maXL(,u?EIII)
6 — y 7= .
max L(p, Xrr) max L(p, Xp77)

18



Theorem 3.8. The LRT statistic for testing HY versus HS, defined in Section 2,

s given by
(m-1) [, T, 4 n2-l
ni—1\n2{m— i=2 1 i=2 12,74 . .
( 12 ) ( . Zt _)17111—1 ((zT 1t T.)f”_1) s anl 18 Odd7
Ag/" — i=211i izo t2,r4i ) (36)
no—
_1\n2(n1—2) ¢ T 1152 t22 t2 . .
(mz 1) A2 1:1_[ T ,TH 2 ., if ny is even,
(leg tlz) (Zi:Q t2,r+z)
where fori=2,...,r —1,

tr; = tr (X1 X)) (0] 4 Uy —i1200,,_i10)) 5
torri = tr(Sa(vv) + vn1*i+2v;17i+2>)7

where X1 and So are given in (7), and for i =r,

tr(So(v,v), + Uny—ry2V, _,10)),  if n1 is odd,
toor =
tr(Sqv,v), if ny s even.

Proof. The expressions of max L(u, X;77) and max L(u, ¥;7) have been given in
(32) and (22), respectively. Observe that ty; = t31 and t9,41 = t33 with the
corresponding multiplicities 1 and n, — 1, and therefore they can be cancelled out

when calculating max L(p, X777)/ max L(p, 377). Hence, As has the form given in

(36). |

The result stated in the next lemma will be used when we derive the distribution

of A3 in Theorem 3.10.

Lemma 3.9. (Olkin and Press, 1969, Lemma 1) Let Uy,...,Up,, Vi,..., Vi, be
independently distributed, U; ~ x2, Vi ~ X3,. If

MM m2 V2
L= L2 G2 Y —. M =my + 2m,,

22ma (3 U + 2 VM

then L ~ HM ! X, where Xq,..., Xy—1 are independently distributed,

-~5(2 M) j=1,. ., M —my—1,

n+1 1 )
wﬁ( ]{4—5), j=M—mg,...,M—1. (37)
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Theorem 3.10. Under the null hypothesis HY, the distribution of Az, given in
(36), equals

ny—2
where By; and Bs; are independently distm’buted, 1=1,...,n1 — 2,

(

By~ 5(%77111—1) fori=1,... [n/2] -1,
K5("71, mil — %) fori=1[ny/2],...,n1 — 2,
(

Biwﬁ(%,ﬁ) fori=1,...,[n/2 -1,
kﬁ(w, =Y fori=[n1/2],...,n1 —2.

Proof. When n; is odd, (36) can be represented as

r n n2—1
A2/ d (n — 1)n1_1 Hi:2 t%’i (ng —1)™m~ ! Hz 2t2 i (39)
P2 (S )" T\ 2 (D))

where t1; ~ x3, and tg,; ~ X%n(nrl)v t=1,...,7 — 1, and they are independent.

Define M = ny — 1 and ms = r — 1. We then apply Lemrlna 3.9 to both of com-

ng—
(m-—D)™ T}, 83, (=)™ T3, i |
ponents o0 (2 tu)”l’l and e (o tz,m)"l*l in (39) separately by
putting V; = t; for the first component and V; = ty,; for the second component,

i =2,...,r. Hence, we have the distributional result given in (38).
When n; is even, (36) can be represented as
ng—1
A2/n d (nl - 1)n1 ' Hz 2 t lir (nl - 1)n1 ! H t% r+zt2 2r 2 (40)
3 ~ ni—1 np—1 ’
22(7'72) (Zi:Q tli + tlr) ' 22(7"71) (21:2 t2,r+i + t2,2r) .

where t1; ~ X3, and to ;i ~ X, 1) @ = Lo = 1 By ~ X0, 200 ~ Xog, 1)

and they are independent. Again, we can apply Lemma 3.9. Let M = ny — 1,
m; = 1 and my = r — 2. Defining U; = t;, and V; = ty; to the first part

(ni -1~ T72) 42,1, (n1—1)"1 172y t3 .y it2,2r .
22(r— 2)( - tlz+t1r>n1 r and for the second part 22(r— 1)(2222 t2,r+z+t2,2r)nl ! havmg
U = ta9, and V; = to,4i, © = 2,...,r — 1, we have the distributional result

given in (38). [ |
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Theorem 3.11. The LRT statistic for testing HY versus HS, defined in Section
2, 18 given by

2/7’7, _ 2”2(”1717neven) |Sl| |52|n2*1

Al — , (41)
[
=1

where Loven 1S the indicator function that ny is even, Sy are given in (7) and

t2,(k—1)r+i = tl"(Sk(’Ui’U; + ’Um_,’_;_g’villfpﬂ)), 1= 1, ., T and k = 1, 2.

