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Abstract

Multilevel model with a block circular symmetric covariance structure is con-
sidered. Spectral properties of the corresponding patterned covariance ma-
trix are established. Sufficient conditions for obtaining explicit estimators for
the variance-covariance components are presented. Different restricted mod-
els are discussed in order to obtain explicit estimators, get interpretable model
reparametrizations and keep invariance properties of the block circular symmet-
ric covariance structure.
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1. Introduction

Hierarchically structured data are commonly encountered in many fields of sci-
entific investigations. In educational studies, for example, students’ performance
in mathematics is measured in various schools. Such data are called hierarchi-
cally structured data since students are nested within schools. Another example
of hierarchically structured data arise in repeated measurement where outcomes
of subjects are repeatedly measured over time. One way to model such data is
to use multilevel models (see Raudenbush/ [1988; Hox and Kreft|, |1994; Goldstein
and Woodhouse| 2000; Goldstein, |2003), which can take account the variations
from different levels.

The issue of covariance structures from different aspects has been discussed, for
example, by |Ohlson and von Rosen| (2010)) in the context of growth curve model,
Leiva and Roy| (2010)) and |Louden and Roy]| (2010) in linear classifications and
Pan and Fang| (2002) in statistical diagnostic. The presence of symmetry in the
data at one or several levels yields a patterned dependence structure within or
between the corresponding levels (Dawid), |1988) in the model. Symmetry here



means, that dependency between neighboring units remain the same (invariant)
even after re-arrangement of units. The properties of the patterned covariance
matrices in balanced multilevel models have been studied in Nahtman| (2006),
Nahtman and von Rosen| (2008), von Rosen! (2011) and |[Liang et al.|(2012]).

In this paper, the following multilevel model with a block circular symmetric
covariance structure will be considered. Let

y = pl, + Z1v, + Zoy, + €, (1>

where y is a p x 1 vector of measurements, p is an unknown constant, v,, 7y, and
€ are independently normally distributed random variables with zero means and
variances-covariance matrices 3y, 3o, and 021, respectively. Here p = nina,
zZ,=1,,21,,,2Z,=1,,&I,,, 1, is a column vector of size s with all elements
equal to one, I is the identity matrix of order s, and ® denotes the Kronecker
product. Thus,

y ~ Np(ul,, %), (2)
Y = Z1212'1+22—|—02Ip. (3)

The covariance matrix 3 in may have different structures under different
assumptions concerning 3i; and X,. With unstructured s, the model is obvi-
ously overparametrized. In this paper, we will consider ¥ when the covariance
matrix 3 : ng X ng is compound symmetric, i.e.

ElzalIn2+02(Jn2_In2)a (4)

where 01 and o, are unknown parameters. Furthermore, the covariance matrix
3o @ p X p is assumed to follow a block compound symmetric pattern with a
symmetric circular Toeplitz (SC-Toeplitz) matrix in each block, i.e.

Yo =1, %W +(J,, —I,,)%® (5)
where the SC-Toeplitz matrix X" = (agl )) depends on r, r = [ny/2]+1, parame-
ters, the notation [e] stands for the integer part, and fori,j = 1,...,ny, h=1,2,

Tiii 1y, A= < r—1,
A lJ =il . (©)
Tny—|j—i|+14+(h—1)r> otherwise,
and T(;S are unknown parameters, ¢ =1,...,2r.
Let @ = (0% 01,02, 71,...,7T2)" be the vector of unknown (co)variance compo-

nents. The main problem is to estimate pu and 8 based on independent observed



vectors y, ..., ¥n, each of them having the normal distribution given by . Let
Y = vec(yi,...,yn) and it can be found that Y ~ N, (ul,,, I, ® X), where
vec(-) denotes the vectorization operation and X is given by . It has been
shown (for example, see [Puntanen and Styan, 1989) that the maximum likeli-
hood estimator (MLE) of the mean parameter can be presented in an explicit
form if PX = 3P, where P = 1,,(1},,1,,)"'1},,, i.e., o= (1),1,,)7'1,Y.

