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Abstract

Several algorithms for generating and analyzing multigraphs under two different multi-
graph models are presented including the following: to find distributions of complexity
measures in different random multigraphs, to analyze the local and global structure of
multigraphs under different multigraph models using information theoretic tools based
on entropy, and to test simple or composite hypotheses concerning random multigraphs.

Keywords: multigraph, algorithm, graph enumeration, complexity, multiplicity, en-
tropy, information divergence, goodness-of-fit.

Introduction

There are many graph theoretic algorithms available in the literature. In this article, multi-
graph algorithms used in the articles by Frank and Shafie (2012), Shafie (2012a) and Shafie
(2012b) are presented. Algorithms are given for generating multigraphs under two different
multigraph models. The first model is random stub matching (RSM) where the edges are
formed by randomly coupling pairs of stubs according to a fixed stub multiplicity or degree
sequence. Thus, edge assignments to vertex pair sites are dependent. The second multi-
graph model is obtained by independent edge assignments (IEA) according to a common
probability distribution over the sites. Two different methods for obtaining an approxi-
mate IEA model from an RSM model are also considered. The first method is obtained by
assuming that the stubs are randomly generated and independently assigned to vertices,
called independent stub assignments (ISA) and the second method of obtaining an approxi-
mate IEA model is to ignore the dependency between edges in the RSM model and assume
independent edge assignments of stubs (IEAS).

Algorithms are also given for analyzing and testing different multigraph models using
information theoretic tools based on entropy. In particular, algorithms are given for using
the local and global distributions under RSM and IEA to calculate moments and entropies,
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and for comparisons between distributions by information divergence. Further, special
algorithms are developed for analyzing the complexity of multigraphs which is defined and
quantified by the distribution of edge multiplicities.

All algorithms are developed by me and presented in a brief algorithmic style. They
have been used for research work presented in the references, and details about concepts
and notations used in the algorithms can be found there. Note that there might be more
efficient alternatives available in the computer science literature. Such efficiency might be
required in order to apply the methods to large multigraphs or to extensive calculations with
many multigraphs. Since this has not been needed during the methodological development,
no attempts have been made to get optimal algorithms.
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Algorithm 1: Generating non-decreasing edge sequences for multigraphs with fixed
number of vertices and edges

Input: Number of vertices n and number of edges m
Output: A list Z with all possible non-decreasing edge sequences

e ()

2 t+1

3 for i<+ 1 tom do

a | e(ti) 1

5 k< m

6 while £ > 0 do

7 while e(t, k) < r do

8 t+—t+1

9 for i + 1 to m do
10 if i < k then
11 | e(t,i) < e(t —1,i)
12 else if i > k and e(t,i) + 1 <r then
13 L e(t,i) «e(t—1,k)+1
14 k+m
15 if e(t,k) = r then
16 L k+—k—-1
17 Z+ e
18 for i < 1 ton do
19 for j <+ 1 ton do
20 if i < j then
21 | A(i,j) =1
22 else
23 | A(i,j)=0
24 foreach row in Z do
25 foreach column ¢ <+ 1 to m do
26 for i + 1 ton do
27 for j <+ 1 ton do
28 if A(i,7) > 0 then
29 a < row index 1
30 b < column index j
31 recode ¢ <+ (a,b)

32 return Z




Algorithm 2: Complexity of multigraphs with fixed number of vertices and edges
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Input: Number of vertices n and number of edges m, edge loops allowed or forbidden
Output: Properties of multigraphs including complexity sequences r = (rq,...,7m) and summary
complexity measure ¢ for each possible non-decreasing edge sequence

Call Algorithm 1 for e and Z

re ()

foreach row i in Z do
for j < 1 tor do
L Multiplicity sequence m(%, j) < frequency of e(i) = j

for j <~ 0 to m do
L Complexity sequence r(i,j + 1) < frequency of m(i) = j

M (i) < upper triangular matrix containing elements of m(%)
Number of edge loops m1 (i) < sum over all diagonal elements M (i)
if m1(7) > 0 then

L I, +1
if forbidden then
Remove all rows in Z where Ip,; =1
Repeat steps 3-7

foreach row i in Z do
mFac(i) < product over the factorial of each element in m(%)
Complexity summary measure t(¢) < m1(2) + log, mFac(i)
for u <1 ton do