Proof. Since the maximum of the likelihood function under the alternative hy-
pothesis H{, i.e., maxL(pu, X;), has been given in (13), let us now consider the
derivation of maxL(u, X;7). The likelihood function under the null hypothesis H?
is given by

L(p, Xqr) = (QW)*% ‘211\_% 6—%tr{2;11 [Y (1o, @17 [Y—(1n2®u)1’n]/}_ (42)
We first proceed with the following canonical reduction:
(I, K'®@V')vecY ~ N, (I, @ K'l,,, @ V'u, I, @ D(n)),

where that K'1,, = (y/n2,0,...,0) and V'p = (vip,... v, p)’. Put w; =
(I, ® u;)vecY and w; is the ith column of K @ V, i = 1,...,p. It follows that
the model can be split into n; + r independent models with the responses wj,
l=1,....,ny and §;, | = r+ 1,...,2r, respectively, where r = [n;/2] + 1 and
the 7 models are given in (15). It can be shown that w; and y;, i = 1,...,r, are

mutually independent and

wy ~ Ny (Vipvipl,, mlIy,),  w; ~ Ny(yngvipl,, nld,),
W, —ip2 ~ No(Vnovl, i oply, nldy,), 1=2,...,7 (43)
Yi~ Nnmr+i(07 77T+iI7lmr+i)7 t=1,...,m,

where 7; are the distinct eigenvalues of 3;; with multiplicities m;, [ = 1,...,2r.

It implies that the likelihood function in (42) is identical to the products of the
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likelihood functions of the ny + r separate models, i.e.

L(“’? 211) = Ll (Ivllll’? 771“-"1) H Ll(”;u’u nilwi>Ln17i+2(v;117i+2H’7 77@'|wn17i+2)

=2

X H Lr—i-i (nr-l-i’yi)' (44)

i=1
Since there is one-to-one transformation between the parameter sets {u, X7} and

{V'u,n}, the MLEs of 0; = v\ and i are given by

L,

Vot = —w;l,, i=1,...n,
n
1 1 , , - 1
= ﬁlenwl’ i = % r [Qn(wlwz + wn1—i+2wn1_i+2)] s, =2,..., 7T — 1,
1 ! / . .
N 2n [Qn(wTwr + wn1—r+2wn1,T+2)} , if nq is odd,
Ny =
%w'/ran’/‘v if ny is even,

(45)

and the MLEs of n, [ = r + 1,...,2r are given in (16). Recall that w; =
Y'(1/\/n2l,, ® v;) and wj,,+; = Y'(k; ® v;), where k; is the jth column of
the matrix K1,7=1,...,ny,7 =1,...,n9. The MLEs of 7, could be reexpressed

as follows:
R 1 ,
m = Etr (Sl’Ul’Ul) s (46)
, . 1
fori=2...,r—1, 1= %tr (S1(0i] + Vny—i42,_i10)) 5 (47)
) = tr (S1(0,V) 4+ Uy i2v], _40)),  if my is odd,
Ltr (S1(v,v))), if ny is even,

and the MLEs of 7, l = r+1,...,2r, have the expressions given in (18), (20) and
(21). Therefore, the likelihood function in (42) is maximized by

nm;

2r -
pn t 7 2 _bn
max L(p, X) = (2m)” 2 H ( 2 ) e 2, (49)

. nm;
i=1
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where g (y_1)r4i = tr(Sk(ViV; + Vny_ig2V), _i40)), i =1,...,r, k =1,2. Using the
expressions given in (13) and (49), A4 has the form given in (41) which completes

the proof. [ ]

Theorem 3.12. Under the null hypothesis HY, the distribution of A4, given in
(41), equals

ni—1

2/n 4 H Blngf 1’ (50)
where By; and Bsy; are independently distributed, 1 =1,...,nq — 1,
( ) .
LBy o=t 2
10~
kﬁ(n_;_17%) fOTi:[nl/Q}‘Fla-'wnl_l)
[ g(nna=1)=i -
Ly =1 )
2 ™~
\B(%’%> fori=[ni/2]+1,...,n; — L.