For any estimation problem, the first question is whether the model parameters
can or cannot be uniquely estimated from data, i.e., whether the parameters are
estimable or not. Concerning the (co)variance components, in the work of Liang
et al. (2012), it has been shown that 6 in model are confounded and thus
non-estimable. In order to obtain explicit MLEs, the only possibility is to put
constraints on the elements of 3 and consider a restricted model. The question
is what kind of constraints can be imposed on X7 Is there any natural way of
reparametrizing 37 Can these constraints preserve the invariance of X, i.e. keep
the structure given in ? Do the constraints affect the estimation of the mean
parameter? These questions, which has not been dealt with, will be answered in
this paper. Firstly, due to invariance, the eigenvalues and eigenvectors of ¥ be-
come important quantities to study and one of several implications of invariance
is that eigenvectors are independent of the parameters @. Thus, all constraints
imposed on @ are indeed restrictions on the eigenvalues of 3. Secondly, altering
the dependency structure of y can result in change of the structure of 3 which
may violate the assumptions of invariance. Thirdly, it is important to recall that
3} is the sum of three matrices characterizing dependency among the three fac-
tors. Thus, imposing constraints upon ¥ can be done via imposing constraints
on some or all of these components. i.e., imposing constraints on some or all
factors in model . This option seems to be meaningful since one often has
information about specific factors in the model. The aim of this paper is to
discuss the maximum likelihood (ML) estimability of (co)variance components
in multilevel models with block circular symmetric covariance structure and pro-
pose some possibilities to obtain explicit MLEs of (co)variance components.

The organization of this article is as follows. In the next section, we introduce
some results concerning spectral properties of block circular symmetric covari-
ance matrices and the estimation of the eigenvalues. In Section 3, strategies to
find identifiable parameters and obtain explicit MLEs by considering restricted
models are presented. Section 4 illustrates the main results as well as an example.
Section 5 comprises discussion concerning the obtained results.



2. Preliminaries

In Liang et al| (2012)), spectral properties of ¥;, Z13;Z) and X, have been
derived. In this section, we will provide some useful results concerning spectral
properties and estimation of eigenvalues of 3, given in . When estimating 0
in model , it is important to derive expressions for the spectral decomposition
of the covariance matrix 3. Moreover, the number of distinct eigenvalues of ¥
and the linear relation of these different eigenvalues are useful in studying the
estimations of (co)variance components.

Theorem 2.1. |Liang et al.| (2012). Let @ be the vector of the unknown (co)variance
parameters in , i.e. 0 = (0% 01,00, 71,...,T2) andm be the vector represent-
ing the distinct eigenvalues of 3 given in (@ Then m can be expressed as
follows:

n = Lo, (7)
where
L= (B, B,): (8)

and

1 nq nl(nQ — 1)

o 11"—1 07«_1 0,,«_1 . A (TLQ — 1)A
Bl o 1 1 —1n ’ 32 o (A —A ’
17“—1 Or—l 07”—1

and Op,, /9 are vectors of length r — 1, A = (a4j) is a v x r matriz and
aij = 2M<i<ricos(2m(i — 1) (ny — j + 1) /n1), 4,5 = 1,...,n4, 9)
where 1y, is the indicator function.

As mention previously, under invariance the eigenvectors are independent of the
parameters. Therefore, all unknown parameters are connected to the mean pu
and the eigenvalues of 3. The maximum likelihood estimators of eigenvalues, as
well as their distributions, are now derived.

Let @Q be as in the proof of Theorem 2.1 Premultiplying Y by I, ® Q', we
obtain,

I, ®QNY ~ Ny [1,® (/P 0,...,0)],I,® D(n)),



where D(n) is a pxp diagonal matrix with the eigenvalues of 3, given in Theorem
2.1 on the main diagonal, i.e. the model can be splitted into 2r independent
models. Define w; = (I,, ® v})Y, and let

Y1 = wy,
yi = Uec(wi7wn1—i+2>7
Yr41 = Uec(wn1+1’ Woni+1y - - - 7w(n2—1)n1+1>7
Yr+i = Uec(wn1+ia Wong —i+2, Wong+ir W3ng—i+2 - -+ W(ng—1)n1+4> w(ngfl)n17i+2);
where ¢ = 2, ..., 7. Then we have