L Degree sequence d(i) < frequency of Z(i) = u

return List with columns containing Z, d, m, my, r, t

Algorithm 3: Generating non-decreasing permutations of a stub multiplicity sequence
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Input: Degree or stub multiplicity sequence d = (d1,dz, ..., dn)
Output: A list S with all non-decreasing permutations of a stub sequence

Number of vertices n <— number of columns in d
Number of edges m < half of the sum of all element values in d
t+1
s(t) < [191 292 ... pdn)
k< m-—1
while k£ > 0 do
Wi (t) + [191(5F) ... pdn(t.K)] an ordered sequence of vertices in the edges (eg(t),...,em(t))
Try to re-order Wy (t) as a non-decreasing sequence of edges (fi(t),..., fm(t)) above eg(t) so that
fre(®) «—er(t) +1 < frg1(t) < -+ < fm(t), where eg(t) + 1 means that its second vertex is increased by 1
if re-order possible then
S(t + 1) A [el(t)v R ek—l(t)v fk(t)v cee fm(t)]
t+—t+1
else
| kek-1
S+s
return S




Algorithm 4: Complexity distribution and multigraph distribution for multigraphs
under RSM
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Input: Degree or stub multiplicity sequence d = (d1,d2, ..., dn)
Output: Lists including complexity distributions P, and multigraph distributions Pz

Number of vertices n <— number of columns in d
Number of edges m < half of the sum of all element values in d
Call Algorithm 3 for S <« list of all permutations of the stub sequence
Z<+S
Follow steps 2-19 in Algorithm 2 to find m, my, r, ¢
foreach row i in Z do
if any element in m(i) > 2 then
Multiple edge indicator Ipm, (i) < 1
x < a vector containing elements in m(i) > 2
C' < product over the factorial of each element in =
else
L Multiple edge indicator I, (i) < 0

if I, (i) =1 then

‘ Total number of possible shift permutations between edge pairs SPB(i) < m!/C
else

L Total number of possible shift permutations between edge pairs SPB(i) < m!

if m1(¢) = m then
‘ Total number of possible shift permutations within edge pairs SPW (i) < 1
else
L Total number of possible shift permutations within edge pairs SPW (i) < 2™~ ™)

| Total number of permutations of each edge sequence Kz (i) <~ SPB(i) - SPW (i)

Total number of multigraphs Kq < sum over all elements in Kz
foreach row i in Z do
L Probability of multigraph Pz (i) < Kz(i)/Ka

tuNn1 + unique values of ¢
foreach row i in t do
Number of complexity value K(i) < frequency of tynr = t(7)
L Probability of complexity value P;(i) <— sum over all Pz where tunr = t(4)

return List with columns containing Z, Pz, Kz, m, mi, r and list with columns containing tynr,
Ky, P




Algorithm 5: Entropies of trivariate edge multiplicity distributions under RSM and
IEA

Input: Number of edges m, degrees d; and d; at vertices ¢ and j
Output: The entropies h, entropy upper bounds Mazxh, and entropy approximations Apxh of
P((mg;,mj5,mij5)) = (u,v,w)) under RSM and IEA

1 a+d;, b<d;, and ¢ < min(a,b)

2 10

3 for w< 0 tocdo

4 for u < 0 to |(a —w)/2] do

5 for v+ 0 to | (b—w)/2] do

6 if ( m—a—b+u+v+w) >0 then

7 i=1+1

8 UVW (i) + [u v w]

o P(i) « m! al bl 2(atb—2u—2v—wyo,_4_p)

u! v! wl(a—2u—w)! (b—2v—w)! (m—a—bt+utv+w)! (2m)!

10 foreach row i in P do

11 if P(i) > 0 then
12 | (i) « —P(i) logy P(i)
13 else

14 | ¢() <0

15 Entropy hrsar < sum over all elements in ¢
16 Max entropy Mazhprgsy < logy of number of rows in UVW
17 Cov ¢+ covariance matrix of UVW

18 Entropy approximation Apzhgrsns < log, <\/ 27reC'ov>

(a—1) b(b—1) 2ab
19 Qaa ¢ 277”{(;777,71)’ Qvb < smm=Ty> 4 Qab < 35501

20 Qc < (1 — Qaa — Qup — Qup)

21 multprobs <+ [Qaa Qub Qab Qcl

22 U+ 0tom,V <+ 0tom,and W+ 0tom

23 Produce three-dimensional coordinate arrays where the output coordinate arrays u, v, and w contain copies
of the grid vectors U, V, and W, respectively

24 4+ m— (u+v+w)