Proof. The proof follows the same lines as for the proof of Theorem 3.4. We,
therefore, briefly sketch the main steps. We begin by writing Ai/ " as
Ai/n _ 2n2(n1*17‘ﬂ.even) |V’Slv|
(V'SIV)u T [(V/S1V)ii + (V'S1V )y iz —ia] (
ng—1
y V'S, V| ’
(V'S2V )1 [Ty [(V'S2V )i + (V/So V), i2my-iva” ’

where Teyen is the indicator function that n; is even and (V'S,V); is the ith

51)

diagonal element of the matrix V'S, V. After applying the same Barlett decom-
position as we did in the proof of Theorem 3.4, under the null hypothesis, equation

(51) has the same distribution as

T

2.2 .2 2,2 .2 2 n2—1
ﬁ 771 anixn—(nl—i—&-Z) 2 nT+an(n2—1)—i+1xn(n2—1)—(n1—i+2)+1 ‘|
2 ) :

s P0G, X X (i) [ T O X a1y —it1 T X (ma—1)— (s —i42)11)°
We then use Lemma 3.3 to obtain the distribution of Ai/ " and it turns out that

A4 is distributed as the expression given in (50). [ |
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Theorem 3.13. The LRT statistic for testing HY versus HZ, defined in Section

2, 18 given by

om (= 1)V [8][8,™
A5/ = 4 . ) (52)
I1 a7
7j=1
where Sy, h = 1,2, are given in (7), t3; andm;, j =1,...,4, are given in Theorem

3.0.

Proof. Since the maximum of the likelihood function under the alternative hy-
pothesis H, i.e., maxL(pu, X;), has been given in (13), let us now consider the
derivation of maxL(u, X ;7). The likelihood function under the null hypothesis
H? is given by

L, Siip) = (20) % |8y 3 o b B - Qnaem ][y (o]}
Furthermore,
(I, K'@V')vecY ~N,, (I, @ K'l,,,oV'p, I, @ (K' @ V)3 (K @ V)),

which becomes N, (In ® (y/n2,0,...,0) ® (vip,...,v, u) I, ® D()\)), where
D(\) is the p x p diagonal matrix given in Lemma 3.5. It yields that the model
can be split into n; + 2 independent models with the responses w;, 1 = 1,...,n,
and y;, j = 3,4, where ¥, are given in (28), w; = (I,, ® u})vecY and wu; is the ith
column of K ® V, i =1,...,p. It can be shown that w; ~ N,(y/n2vp, M1,),
w; ~ Np(y/mavjp, AoIy), i = 2,...,np and y; ~ Ny, (0, A L,;), for j = 3,4,
where \; and m;, 7 = 1,...,4, are given in Lemma 3.5. Thus, the MLEs of
0; = vip and A are given by

1 / . N 1 / 3 1 - /
Vi = —wily, i=1,...,n, A = i Quwy, Ay = m;wi(»)nwi,
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and the MLEs of A3 and A4 are given in (29). Moreover, the estimators ;\j, J
1,3, 4, can be expressed as given in (17), (18) and (31), respectively, and the MLE

of Ay has also the following expression:

. 1
A r(S r(S .
Therefore,
4 ta. nm;
ma L Si) = 20 [ 0075, (53
and Aj has the form given in (52) and this completes the proof. [ |

Theorem 3.14. Under the null hypothesis HY, the distribution of As, given in
(52), equals

ni—1

2/n d H Blngf 1’ (54)
where By; and Bsy; are independently distributed, 1 =1,...,n; — 1,
n—i—1 1—1 )
B [ ) a |
1~ P ( > mo1 2)

nng—1)—i i—1 4
BZ'N 5 - .
? 5( 2 n1—1+2)

