7
€

.

153
[0

OO

~

. Research Report

Stockholms . e
R Department of Statistics

JERS/

N

No. 2012:1

Random Stub Matching Models
of Multigraphs

Termeh Shdfie

Department of Statistics, Stockholm University, SE-106 91 Stockholm, Sweden




Random Stub Matching Models of Multigraphs
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Abstract

This article studies the local and global structure of multigraphs under random stub
matching with fixed degrees (RSM). The local structure is analyzed by marginal distri-
butions of edge multiplicities, and the global structure is analyzed by the simultaneous
distribution of edge multiplicities. The simultaneous distribution is shown to depend on
a single complexity statistic. The distributions under RSM and IEA are used for calcu-
lations of moments and entropies, and for comparisons by information divergence. The
modified distributions are obtained by ignoring the dependencies between edges and as-
suming independent edge assignments to sites (IEA), and by ignoring the dependencies
between stubs and assuming independent stub assignments to vertices (ISA). The main
results in this article include a new formula for the probability of an arbitrary number
of loops at a vertex, and a more intricate expression for the probability of an arbitrary
number of edges at any site. Further, simplicity and complexity of multigraphs under
RSM are investigated and a new method of approximating the probability that an RSM
multigraph is simple is proposed and shown to perform well for multigraphs with small
numbers of vertices and edges.

Keywords: multigraph, edge multiplicity, entropy, information divergence, simplicity
and complexity.

1 Introduction

It is well known that different degree sequences are compatible with different numbers of
graphs. Several methods have been developed for generating random graphs with fixed or
modeled degrees, degree distributions or expected degrees. Such methods can be found
in Blitzstein and Diaconis (2011), Bayati, Kim and Saberi (2010), Britton, Deijfen and
Martin-Lo6f (2006), Chung and Lu (2002), and Bender and Canfield (1978). Random stub
matching, also referred to as the configuration model or the pairing model (e.g. Janson
2009, Bollobas 1980), generates random multigraphs by randomly coupling pairs of stubs
to form edges.
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This article focuses on both the local and global structure of multigraphs under random
stub matching with fixed degrees (RSM). The local structure is analyzed by marginal dis-
tributions of edge multiplicities, and the global structure is analyzed by the simultaneous
distribution of edge multiplicities. The distributions under RSM as well as some modified
distributions with modeled degrees are used for calculations of moments and entropies, and
for comparisons by information divergences. These modified distributions are obtained by
ignoring the dependencies between edges when they are assigned to sites (IEA) and by
ignoring the dependencies between stubs when they are assigned to vertices (ISA).

In the next section, some basic concepts such as stubs, edges, sites, multigraphs, mul-
tiplicities and complexities are presented. The uniform random stub matching procedure
given fixed degrees is described in Section 3 where the distribution of multigraphs is deter-
mined and shown to depend on a single statistic which is a special summary measure of
complexity.

The moments of the edge multiplicity distributions under RSM are derived in Section
4. The moments of the number of loops at a fixed vertex are determined as functions of the
number of edges, denoted m, and the degree at that vertex. It is shown that the variance
of the number of loops under RSM is less than the variance under IEA, except for the
degenerate cases of degree value 1 or 2m. The moments of the number of edges between
two distinct vertices are determined as functions of the total number of edges m and the
degrees at the two vertices. It is shown that the variance of the number of such edges under
RSM is generally less than the variance under IEA, except for degrees that lie symmetrically
around the total number of edges and are given by m =+ k for any non-negative integer k
less than a specified limit.

In Section 5, the distributions of edge multiplicities at local sites are investigated. The
probability of no loops at a vertex has been given in the literature (Janson 2009) but, as
far as we know, not generalized to arbitrary number of loops at a vertex. This formula
is derived using a special technique which also allows us to find the probability of edge
frequency between pairs of distinct vertices. This technique gives the trivariate distribution
of the numbers of loops and non-loops within and between two distinct vertices, and from
its marginals we obtain distributions of local edge multiplicities at any site. Although
somewhat combinatorically tedious, we also determine the range space of the trivariate
distribution.