25 X+ [uvwaz]

26 Remove rows in X that have negative elements and check that there are (m; 3) rows left

27 for i<+ 0 to (m;{S) do

28 B(i + 1) < the pdf for the multinomial distribution with probabilities multprobs evaluated at each row
X(i+1)

29 for i< 0 to (mé‘rS) do

30 if B(i) > 0 then

31 | #(i) < —B(i) logy B(i)

32 else

33 | ¢() <0

34 Entropy hrpa < sum over all elements in ¢
35 Max entropy Mazhrga  log, (m;r:)’)
36 Entropy approximation Apzhrga < logs (\/(27rem)3QaabeQach)

37 return hrsy, Mazhrsay, Apthrsy, hipa, Mazhrpa, Aprhiga




Algorithm 6: Entropies and moments of marginal loop distributions under RSM and
IEA
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Input: Number of edges m
Output: The entropies h and entropy approximations Apzh of P(m;; = v) under RSM and IEA,

together with expected values and variances, respectively

for i + 2 to 2m do

L

deg(i) =i

foreach row i in deg do

d = deg(i)
for v < 0 to |d/2] do
if (m —d+v) <0 then
| P@i,v+1)«0
else
| PG,v+1) « (m! 272 d! (2m —d)!) / (v! (d — 2v)! (m — d + v)! 2m!)

Q<+ d(d—-1)/2m(2m —1))
for v <~ 0 to m do
B(i,v + 1) < the pdf for the binomial distribution with parameters @ and m evaluated at
| point v
(i) <= d(d —1)/(2(2m — 1))
o (i) = p(@) (1 — p(i)/m)
A(#) + (d(d = 1)(d = 2)(d = 3)) / (42m — 1)(2m — 3)) — (u(2)*((m — 1)/m))
Var <+ (i) + A4)

foreach row i in P do

foreach column j in P do
if P(i,7) > 0 then
| (i, j) « —P(i,j)log, P(i, )
else

[ ¢(i,5) <0

L Entropy hrsn (i) < sum over all columns in ¢(7)

foreach row i in B do

foreach column j in B do
if B(i,7) > 0 then
else

| #i.5) 0

| Entropy higa(i) < sum over all columns in ¢(4)

foreach row i in deg do

Entropy approximation RSM Apzhrsn (i) < logy ( 27reVar(i))

Entropy approximation IEA Apzhrga(i) < log, ( 27rer72(i))

return List with columns containing deg, hrsar, higa, Apxhrsy, Apzhiga, u, 02, A, Var




Algorithm 7: Entropies and moments of marginal non-loop distributions under RSM
and TEA

w
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Input: Number of edges m
Output: The entropies h and entropy approximations Apzh of P(m;; = w) under RSM and IEA,

together with expected values and variances, respectively

for i + 2 to m do

for j < i to 2m — i do
L Each row in deg + [i j]

foreach row ¢ in deg do

d; « deg(i, 1)
dj — deg(i, 2)
Call Algorithm 5 for P
a < d;, b+« d; and ¢+ min(a,b)
for w < 0 to c do
L Py(i,w+ 1) < sum over a to [(a —w)/2] and b to | (b —w)/2] in P
Q < 2ab/(2m(2m — 1))
for w < 0 to m do
L By (i, w + 1) < the pdf for the binomial distribution with parameters @ and m evaluated at
point w
u(i) < 2ab/(2(2m — 1))
o? (i) ¢ p(i)(1 — p(i)/m)
A(4) = (abla = 1)(b = 1)) / ((2m = 1)(2m = 3)) — (u(0)*((m — 1)/m))
Var «+ o(i) + A(4)

foreach row i in P, do

foreach column j in P, do
if P, (i,7) > 0 then
else

| 6(i,5) <0

| Entropy hrswm (i) < sum over all columns in ¢(i)

foreach row i in B,, do

foreach column j in B,, do
if By(i,7) > 0 then
else

[ #(i,4) <0

| Entropy higa(i) < sum over all columns in ¢(i)

foreach row i in D do

Entropy approximation RSM Apzhrsa (i) < log, ( 27reVar(i))
Entropy approximation IEA Apzhiga(i) + log, ( 271'602(2'))

return List with columns containing deg, hrsar, higa, Apxhrsy, Apzhiga, u, 02, A, Var




Algorithm 8: Information divergence between trivariate edge multiplicity distribu-
tions under RSM and IEA