Proof. The proof follows the same lines as the proof of Theorem 3.7. Therefore,

we only briefly sketch the main steps. We begin by writing Ag/ " as

A2 (ny — )= |V’ 8§, V|

T (VSIS V)T
(55)

ng—1
. V'S, V]| ’
(V'SoV)u [S1,(V/ 8o V)™ 7
where (V'S V);; is the ith diagonal element of the matrix V'S, V. After applying
the same Barlett decomposition to V'S,V as we did in the proof of Theorem 3.7,
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under the null hypothesis HY, equation (55) has the same distribution as

no—1

(nl — 1)711 IHz 2Xn i (nl - 1)n1 IHz 2Xn (ng—1)—i+1

ni—1
(X%ru 1)(i—1) +Zz 2Xn z) (X%nl 1)(i—1) +Zz 2 Xn ng—l)—i—&—l)

|- (56)
We then use Lemma 3.3 to obtain the distribution of Ag/ " and it comes out that

Aj is distributed as the expression given in (54). [ |

Theorem 3.15. The LRT statistic for testing HY versus HE, defined in Section

2, is given by

. G7, if my is odd,
AZ = s 1 (57)

r—1 tr(S1v,v! . .
(Hz’:2 GZQ) m, if ny is even,

where
tI‘(Sl(’U U +UTZ1 Z+2vn1 z+2))
tr((XIX )('Ulvi + vn1—1+2vn1—i+2)) ’

and Sy and X, are given in (7).

i =

Proof. Since the maximum of the likelihood function under the null hypothesis
HY, i.e. max L(p, 17), has been derived in (22) and the maximum of the likelihood
function under the alternative hypothesis H¢, i.e. max L(p, X7) is given in (49),

the likelihood ratio Ag has the form presented in (57). [ ]

Theorem 3.16. Under the null hypothesis HY, the distribution of Ag, given in
(57), equals

i 6”11 if my 1s odd,
o 4 [ TH28C55), 1 o

(H:;zl 5(“7_1a 1)) /B(nT_l, %), if ny is even.

Proof. We have already shown in the proof of Theorem 3.4 that v}S1v; ~ n;x2_;
and v}, _;, 98100, —it2 ~ Mixi_y. Therefore, tr(Si(viv] + Vp,—iy2V _iis)) ~

fr;,;xg(n_l). And it has also been shown in the proof of Theorem 3.4 that v.Ssv; ~
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nixi and v}, _; 5S35, o ~ 1ix7. Moreover, Sy and S are independent. Hence,
when n, is odd,

2

d  Xom-1) d .

Gi~—5—"—"=5~pn-11), i=2...,r
Xam-1) T X3

and using the property that if Z ~ ((a,1) then Z% ~ 3(a/2, 1), we have obtained
Ag 2 T, B(%52, 1)]n/2. The situation when n; is even is analogous to the odd

case. Hence, the distribution of Ag has the expression in (58). |

Theorem 3.17. The LRT statistic for testing HY versus HY, defined in Section

2, 18 given by

2n tr(5:Q,,) met
" = (manan) )

where S and X4 are given in (7).

Proof. Since the maximum of the likelihood function under the null hypothesis
H?,i.e. max L(p, X177), has been derived in (32) and the maximum of the likelihood
function under the alternative hypothesis HY, i.e. max L(, 377) is given in (53).

Hence, the likelihood ratio A7 has the form in (59). [

Theorem 3.18. Under the null hypothesis HY, the distribution of A7, given in
(59), equals

2
A0 4 B, (60)

(n—l (n —1) ny—
whereBNB( )21 , 121>.
Proof. Recall XX = 8,4 83 in (7), we have tr((X,X7)Q,,,) = tr(5:1Q,,,) +
tr(S3Q.,,). Since tr(S1Q,,) ~ X{, 1y, 1) 1(S3@y,) ~ Xi,_; and it has been
known that S; and S5 are independent, we then have
Ag/n rilJ X%nfl)(nl—l) i |:5 ((n — 1)(711 - 1) ny — ]_):|n1—1
X 1)(m—1) T Xai—1 2 2
which yields the distribution of A7 in (60). |
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4. Testing parameters under a block circular Toeplitz structure

In this section, we consider testing hypotheses about parameters in model (2). Let

Y = (y1,y2,-.-,¥n) be a random sample from model (2), i.e.,
Y ~ Np»n(ulp]':w V(9)7 In) (61)