Throughout Section 5, information divergence and entropies are used to compare the
edge multiplicity distributions under RSM and IEA. Numerical examples using the diver-
gence indicate that the distribution of loop multiplicity under RSM is closely related to
that of the IEA distribution at vertices with low degrees. The divergence increases mono-
tonically from zero to a maximal value and decreases very steeply back to zero. The results
also indicate that the discrepancy between the edge multiplicity distributions under RSM
and IEA is due to their different range spaces. Further, an illustration is given of how the
divergence between the probability distributions of local edge frequency under RSM and



TIEA varies for different degrees. The results also show how the resemblance between the
distributions increases with increasing m.

The flatness of the local edge multiplicity distributions under RSM and IEA are com-
pared using entropies. Specifically, the entropy of the loop multiplicity distribution under
RSM is shown to be more symmetrical than that of IEA, and it has its maximum around
the stub proportion value 0.5. The corresponding loop multiplicity distribution under IEA
is skew to the right and has its maximum for a stub proportion value of about 0.7. Good
approximations to the entropies of loop multiplicities under both RSM and IEA are found.

Special attention is payed to the edge multiplicity distribution for the case with two
degrees that lie symmetrically around m. For this case the entropies are much higher for
IEA than for RSM. For both RSM and IEA, we give approximations to the entropies. These
approximations are very good for the IEA distributions but not for the RSM distributions.

In Section 6 the global structure is analyzed by the distribution of multigraphs under
RSM and IEA. Under RSM, this distribution was earlier shown to depend on a single
complexity statistic, and in order to find the entropy of this distribution, results about edge
multiplicities from Section 5 are used. The approximate entropies of the RSM and IEA
distribution of multigraphs are given using covariance matrices. For both RSM and TEA,
the exact and approximate entropies are close to the upper bounds of the exact entropies.
Using the information divergence, a large deviation between the multigraph distributions
under RSM and TIEA are found and the results indicate flat distributions over very different
ranges. In particular for regular multigraphs, both the RSM and IEA distribution cluster
at the high probability sites when more edges are added and are therefore less flat for large
values of m.

In the final section, the simplicity and complexity of multigraphs under RSM are studied.
Two asymptotic results for the probability that an RSM multigraph is simple are numerically
investigated, and it is shown that these probability approximations do not perform well
for multigraphs with small numbers of vertices and edges. Under certain conditions, an
alternative way of approximating the probability that an RSM multigraph is simple is
proposed. Numerical examples show that this approximation is good for small multigraphs.
Some other variables that identify simplicity and complexity are also considered, and the
moments of these variables are derived. It is shown that the moments of some of these
variables are much easier handled under IEA and a convenient way of obtaining the IEA
distribution is introduced. This is done by assuming that the stubs are randomly generated
and independently assigned to sites (ISA) and can be viewed as a Bayesian model for
the stub frequencies under RSM. Using this method, approximations to the entropy of the
distribution of multigraphs under RSM are derived. If the degree distributions are uniformly
or close to uniformly distributed, the approximations are good even for small multigraphs,
and for skew distributions they are good for multigraphs with many edges. An asymptotic
equipartition property is shown to give alternative approximations that work reasonably
well except for multigraphs with skew degree sequences and few vertices.



2 Basic Concepts and Notation

A finite undirected graph ¢ with n labeled vertices and m labeled edges associates with each
edge an ordered or unordered vertex pair. Let V = {1,...,n} and E = {1,...,m} be the
sets of vertices and edges labeled by integers, and denote by R the set of available sites for
the edges. The site space for directed edges is V2 and the site space for undirected edges
is R ={(i,j) € V?:i < j}. We consider (i,5) with i < j as a canonical representation for
the unordered vertex pair. Let r = ("'2"1) be the number of sites in R.

The degree of vertex 7, the number of edges incident to it, is denoted d; and > d; = 2m.
The degree sequence d = (dy, ..., d,) defines another sequence of 2m vertices or edge-stubs
corresponding to m edges without specifying the pairings of stubs to edges:

s=(...1 2...2 - n...n).

dq do dp
Thus there is a bijection d <» s and we use the shorthand notation
s =(s1,...,80m) = (1%12% ... .pdn) c y2m
Let X (d) be the set of sequences x that are permutations of the stub sequence
X(d)={x=(x1,...,29m) €V :x~s},

where ~ means ”is a permutation of”. The number of permutations of a stub sequence s
obtained from the degree sequence d is given by