Input: Number of edges m, degrees d; and d; at vertices ¢ and j
Output: The information divergence D between P((mi;, mjj, mi;)) = (u,v,w)) under RSM and IEA

1 Call Algorithm 5 for UVW, P and multprobs

foreach row i in UVW do
L UVW (i,4) + (m —UVW(i,1) —=UVW (4,2) — UVW (i, 3))
foreach row i in UVW do
B(i) + the pdf for the multinomial distribution with probabilities multprobs evaluated at each row
UVW (i)
foreach row ¢ in UVW do
L Weighted log-likelihood ratio LLR(%) < Puuvw (¢) logy (P(2)/B(7))
Divergence D < sum over all elements in LLR
return D

Algorithm 9: Information divergence between marginal loop multiplicity distribu-
tions under RSM and IEA

N0 oW N

Input: Number of edges m
Output: The information divergence D between P(m;; = v) under RSM and IEA
Call Algorithm 6 for deg, P and B
foreach row i in P do
foreach column j in P do
if P(i,5) > 0 then
| Weighted log-likelihood ratio LLR(j) < P(i,)logs (P(4,5)/B(i, 5))
else
L LLR(j) «+ 0

Divergence D(i) < sum over all elements LLR(j5)

return List with columns containing deg, D

Algorithm 10: Information divergence between marginal non-loop multiplicity dis-
tributions under RSM and TEA

N0 AW N
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Input: Number of edges m
Output: The information divergence D between P(m;; = w) under RSM and IEA
Call Algorithm 7 for deg, P, and B,
foreach row i in P, do
foreach column j in P, do
if Py (i,j) > 0 then
| Weighted log-likelihood ratio LLR(j) < Pu (i, 5)logs (Puw (4, 5)/Buw (i, 5))
else
L LLR(j) «+ 0

Divergence D(i) < sum over all elements LLR(5)

return List with columns containing deg, D




Algorithm 11: Entropies of and information divergence between distributions of
multigraphs under RSM and TEA

Input: Degree or stub multiplicity sequence d = (d1,d2, ..., dx)

Output: The entropies h, entropy upper bounds Maxh, entropy approximation Apxh and
information divergence D of and between the multigraph distributions under RSM and
IEA

Number of vertices n < number of columns in d
Number of edges m < half of the sum of all element values in d
Call Algorithm 4 for m, Pz and Kgq
foreach row i in Pz do
if Pz(i) > 0 then
‘ @(i) < —Pz(i)log, Pz(i)
else

| 6(i) « 0

9 Entropy hrsa < sum over all elements in ¢
10 Max entropy Mazhrswy ¢ log, Kq
11 CovRSM < covariance matrix of m

12 Entropy approximation Apzhrsa < log, (Vdet(?n’eC’ovRSM))

13 for i < 0 ton do

w N O oo~ W N

14 for j < 0 to n do

15 if i = j then

16 | Q(i,j) + (d()(d(@) - 1))/(2m(2m — 1))
17 else if i < j then

18 ‘1 Q(i, ) «= 2d(i)d(j)/(2m(2m — 1))

20 | Q(i,j) «0

21 @ <+ vector containing the upper triangular elements ¢ < j of Q(i,7)

22 T (";1)

23 fori<+ 1 tor—1do

24 for j < 1tor—1do

25 if 1= j then

26 | CovIEA(i, j) + mQ(i)(1 — Q(i))
27 else

28 L CovIEA(i,j) + —mQ(i)Q(j)

m+r—1)

m

20 Max entropy Mazhrea < log, (
30 Entropy approximation Aprhrga < log, ( det(27reCovIEA))

31 for i<+ 1 to m do

32 Prea(i) < the pdf for the multinomial distribution with probabilities @ evaluated at each row
m(7)

33 foreach row i in Pz do

34 L Weighted log-likelihood ratio LLR(%) < Pz(i)log, (Pz(i)/Prea(i))

35 Divergence D <— sum over all elements in LLR
36 return hrsy, Maxhrsy, Apxhrsy, Maxrhrgpa, Apxhrpa, D

10



Algorithm 12: Entropy approximations of distributions of multigraphs under RSM

Input: Degree or stub multiplicity sequence d = (d1,d2, ..., dxn)
Output: Entropy H under RSM, and the two entropy approximations H* and H** based on
expected entropy and asymptotic entropy under ISA

Number of vertices n < number of columns in d

Number of edges m < half of the sum of all element values in d
Call Algorithm 11 for hrsm