After some manipulation, the covariance matrix V(0) in (3) can be rewritten as

follows:
vVe)=1I1,oVY 4+ (J,, —1I,)2V?, (62)
where V(h), h=1,2,is a CT matrix and for ¢,7 = 1,...,nq,

(h) 0'2]1(},;1) + op + Tj—i|+1+(h—1)r> if ‘] — ’l| <r-— 1,

O+ Tny—|j—il+1+(h—1)r, ~Otherwise,

where 1 ,) is the indicator function, oy, 7, and o? are the parameters of the matrices
31, ¥y and oI in (3), respectively, g = 1,...,2r. Let @ = (02, 01,09,T1, ..., 7o)
be the vector containing all unknown (co)variance parameters. It has been ob-
served by Liang et al. (2012, 2014) that model (2) is overparametrized and we
have to put at least three restrictions on the parameter space of @ in order to esti-
mate 0 uniquely. Three restricted models M; considered by Liang et al. (2014) will
be introduced in the following lemma. The matrices K; and L in the lemma will
be stated without explicit expressions, i = 1,2, 3, and the proof will be omitted.

For details, it is referred to Liang et al. (2014).

Lemma 4.1. Let i be the vector of the 2r distinct eigenvalues of V(@). Then
the restricted model M; equals (61) but with the restriction K;0 =0, i = 1,2,3.

Equivalently M; can be defined via the free parameters
0; = (L(K;)°) 'n,
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where

* 2 /
07 = (07,09, Toy ooy Try Tra2y o -5 Tor)
05 = (0 /
2_(070277_17'"77_7”77_T+3a---77—2r)7
* 2 /
03 = (U 70-170-2a7_27‘-'aT’r‘aTr—‘r?n--';TQr) .

The matriz (K)° : (2r+3) x 2r is a matriz which columns generate the orthogonal
complement to the column vector space of K, and the explicit expressions of K,
(K})° and L are given in Liang et al. (2014), i =1,2,3.
By using L and (K)° the following important results for the three models M;,

i =1,2,3, can be studied (Liang et al., 2014):

My im =02 e =07 —ningos,

My =0% ni1 = 0% —ningeoy, for some l € {2,...,m,7+2,...,2r}, (63)

Ms:n =0 +niloy+ (ng — Dog], npy1 = 0% +ny(o) — 03),

m = o?, forsomel € {2,...,r,r+2,...,2r},

where 1 = (1) are the distinct eigenvalues of V'(0), given in (62).

Lemma 4.2. Let n = (n;), | = 1,...,2r, be as in Lemma 4.1. Without loss of

information, any of the models M;, 1 = 1,2,3, can be formulated equivalently as

Vi~ No(vordle,mIn),  ¥i~ Num, (0,00 0m,), 1=2,...,2r.

Depending on which M; is considered, n; is defined in Lemma 4.1, and it has
multiplicity m; which was given in Liang et al. (2012, Table 2). Moreover, ¥1 can

be further decomposed as

1 -
ﬁ%h ~ N(\/pn,u7 7)1), z ~ Nn71(0,?71In71),

where z = Ty and T is an (n—1)xn semiorthogonal matriz such that TT' = I,

and T1, = 0.
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For each restricted model given in (63), we will consider the following hypoth-
esis testing problems for the parameters of V(8). In model M; and My we will
test

Hyp :09=0 versus H, :09 <0,

and in M3 we will test

01

Hyp:09=0 versus Hg:— <oy <oj.

Ny —
The hypothesis Hy; implies that there is no random effect ~, in model M; and
My, while hypothesis Hy, means that the factor levels of ~y, are uncorrelated.

Remark: The alternative hypothesis H,; is due to the fact oy = —(ny — 1)oy
and o9 must be negative in order to make sure that 3 is positive semidefinite. In
model M3, there is no restriction imposed on the eigenvalues of 3;. Hence the
alternative hypothesis Hyo is 01 > 09 > —o01/(ny — 1) in order to preserve the
semidefiniteness of 3.