5’1 ~ Nn(\/z_ju]-nvnlIn)7
S’i ~ Nnml(O)nzIan% 1= 27 cee ’27“’

where m; is the multiplicity of n; (see Liang et al. [2012). It turns out that
and 7; are estimated through y;. The MLE of n, is

1 1

= EY’l(In —1,(1,1,)7'1)¥1, (10)
and the MLE of n; is

ni = (1/nmy)yiyi, i =2,...,2r. (11)

Now, it is straightforward that 7, N%X% 1y and 7 ~ L X%nmi)’ i=2,...,2r.

n— nm;

3. Identifiability of parameters

Szatrowski (1980, Theorem 5) presented a necessary and sufficient condition for
checking whether or not explicit MLEs of the variance components in a balanced
mixed model exist, which is of the utmost importance in our work. If the suf-
ficient condition in Szatrowski (1980)) holds, i.e. the number of elements in n
equals the number of elements in @, the MLE of @ has an explicit expression,
which is obtained by solving the linear system in and n is replaced by its
MLE. If the number of elements in 7 is less than the number elements in 6, 0 is
estimable only under some constraints on 8. The next proposition establishes a
relationship between the number of elements in @ and 7).

Proposition 3.1. Let s; be the number of distinct eigenvalues of 3 defined in
(@, and sy be the number of unknown parameters in 3, then A = s; — 51 = 3.



Proof. The result is obtained via . Recall that 3 given in is the sum of
three matrices:
X=Z%Z+ B+ oL . 12
12414 2 g 4 (12)

2 parameters 27 parameters 1 parameter

According to |[Liang et al|(2012), it follows that there are 2r distinct eigenvalues.
So, A = 3. [ |

Thus, according to Theorem , model is overparametrized, and hence ex-
plicit MLEs do not exist for 8. Hence, we have to put at least three restrictions
on the parameter space in order to use the MLEs of the eigenvalues to estimate
0 explicitly. Since o2 in is connected to the random error, a restriction
on 02, i.e. 02 is a known constant, will not be considered. Thus, there are two
scenarios. Either one can put one constraint on the spectrum of 3; and two
constraints on the spectrum of 35 or alternatively one can put three constraints
on the spectrum of 3.

Observe that n specified in (7)) is not only a function of unknown covariance
parameters in 8, n = (@), but also a function of the distinct eigenvalues

AT = (AT AT = (A% A2 AR A2) and M
of 31, ¥y and 021, respectively, i.e.
ni = MNP T6 € {1+ 1) + A2, (13)

where h=1+1(i=r+1),i=1,...,2r, and I(e) is the indicator function.

It turns out that instead of putting constraints on 6, it is more reasonable to im-
pose constraints on the eigenvalues of the covariance matrices 3; and 5. The
advantage of this approach is that the corresponding eigenvectors will specify
the constraints to be imposed on the corresponding factors which can be easily
interpretable and the original symmetry assumptions will be preserved.

Scenario 1: One constraint on the spectrum of ¥; and two constraints on the
spectrum of 3.

Two possibilities for imposing restrictions on the spectra are given by

(DA =0, A7 =0, \>7 =0,i,i" € {1,2},i #4;

(i) AP =0, T2 =0, A\F2 =0,4,7" ke {1,2}, i A7, j € {2,....r}.

Remark 3.1. In fact, the condition A>* = 0 in (i) is very restrictive, since in
this case 01 = g9 = cov(V14,71), i, L = 1,...,ng, i.e. the covariance matrix ¥; in
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becomes equal to o;J,,. In the subsequent, we will only consider the case
when A, ™ =0 in (i).