H < hrsm

prod < product over all the elements in d

if n > 2 then

D ook W N

—1

7 ‘ H* + log, (\/(2wem)(3)2("2 )pmdn(l/Qm)n2>
8 else

9 L H* « log, (\/(2wem)(3)prodn(1/2m)n2)

10 p < vector containing each element in d divided by 2m
11 for i< 1 ton do

12 | a(i) « —p(i)log, p(i)

13 hp <= sum over all elements in z

14 ng < 2Me

15 7 < n227(meD/ne

16 a** + log, (\/(2776)”*1(n?“)/(4ﬂ'e)”c*1r20>
17 0™ (re —ne)/2

18 H™ + a™ +b"" logy(m)
19 return H, H*, H**

11



Algorithm 13: Approximations of the probability that an RSM multigraph is simple

Input: Degree or stub multiplicity sequence d = (d1,d2, ..., dxn)
Output: The probability that an RSM multigraph is simple Prsar, together with the three
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approximation Piasymp, PaAsymp and Ppoisson

Number of vertices n < number of columns in d

Number of edges m < half of the sum of all element values in d

Call Algorithm 4 for m, mi, Im, and Kq
foreach row i in m do
if m1(4) =0 and I, (i) =0 then
| simple(i) + 1
else
L simple(i) < 0

Prsay < sum over all elements in simple divided by Kg
S < sum over all squared elements in d
PiAsymp + exp(—1/4(S/2m)? 4 1/4)
for i <~ 0 ton do
for j < 0 ton do
if i = j then
| L(i,j) + d(i)(d(i) — 1)/2m
else if i < j then
| L(i,j) « VAGEE) = DAG)EG) - 1)/2m

else
| L(i,4) <0

X <+ L—log(l+1L)
Y < matrix with elements above the diagonal in X
suml < sum over the diagonal in L
sum2 < sum over all rows and columns in Y
Poasymp < exp(—1/2(suml) — sum2)
for i <~ 0 ton do
for j «+ 0 ton do
if i = j then

| Q(i,5) < (d(@)(dG) — 1))/(2m(2m — 1))
else if i < j then

| Qi) < 2d()d()/@m(2m — 1)
else

[ Q(i,j) « 0

for i <~ 0 ton do
for j «+ 0 ton do
if i < j then

evaluated at point 1

A < sum over all columns and rows in bin

Ppoisson < the pdf of the Poisson distribution with parameter A evaluated at point m

return PRS]\47 PlAsymzn P2Asymp7 Proisson

12

L bin(z, j) < the pdf for the binomial distribution with parameters Q(i,7) and m



Algorithm 14: Distribution of the multiplicity sequence under an RSM, TEAS or ISA
model

1
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Input: Model RSM(d), IEAS(d) or ISA(p), where d and p are specified
Output: Multiplicity sequences m and their probabilities probs under the specified model
re (3!
if Model=RSM (d) then
Number of vertices n <— number of columns in d
Number of edges m < half of the sum of all element values in d
Call Algorithm 4 for m and Pz
probs < Pz
else if Model=IEAS(d) then
Number of vertices n <— number of columns in d
Number of edges m < half of the sum of all element values in d
Call Algorithm 11 for Q
Q < vector containing the upper triangular elements 7 < j of Q(%, j)
m < ("77") rows of possible multiplicity sequences under IEAS
foreach row i in m do
L probs(i) < the pdf for the multinomial distribution with probabilities Q evaluated at each
row m(%)

else if Model=ISA(p) then
Number of vertices n <— number of columns in p
Number of edges m < half of the sum of all element values in p
for i <~ 0 ton do
for j <+ 0 ton do
if ¢ = j then
| Q{ij) « p()?
else if i < j then
| Q. j) « 2p(i)p())
else

| Qi,5) 0

Q@ < vector containing the upper triangular elements i < 7 of Q(, 7)
m < (m‘w_l) rows of possible multiplicity sequences under ISA
foreach row i in m do
L probs(i) < the pdf for the multinomial distribution with probabilities @ evaluated at each
row m(%)

return m, probs

13



Algorithm 15: Statistical tests of a simple IEA hypothesis

Input: Model RSM(d), IEAS(d) or ISA(p), and hypothesis IEAS(do) or ISA(po) where d, do, p and po
are specified
Output: Outcomes of the Pearson goodness-of-fit statistic S with probabilities Pg, and outcomes of the
divergence statistic T" with probabilities Pp