From (63) it can be directly observed that testing Hy; versus H,; in model M,

is equivalent to test
Hoi vy 2 = Mpsq versus Hop a0 01 < Mg, (64)
and testing Hy; versus H,; in model M is equivalent to test

Hoi o = = g1 versus Hop p, 10 < M1, (65)

for some l € {2,...,r,r +2,...,2r}.
In model M3, testing Hgo versus H,o in model Mj is equivalent to test

Hoo : 1y = N1 versus Hop @ 11 # N1 (66)

Next, concerning the covariance matrix 3 in (5), we will test for M;, My and

M;
Hyz3: 7, =0 wversus Hy3:71 #0.
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The hypothesis Hps means that there is no random effect «, in all restricted
models, since under the null hypothesis 71 = 0, the only possibility to preserve
the semidefiteness of ¥y is that X5 is the zero matrix. Then the linear function
m(o?,7,) (see Liang et al., 2014, for all coefficients), becomes n,(c%,0) = o2 for
some [, and ¢ depending on which 6] in Lemma 4.1 is considered. Consequently,

testing Hys versus H,3 in the restricted models M; and M, is equivalent to test

2

Hosp, :m = 0" versus Hys aq, @ none of 1 is equal, i € {1,2},1 # r+ 1,(67)

and in model M3, the testing problem can be formulated as
Hozpms i = 0°  versus Hgz aq, @ none of n is equal, [ # 1,7 +1.  (68)

In the subsequent two subsections we will propose the test procedures for testing
the null hypotheses Hy;, i = 1,2, 3. It is seen from Lemma 4.2 and (64)-(68) that
to test each hypothesis is nothing but testing the equality of several variances of
some of the 2r independent models of Lemma 4.2.

Bartlett’s test is a test procedure which is often used to test the null hypothesis
that population variances are equal under a normality assumption (Bartlett, 1937).
In the context of zero means for k£ populations, the test statistic has the following

expression (Bartlett, 1937, p.274):
Nln (M) —3F nInS?
1 LA 1
=) (Zizla—ﬁ)

where S? is the sample variance of the i-th population with sample size n;, i =

B =

(69)

1,...,k, and N is the total sample sizes, i.e. N = Zle n;. The test statistic in
(69) is a modification of the LRT statistic, which is here denoted as W, and with

Zero means we have

k
1 1 1
_ -1 _
B = —-2cInW, where c™" = 1+m (;1 o N) ,
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The asymptotic null distribution of B in (69) is the x* distribution with (k — 1)

degrees of freedom.

4.1. Test for the hypotheses of parameters in 3¢ under different restricted models

In this subsection, we consider testing the null hypotheses Hy; and Hys, respec-
tively, and construct the corresponding Bartlett’s test statistics.
According to the equivalent hypothesis (64), constructing a test statistic for

(64) is actually to test equal variances in the following two populations of Lemma

4.2:

z ~ Nn—l<07 nlIn—l)a S}T—i-l ~ Nn(n271)<0777r+lIn(n271))-

Thus, it is straightforward to construct a LRT or the corresponding Bartlett’s test
for testing equality of two variances based on the two populations z and ¥,
with zero means and sample sizes n — 1 and n(ny — 1). The result is presented in
the following theorem. The proof is omitted since it is a direct application of the

results from the previous section.

Theorem 4.3. In model M, the LRT statistic for testing Hoipq, @ 02 = 0
or equivalently n1 = ny41 against Hop pq, @ 02 < 0 or equivalently ny < 1,41 15
given by

1 nng—1 z/z nT_l ~ ~T n(ng—l)
W, = (nn? ) 2 ( ) (yr+1y +1) ’ (70)

n—1 n(ng—1) nng—1

(n—=1)"7 [n(ny —1)] 2 (22 + 51 119r11)

and the corresponding Bartlett’s test statistic with the asymptotic null distribution

s given by
H,
By =—2clnW;, =" 2 (71)
where ¢t =1 + % ﬁ + n(ngl—l) - nn;—l]'



Theorem 4.3 suggests to reject the null hypothesis Hy; o, for small values of
W7 or for large values of By, which implies to reject the null hypothesis of no
random effect 7, in (2).

Next we construct a test statistic for the testing problem given in (65), which
can be considered as testing the equal variances of two populations with respective

sample sizes n(ng — 1) and nm, as follows:
S’T-‘rl ~ Nn(nzfl) (07 "77"+1In(n271))7 S}l ~ Nnml(ov nlInml)a (72)
for some l € {2,...,r,r+2,...,2r}.