Using the relationship between the eigenvalues A2 of X5 and the elements of X
(see Liang et al., 2012, Corollary 2.6), conditions (i) and (ii) can be expressed in
terms of constraints on 0 as K;0 =0, ©+ = 1,2, where

01 (ny —1)]0, 0,

K1 = 00 0 a (n2 - 1)0/1 s (14)
00 0 a —Qaq
01 (ng—1)|0, 0,
Kg = 00 0 a; —Qa; s (15)
00 0 a; —(1 — ng)szaj

and the vectors a; and a; are the corresponding rows of the matrix A defined

in @

Scenario 2: Three constraints on the spectrum of 3.
Two possibilities of putting restrictions on the spectrum are given by
(iii) A7? =0and A72 = 0,i=1,2,¢ € {1,2}, j € {2,...,7}.
Conditions in (iii) can also be expressed as K36 = 0, where
000 a; (ng — 1)0,1
K3 = 000 a —Qaq
000 a; —<]. — TL2)2_Z a;

, (16)

and the vectors a; and a; are the corresponding rows of matrix A defined in
(. In order to have better understanding the meaning of restrictions (i)-(ii),
their implications for the factors v, and -, in model will be studied.

The most commonly used constraints when performing data analysis are “sum-
to-zero” and “set-to-zero” constraints: if v = (y1,...,7%)" is a vector of pa-
rameters, then the “sum-to-zero” constraint for ~ equals Zi:l v; = 0 and the
“set-to-zero” constraint for -y, for example, equals 7, = 0. |[Nahtman (2006)
showed that the restriction nyoq +nq(ng — 1)o = 0 in Scenario 1 is equivalent to
the “sum-to-zero” restriction of the random factor 7, in model (|1)) and described
the structure of ¥ given in (4] under this restriction.

Theorem 3.2. |Nahtman (2006). Let v, = (V11,---:Y1m), Where v1; # 71
a.s., 1 # j. Let E(v,) =0 and assume that D(v,) has the structure specified in
. The following conditions are equivalent:

(i) 1,71 = 0 a.s. (“sum-to-zero” restriction),

i) 3y = 282(I,, — -J,,), where oy = D(vy;),i=1,...,ny,

( e

111) nioy + n1<n2 — 1)0’2 =0.




In the following theorem, equivalent conditions obtained from imposing two re-
strictions on the spectrum of 3, are presented. By putting different restric-
tions on the spectrum of 35, the corresponding eigenvectors provide us the
reparametrization of ~y,.

Theorem 3.3. Let vy = (Y211, --+Y2man,) e the nested factor in model
with E(vy,) = 0 and D(v,) = X5 as defined in (3). Let v: no x 1 be any non-zero
vector satisfying v'1,,= 0, and let {v;} be the eigenvectors corresponding to r
distinct eigenvalues of T specified in @, h=1,2, andv; # 1,,. Assume that
Voiij 7 Vokj for all j and a5 # 245 for all i a.s. Then the following conditions
hold:

(i) 17,=0 and (v ® 1,,)'v,=0 a.s., iff \J =0 and A3 =0,

(i) (v ® 1,,) 7, =0 and (V"' @ v;)v, =0 a.s., iff \ = 0 and )\sz =0,
ke{l,2}, je{2,...,r},

(iif) ("'® 1,,) 'y, =0 and (v '@ v;)v, =0 a.s., iff \7* = 0 and A7? = 0,
i=1,247€e{1,2},je€{2,. ...}

Proof. Let us show that (i) holds. Using (i) we get
0=D(17,) = D[ a1;,)7],
and the structure of ¥ given in (3 implies
1/P |:I”2 ® 2(1) + (JnQ - InQ) ® 2(2)] 1P = 07
(v @1,) |1, @ =0+ (J,, - L) @3] (ve1,) =0, (18)
From and (18), we have

noll, WL, + (n3 —ny)1, P11, =0,
v'v(1, £V, -1, 2¥1, ) =0,

which are equivalent to

1,21, =—(n,— 1)1, =®1,
1,201, =1, =%, .

From the spectral decomposition, we have

1
A2 = n_11;12<1)1n1 + (= n1, %1, =0,
1 1
Ny = -1, B0, - 1, B, =0,

8



which completes the proof of the first implication in (i).