2m 2m)! 2m)!
= () =%

and is also denoted #(x|s) or #(x|d).
Edges at the same site are called multiple edges, and the number of multiple edges at
site (i, j) is its multiplicity denoted m;;. The multiplicity at site (i,j) € V? in x is

mij(x) = ZI((:’U21§J—1’$2I€) = (7’7.7)) :

k=1

It follows that

n n

DS mij(x) = m.(x) =m

i=1 j=1

and



The number of loops and the number of non-loops are denoted

n
mi(x) = Z m; (X) and ma(x) = Z Z mi;(x) .

i=1 i#]
When the edge multiplicities in x are arranged as a matrix we obtain the edge multiplicity
matrix

m(x) = (my;(x) : (i,4) € V?)

with loop counts my;(x) in the main diagonal. If a matrix is created with these loop-
counts as the elements in the main diagonal and zeros outside, we obtain the loop frequency
matrix mj(x). The non-loop frequency matrix denoted mg(x) is then given as ma(x) =
m(x) — my (X).

The representation of the edge sequence is modified in two different ways. The se-
quence y = (y1,...,Y2m) is obtained from x by vertex shifts according to (yor—1,y2k) =
(min(zok—_1, Tor), max(rog_1,x9r)) for k = 1,...,m. In other words, the injective map
x — y gives an ordered sequence of m edges from R and y is the edge sequence of an
undirected graph generated from x. The number of x that yield the same y is then given as
#(x|y) = 220, The sequence z = (21,. .., z9,,) is obtained from y by ordering its edges
non-decreasingly, i.e. the injective map y — z gives an edge sequence canonically ordered
according to

(L) <(L,2)<---<(I,n) <(2,2) <(2,3) <+ < (n,n)
so that
(21,22) < (23,24) <+ -- < (22m—1, 22m) -

The edge sequence z represents the vertex labeled graph given by y without the edge
labels. The set of sequences z generated by x € X(d) is denoted Z(d). The number of x
that yield the same vertex labeled graph z is #(x[z) = > ), #(x[y) = >y, 2m2(Y) Now

ma(y) = ma(z) and '
#019)= (i) = g e

i) =2 ().

m(z)

so that

Here the edge multiplicity at site (7,7) € V? in y and z is equal to the common value

mi;(x) fori=j
0 forv>j .



The common edge multiplicity matrices of y and z are triangular with zeros below the main
diagonal. Moreover, the loop frequency matrices of x, y and z are all equal. The numbers
of loops and non-loops are therefore equal to

and
ma(z) =3 > miglz) =Y mij(x)
i<j i#j
The sum of the multiplicity matrix and its transpose is the same symmetric matrix for x,
y and z, i.e.
m(x) + m'(x) = m(y) + m'(y) = m(z) + m’(z) .

The row and column sums in this matrix are given by the degrees, and the loop counts are
doubled in the main diagonal.

Figure 1 shows a schematic view of bijections and other functional relationships between
the various concepts introduced here. The functional relationships comprise three different
edge sequences and their edge multiplicity matrices, the stub sequence, and the degree
sequence.

N

|\

m(x)— m(y)=m(z) —»

p—pw

Figure 1: Functional relationships between the edge sequences, multiplicity matrices, stub
sequence and degree sequence.

3 Uniform Stub Matching with Fixed Degrees

We focus on uniform distributions for different families of graphs which we refer to as
random graphs. Assume that £ is a random permutation of the stub sequence s defined by
the degree sequence d, i.e. £ is uniform on X (d) = {x : x ~ s} C V2™ with probabilities

P=x)=—5— for xeX(d).



Let 1 be the edge sequence of the undirected graph obtained by shifts in &. Further let ¢
be the canonical edge sequence of the undirected graph generated by & with probabilities

=> P(¢=

x|z

2m2(z) (mngz)) 2m2(z)m! d!

(23"0) ~ m(z)! (2m)!