Theorem 4.4. In model My, the LRT statistic for testing Hoipm, @ 02 = 0
or equivalently m = ny41 against Hoy pm, @ 02 < 0 or equivalently my < npqq, | €
{2,...,m,74+2,...,2r}, is given by

(mu +ny — )™ 4 (§770)™ (T2 Fre1)™

m;nl (n2 — 1)7742*1 (S;;S’l _|_ S’;+1$—’T+1>ml+n2*17

W,/ = (73)

and the corresponding Bartlett’s test statistic with the asymptotic null distribution

s given by
H,
By =—2cln W, =" 2, (74)
-1 _ 1] 1 1
where ¢ =1+ 3 | nmy + n(ng—1) n(m;+na—1) | °

Similarly to Theorem 4.3, in Theorem 4.4 we will reject the null hypothesis
Hoyy m, for small values of W, or for large values of By, which implies rejection of
the null hypothesis of no random effect ;. Differently from M; and M, it can
be seen from (63), in model M3, there is no restriction imposed on the parameters
(or equivalently eigenvalues) of 37, which results in rejecting the null hypothesis
that the factor levels of 7y, are uncorrelated. However, the testing problem in (66)
is in fact a test for equality of two variances based on two populations z and ¥, 1,

which leads to exactly the same test statistic as given in Theorem 4.3.
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Theorem 4.5. In model Ms, the LRT statistic for testing Hpy : 09 = 0
or equivalently n1 = N1 against Hys : 01 > 09 > —01/(na—1) or equivalently n; #

Nra1 1S given by

nng—1 n—1 n(ng—1)
— 1) 2z (y._..¥, 2
Wg _ (TLTZQ ) 2 ( ) (yr+ly +1) : (75)

n—1 n(ng—1) nng—1

(n—1)7 [n(ny—1)] 2 (22 + ¥, Fr11)

and the corresponding Bartlett’s test statistic with the asymptotic null distribution

s given by
- _ Hoa = 2
Bs = —2cln W3 '~ x7, (76)
where ¢t =1 + % ﬁ + n(nzlfl) B nn;fl] :

4.2. Test for the hypotheses of parameters in 3y under different restricted models

In this subsection, we consider testing the null hypotheses Hy3 under different
restricted models, i.e. Hoz uy,, @ = 1,2, 3, respectively. The testing problem in (67)
can be considered to test equality of variances coming from the 2r — 1 following

populations:
z ~ Nn—l(oa nlIn—l)y S’l ~ Nnml(oanl-[nml)a
for some [ =2,...,2r but [ #r + 1.

Theorem 4.6. In model My and Ms, the LRT statistic for testing Hoz pm, : 1 =

o? against Huz p, © “none of my is equal”, i € {1,2}, I #r + 1, is given by

1 2r o nmy
n(p—ng+1)—1 (zIZ) ’ 1:[ (ygyl)T
(R TR I N i1 -
T ==
n — 2 nmy) 2 2
i1 Zz+ Y Vi
=2
l#r+1
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and the corresponding Bartlett’s test statistic with the asymptotic distribution is

given by
By=-2chnW, %3, ie{12}, (78)
where r = [n1/2] + 1 and
1 1 21 1
0_1:1+3(2r—2) w1 lz; nmy  n(p—ny+1)—1
I#r+1

In Theorem 4.6, we reject the null hypothesis H,3 o4, for small values of Wy or
large values of B, and it means that we reject the hypothesis of no random effect
~, under M exist, or My. The testing problem in (68) can be considered to be

a test for equal variances for the 2r — 2 populations:
5’1 ~ Nnml (07 nlInml)y
where [ =2,...,2r but [ # r + 1.

Theorem 4.7. In model M3, the LRT statistic for testing Hog pm, : 71 = o? against
Hys my 0 “none of my is equal”, 1 # 1,7 + 1, is given by

2 (p—n2)P™" 1411
w2 = m— (79)
H mml 2r o
=2 : Z YEYZ
l#r+1 1=2
l#r+1

and the corresponding Bartlett’s test statistic with the asymptotic distribution is

gien by
Hoz mz o
Bs = —2clnWy '~ x35,_s, (80)
where r = [ny/2] + 1 and
2r
1 1 1
-1
cl=l4— -
3(2r — 3) lz_; nm;  n(p — na)
I#r+1
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