Now, the condition A3 = 0 and A3? = 0 in (i) implies that, the eigenvectors
corresponding to the zero eigenvalues are, v; = 1, and v, = v ® 1,,,. Since
E(v,) = 0, we have E(v}7y,) = 0 and E(vyy,) = 0. Moreover, D(v|vy,) =
v D(7y5)vy = 0 and D(vhy,) = v5D(7y,)va = 0. Thus, vy, = vhvy, = 0.

Next, we prove (ii). It follows from the condition (ii) that
0=D [ @1, )] = D[ @ 1,))|.

and for j € {2,...,7}, we have

1,2, —1 2%, =0

ni ni ni ni )

VS + (ny — 1 EPv; =0, ifk=1,

'U;E(l)'uj - v;E(z)vj =0, ifk=2.
Thus, A2 =0 and \;7? =0, k € {1,2}, j € {2,...,7}, hold.
To complete the proof of (i), suppose that A\32 = 0 and )\,?]? =0, k € {1,2},
j € {2,...,r}. The eigenvectors corresponding to the zero eigenvalues are
v =v®1, and vy =v" ' ®@uv;, ke {1,2}, j €{2,...,r}. Since E(viy,) =0

and D(vivy,) = 0,i = 1,2, we have v}y, = 0,7 = 1,2. This completes the proof
of (ii).

Finally, we prove the statement in (iii). The condition (iii) implies that
1, 21, + (n, - D1, 21, =0,
1,21, -1, %1, =0,
v/ SW; 4+ (ny — 10, 2Pv; =0, if i =1,
v;Z(l)vj - v;Z@)’vj =0, ifi =2,

which is followed by A7? =0 and A}? =0,i=1,2, 7 € {1,2}, j € {2,...,r}.

On the other hand, for the eigenvalues A2 = 0 and A?j =0,i=1,2,7 € {1,2},
j € {2,...,r}, the corresponding eigenvectors are v; = v '® 1,, and vy, =
v’ 1l® v;. It is straightforward to verify that v; =0, ¢ =1, 2. [

Remark 3.2. Consider the condition (i). If v is any non-zero orthonormal vector

such that v'1,, =0, it implies that (%21712@\/%1711)/’72 =0and (v®\/%1m)’72 =

0. Premultiplying theses expressions with (\/%1@ ®+/nil,,) and (v® /n1l,,),

respectively, we obtain (LJ,, ® 1/ )y, = 0 and (vv’ ® 1/, )y, = 0, which yields
no ni ni

(I'n,®1}, ), = 0. This result provides the condition which leads to the classical

“sum-to-zero” reparametrization for ~y,.



4. Explicit MLEs of (co)variance parameters

In the previous section, different restrictions were described in order to derive
estimable (co)variance components. The results of the previous section will now
be applied to model . We first state the estimability conditions in the following
theorem. In the rest of this section, different constraints provided in Theorem

[4.1] will be illustrated.

Theorem 4.1. Let v: ny X 1 be any non-zero vector satisfying v'1,,= 0, and let
{v;} be the eigenvectors corresponding to r distinct eigenvalues of M specified
mn (@, h=1,2 and v; # 1,,. Model has explicit MLEs for @ if one of the
following conditions hold:

In Scenario 1,

(i) 15,71 =0, 1,;7,=0 and (v ® 1,,)"v,=0,

(i) 10,7, =0, (v ® 1,,)"v,=0 and (V"' @v;)/v,=0, ke{1,2}, je{2,...,r},
In Scenario 2,

(iif) (V'@ 1,,) v, =0 and (v' '®@v;)v,=0,i=1,2,i' € {1,2}, j € {2,...,r}.