2m2(@mI T, d;!
= ‘ [ Z' for ze Z(d) .
(2m)! Higj mij(z)!
Consider the ordered partition m(z) and the corresponding unordered partition of m
into r non-negative integers. There is a bijection between this partition and the sequence of

frequencies of sites with multiplicities 0, 1,...,m given by r(z) = (ro(2), ..., rm(z)) where
:ZZI(mzj(z):k‘) for k=0,1,...,m
(]

The distribution of multiplicities that is given by r(z) is called the complexity of the graph
with edge sequence z (Frank and Shafie, 2012). It is convenient to separate frequencies of
loops and non-loops and use r(z) = r1(z) + r2(z) where

r1(z) = (rio(z),...,mr1m(z)) and ra(z) = (roo(z),...,rom(2z))
with
r1k (2 meu )=k) and rox(z ZZImU for k=0,1,...,m
1<J

Using these complexities it is possible to express the probability P({ = z) as a function
of a special summary measure of complexity according to the following:

P(¢=2)=02"""

where C'= 2"m!d! /(2m)! and



Simple graphs without loops and multiple edges have ¢(z) = 0 and all simple graphs have
the same probability C'. More complex graphs have higher values of ¢(z) and smaller prob-
abilities. All graphs with a fixed value t(z) = ¢ of the complexity measure have the same
probability. The set Z(d) of edge sequences is partitioned according to values of the com-
plexity measure, and the set of edge sequences with complexity ¢ is denoted

Z(d,t) ={z € Z(d) : t(z) = t} .

The number of sequences in this set is denoted |Z(d, t)|= K(d,t), or simply K if d is clear
from context. The probability of complexity value ¢ is given by

Pt)=t)= > P{=2)=CK2",

z|t(z)=t
and the conditional distribution of ¢ given complexity t is equal to

c2-t 1
which is uniform on K; outcomes in Z(d,t). Neither K; nor the probability P(¢(¢) = t)
are monotone as functions of ¢. This will follow by an examination of K; in a numerical
example considered below.

Example.

Consider undirected graphs with degree sequence d = (3, 3,2,2,2,2). There are in total 784
possible vertex labeled graphs with edge sequences z in Z(d). Table 1 lists the probability
P(t(¢) = t), the number of vertex labeled graphs K}, and the probability per graph P(¢({) =
t)/K; for each complexity value 2¢. As seen, neither K; nor the probability P(¢t(¢) = t) are
monotone as functions of ¢. It is also clear that every simple graph has a higher probability
of occurring than any complex graph, and that the more complex a graph is, the smaller
probability it has. Note however that this does not mean that all unlabeled graphs of
given complexity have the same probability of occurring. This is clarified by looking at all
unlabeled simple graphs in this example. In Table 2 the number of isomophic graphs (the
number of vertex labeled graphs) are listed for the four possible unlabeled simple graphs.
We see in Table 2 that the third unlabeled graph has more edge sequences generating it
than the others, and therefore it has the highest probability of occurring.



Table 1: Complexity distribution of graphs with degree sequence (3, 3, 2, 2, 2, 2).

Complexity Probability of complexity Number of graphs Probability per graph

(2"

1 0.230170 54 0.004262
2 0.387880 182 0.002131
4 0.252522 237 0.001065
6 0.002131 3 0.000710
8 0.098035 184 0.000533
12 0.001421 4 0.000355
16 0.024242 91 0.000266
24 0.000535 3 0.000178
32 0.002398 18 0.000133
48 0.000533 6 0.000089
64 0.000067 1 0.000067
96 0.000044 1 0.000044

Table 2: Simple graphs with degree sequence (3, 3, 2, 2, 2, 2).

Unlabeled graphs I:I:I m E:I I:X Total
12 6 24 12 54

Vertex labeled graphs

4 Moments of Edge Multiplicities

In order to investigate the distribution of the edge multiplicites under random stub matching
(RSM), we start by analyzing the moments of this distribution. The probability of coupling
stubs to edges in £ is

(5)/(5) for i = j

did;/2m(2m — 1) fori#j ,

Pij = P ((§or—1,&n) = (4,7)) =



where Y1, Z?:l P;; = 1. The probability of undirected edges in 7 is thus equal to
Pa=(B)/C) fori=;
Qij = P ((m2k—1,mk) = (i,5)) = & 2Py = did;/(*)") fori<j
0 fori>j .

Note that (72r_1,72k) are identically but not independently distributed. It is convenient to
introduce Qijre = P ((N2u—1,M2u) = (4, ) and (n2v—1,M20) = (k,¢)) for u # v. For i < j and
k < ¢ we have that Qijké = ngij.