1 Call Algorithm 14 for m and probs according to input model
2 if Hypothesis=IEAS(dg) then

3 d do
4 Call Algorithm 11 for Q
5 Q < vector containing the upper triangular elements i < j of Q(4,7)
6 m (mt:;_l) rows of possible multiplicity sequences under IEAS
7 foreach row i in m do
8 Os(i) « m(i), Es(i) «mQ
9 foreach column j in m do
10 if Es(j) =0 then
11 | =z(j)«0
12 else
13 L 2() « (0s(5) = Es(7))*/Es(j)
14 | S(i) « sum over all columns in
15 Syn71 < unique values of S
16 foreach row i in S do
17 L Pg(i) < sum over all probs where Synr = S(1)
18 foreach row ¢ in m do
19 Op (i) + m(i), Ep(i) + mQ
20 foreach column j in m(i) do
21 if Op(j) > 0 and Ep(j) > 0 then
22 | 2() < (Op(j)/m) logs(0p(3)/Ep ()
23 else
24 | 2()«0
25 D(i) < sum over all columns in z
26 | T(i) < 2mD(i)/ logy(e)
27 TuynN1 + unique values of T'
28 foreach row i in T do
29 L Pr (i) < sum over all probs where Ty ny = T'(t)
30 else if Hypothesis=ISA(po) then
31 for i < 0 ton do
32 for j <~ 0 ton do
33 if i = j then
54 | Q(i,5) « po()?
35 else if i < j then
36 | Q7)< 2po(i)po(4)
37 else
38 L Q(zv ]) 0
39 Repeat steps 5-29

40 return Synr1, Ps, Tuni, Pr

14



Algorithm 16: Statistical tests of a composite IEAS hypothesis

Input: Model RSM(d) IEAS(d) or ISA(p) and hypothesis IEAS
Output: Outcomes of the Pearson goodness-of-fit statistic S with probabilities Ps, and outcomes of
the divergence statistic 7" with probabilities Pr

1 Call Algorithm 14 for m and probs according to input model

2 foreach row i in m do

3 M < upper triangular matrix containing the elements in m(%)
4 M+ M+ M

5 dgsr(i) + sum over all rows (or columns) in M

6 d + dEST(i)

7 Call Algorithm 11 for Q

8 Q@ < vector containing the upper triangular elements i < 7 of Q(, 7)
9 Os(2) < m(3)
10 Es(i) + mQ
11 foreach column j in m do
12 if Es(j) =0 then
13 ‘ z(j) <0
14 else
15 | 2() + (Os(j) = Es(5))*/Es(j)
16 (¢) < sum over all columns in x

S
17 Op (i) + m(7)
18 Ep(i) < mQ

19 foreach column j in m(:) do

20 if Op(j) > 0 and Ep(j) > 0 then

21 | () = (On(j)/m)logy(On(j)/ Ep ()
22 else

23 L z(j) <0

24 D(i) « sum over all columns in z

25 T(i) + 2mD(i)/ log,(e)
26 Clear M d, Q, Q

27 Suni1 + unique values of S
28 foreach row i in S do
29 L Ps(i) < sum over all probs where Synr = S(3)

30 Tynr < unique values of T'
31 foreach row i in T do
32 L Pr(i) < sum over all probs where Tynr = T'(¢)

33 return Synr, Ps, Tun1, Pr
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Algorithm 17: Statistical tests of a composite ISA hypothesis

Input: Model RSM(d) IEAS(d) or ISA(p) and hypothesis IS A
Output: Outcomes of the Pearson goodness-of-fit statistic S with probabilities Ps, and outcomes of
the divergence statistic 7" with probabilities Pr

1 Call Algorithm 14 for m and probs according to input model
2 foreach row i in m do

3 M < upper triangular matrix containing the elements in m(%)
4 M+ M+ M

5 desr (i) < sum over all rows (or columns) in M

6 pest(i) < each element in dgsr (i) divided by 2m

7 for i <~ 0 ton do

8 for j «+ 0 ton do

9 if i = j then
10 | Q(,4) « pesT(i)?
11 else if i < j then
12 | Qi) < 2pesr(i)pesT(j)
13 else
14 | Q(i,j)«0
15 Q(i) < the upper triangular elements i < j of Q(%, 5)
16 Clear M, Q
17 foreach row i in m do
18 Q+ Qi)
19 Repeat steps 9-25 inAlgorithm 16

20 Repeat steps 27-32 in Algorithm 16
21 return SUNI, Ps, TUNI7 PT
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