Proof. In Section 3, it has been shown that conditions (i)-(iii) are equivalent
to the imposing restrictions on the parameter 6, ie. K,0 =0,i=1,...,3.
According to (7)), the equality n = L6 with the restriction K;0 = 0, is equivalent
to @ = (K)°6*, where (K)° is a matrix which columns generate the orthogonal
complement to the column vector space of K and 6 : 2r x 1 is the vector
of unknown parameters in model which is determined by restrictions (i)-
(iii). If L(K;)° is invertible, then 6" can be estimated. Since r(L(K};)°) =
r(L : K) —r(K}), and r(K)) = 3, where r(e) denotes matrix rank. Due to
the structure of L and K, given in and —, respectively, we find that
r(L: K})=2r+3,ie L(K})°is of full rank and therefore invertible. Thus,
6" = (L(K})°) ' n. o

Remark 4.2. Consider the reparametrization (1;,, ® I, )7y, = 0. In this case,
0=D [(1;2 ® In1)72]
= (1, @ L) [Ty @ U 4 (I, = L) © 2O (1, © L)
=W 4 (n, —1)2®, (19)

Hence, BV = —(ny — )X, Let 7 = (74, 7})" be the vector of the unknown
parameters in ¥,, where 7y = (7,...,7.) and 79 = (741,...,72.) are the
unknown parameters in X4 and X® given in , respectively. The equality
W = —(ny — 1)E® implies that 7, = —ﬁﬁ. Thus, BsT with By defined

10



in Theorem 2.1} becomes

. A(TLQ—]_)A T1 . OT
per= (3" ) (L2 ) = ()

and )\12;2 =0,7=1,...,r. In this case, s; and sy defined in Proposition are
the following:

{r +1,  with the condition 1}, =0,
S1 =

r+ 2, otherwise ,

. — {r +2,  with the condition 1,7y, = 0,

r+3, otherwise .

Therefore, the sufficient condition for obtaining the explicit MLESs of the variance
components in Szatrowski| (1980) does not hold.

In the next example, we illustrate the obtained results concerning the explicit
estimators of the parameters in model .

Example

Let n; = 4. In this case for the model we have

y ~ N4n2(,u]-4n2a2)7
E = Z121Z/1 + 22 + O'2I4n2,

where 3y = 011, + 02(Jpy — I,), o = I,,, @ XY + (J,, — I,,,) @ 23 and

T1 T2|T3 T2 T4 T5|Te Ts
() _ T2 T1|T2 T3

T3 T2|T1 T2

To T3|T2 T1 T5 Te|Ts T4

Using Theorem [2.1], the distinct eigenvalues of %5 are given by n = L@, where
0 = (0%,01,02,71,Ta, T3, T4, T5, T6)' and

144(ny =11 2 1 my—1 2(my—1) ny—1
10 0 |10 —1ny—1 0 —(na—1)
Lo 0 121 n-1-2Mm-1) n-1
14 —4 12 1 -1 =2 —1
10 0 10 -1 —1 0 1
10 0 [1-21 -1 2 ~1

According to Proposition the number of distinct eigenvalues of 3 equals to
6, and the number of unknown parameters in 3 is 9. Thus, as noted previously,

11



the model is overparametrized. Let now apply the restriction (i) from Scenario 1,
i.e. AF'=0, A72=0 and A32= 0. In this case, oy = —(ny — 1)oy, 1= —275 — 73
and 74, = —275 — 7¢. For this restricted model, the vector of unknown parameters
is the following. 8 = (02, 09, T2, T3, 75, T6)’. The vector of the distinct eigenvalues
of ¥, 1, can be written in the form n = L(K)°0", where

(1]
(Kll)a = )
which yields
m 10 00 0 0 o
s 1 0 —2-22(1—ny)2(1—n2) | [ o
R . 1 0 —4 0 4(1 — n2) 0 T2
T4 o 1 —4n2 0 0 0 0 T3
s 1 0 —2-2 2 p T
N6 1 0 —40 4 0 Te

The explicit MLE of 8" equals

1 0 0 O 0 0
ﬁo 0—@ 0 0
N A
I T RS ETC Rl
0 0 —4= 0 0 o
0 =35 7 0 ~ T

and 7) is given in —. Namely, 0f = 62 = #,.

Let us now apply the restriction (ii) in Scenario 1, for example, )\le =0, /\glf =0
and \22 = 0. Now, 0y = —(ng—1)os, 74 = 7 — T3+ 7 and 75 = 75 + 73 — 75. The
vector of unknown parameters is now 6* = (02, 09,71, T2, 73,7¢)’. The vector of
the distinct eigenvalues of X, 1, can be expressed with the help of

—(ni—l) O

(K})° = R

0

1
O 01

]

1
1

1
—1
1

12



as n = L(K})°0", or

T 1 0 ng 2ns Mo 0 o
T2 1 0 N9y 0 —MNo 0 09
5] . 1 0 o —2n2 4 — 3712 4712 —4 1
2 - 1 —4n2 0 0 0 0 T2
s 10 0 0 0 0 T
e 10 0 0 4  —4 To
The explicit MLE of 8" is obtained as follows
0 0 0 0 1 0
0 0 0 —3= 3z 0
11 1 3+n 1 1
; T GV el O
* = 1 1 7
w0 a0 R0 E(E-) |
1 11 1(1 1 1
U L C R IECE
[T S N B 1
4no 2no  4ns 4dno 4no

where 7) is given in ([10])-(L1).

Suppose condition (iii) in Scenario 2 is used. For example, )\f:f =0, )\% =0

and A} = 0. This implies that, 7, = =27 — 73, 74 = —1_2n2 Ty — —1_2n2 73+ 76 and
T = ﬁTQ + ﬁﬁ — 76, and 0" = (02,01, 09,72, 73,76)". Now, the equality of

n = L0, can be written as n = L(K3)°0", where

and we obtain

145n,—-5 0 0 0

10mn,—=1 0 0 0

10n,—1 0 4 4ny—4

14 =5 0 0 0
2no 2n9o

10 —1 =4 4
n9 ng

13



The explicit MLE of 8" is obtained as

1 1 1 1
5 <n2 > 1 O 5 ( no O
1 1 1 1 1
x5 i 0s0=5) 0
. = 0 0 — 0 0
0* . 5no bno N
= (1 _ 1 _ 1 mel 0 (L _q) |
20 \ n2 4 4ng 20n2 4 \ n2
L(i_q)1_ 11 m 11 4) 1q_ 1
20 \ no 4 2ns  4ns 20n2 2 \ no 4
1 N B U 1 1
20n2 2n9o 4ng 20n9 2n9 4ng

where 7 is given by (10)-(11)).

5. Discussion

In order to get explicit MLE for all (co)variance parameters in model , certain
restrictions should be imposed on the covariance structure X, or equivalent on
the unknown covariance parameters 8. Choosing appropriate restrictions on the
parameters @ for model may sometimes be a difficult task. One reason is
that the existence of an explicit estimator for the mean parameter (u) should
not be affected in the restricted models. Imposing restrictions on the spectra
of the covariance matrices is beneficial from a X-invariant point of view, since
in this case we can find the restrictions which can preserve the block structure
of 3, and then the explicit estimator of u exists. Even for more complicated
mean structures (for example, bilinear structures), it is still possible to find out
what kind of design matrices can lead the existence of explicit estimates of mean
parameters.

Seely| (1971) proved that Jordan algebra implies that there exists an optimal
unbiased estimator (uniform minimum variance quadratic unbiased estimator)
for any linear combination of variance components. We may show that the set of
block circular symmetric matrices is a Jordan algebra. It can also be shown that
not all restrictions on @ can preserve the block circular structure. For example,
a “set-to-zero” reparameterization, i.e., 2, = 0, will not preserve the structure

of X.

An interesting finding is (see Remark 3.2.) that the “sum-to-zero” reparametriza-
tion (I, ®1;, )v,=0 can give the explicit MLEs of 8. However, not all “sum-to-
zero” conditions lead explicit MLEs of 8 in model . For example, there is an-
other “sum-to-zero” condition, i.e. (1), ®I,, )y, = 0 or equivalently Y "% v5;; =
0 a.s. for all 7 =1,...,nq, without explicit MLEs. Moreover, it has been shown
(see Remark 4.2.) that under this reparameterized model (), the sufficient

14



condition for the existence of the explicit MLEs of the variance components in
Szatrowski (1980) does not hold.
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