The expected values and variances of the numbers of loops and non-loops in ) (or in the
canonical edge sequence ¢) under RSM are derived by using the first and second moments
of the edge multiplicities, which occasionally is shortly denoted m;; when randomness is
clear, i.e.

maj = mig(m) = mi;(¢) = > Tijk,
k=1

where the indicators are given by

o 1 if —1, = (2,J
Liji = I ((n2k—1.m2k) = (i, 7)) = { 0 otl(lzzrzvi;en%) (i 3)

for (i,5) € R and k € E. Now E(I;j;,) = Q4 so that
(4)/(2m —1) fori=j

didj/(Qm— 1) fori <y,

E(mi;) = mQ;j =
In order to obtain the variance of m;; under RSM, we need the covariance between indicators
I;j, and I;j. They are given by
Qij(l — Q1J> fOI‘ k= f
COV([ijk, Il'jg) =
Qijij — QF  fork#1,
where di\ (di—2\ /(2m\ (2m—2
(5) (")) (%) for 7 = j

Qiji = 2m\ (2m—2
did;(d; — 1)(d; — 1)/ (5") ("5 7) fori<j.
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Hence

m

Var(m;;) = Z Z Cov(1ijk, Lije)

k=1 /=1
=mQi; (1 — Qij) + m(m — 1)(Qijij — Q7))
= mQi;(1 —mQi;) + m(m — 1)Qyji;

d; d; 6 d; . )
25;3)1 (1 - 25;12)1> + (2m—1()?2)m—3) for i = j

fori<j.

did; (1 _ did; ) + d;dj(d;—1)(dj—1)
(2m—1) 2m—1 (2m—1)(2m—3)
Covariances between m;; and my, require covariances between indicators I;;,, and I, for
v =1,...,mand v = 1,...,m. Here i < j and k < ¢ and, since Cov(m;j, mis) =
Cov(mpe, m;j), it is sufficient to consider i < k, and for ¢ = k, only j < ¢. Explicit
expressions for such covariances will be given when needed in the sequel.
The variance of m;; under RSM can be written as

Var(m;) = 01-2]- + Ay fori<j.

Here, U?j = mQ;j(1—Q;j;) is the variance of a binomial distribution obtained by independent
edge assignments (IEA) with parameters m and @;; for i < j and
Aij = m(m —1)(Qijij — QF) -
Using these expressions we can now show for which values of d; and d; the variance of the
IEA distribution is smaller or larger than the variance of the RSM distribution of edge
multiplicity. We start with the case when ¢ = j and search the sign of A;; for values of
d; = d where 2 < d < 2m — 1. By rewriting A;; as
(d—2)(d-3) d(d—1)

Ay =m(m—1)Qy (2m—2)2m —3) 2m@2m—1)] "’

and noticing that
d—k 1 2m —d
2m —k 2m — k
is a decreasing function of k, it follows that A;; < 0 for d < 2m. Thus, Var(m;) < o2
for 1 < d < 2m and Var(m;;) = o2 only for the degenerate cases d = 1 and d = 2m with
o2 =0.
When i < j, set a = min(d;,d;) and b = max(d;,d;) and search the sign of A;; for
different pairs of values (a,b) with 1 <a < b and a+ b < 2m for m > 1. By rewriting A;;
as

a—1)(b—1 ab
= =100 | * G~ |

11



we see that A;; has the same sign as the function

o= S G (1-2) () (-2) (-5

Now f(a,b) <0for1<a<b<m-—1,and f(1,b) <0 for 1 <b < 2m—1. For fixed value a
or fixed value b, f(a,b) is increasing in the other variable. Moreover, f(m,m) > 0. In order
to find the critical curve between positive and negative values of f(a,b), we set f(a,b) =0
and solve for b to get

a—1
b= ad — 1"’
where 6§ = (4m — 3)/m(2m — 1) and between 0 and 1. The intersection between this curve
and the upper boundary b = 2m —a of the (a, b)-region defined by 1 < a < band a+b < 2m
is obtained as the solution to the quadratic equation

with roots
[m(m — 1)
=mty —7.
a=m 4m — 3

The relevant root is m — y/m(m — 1)/(4m — 3) since a = min(d;, d;) cannot be larger than
m. It follows that

m(m —1)
dm —3

-1
f(a,2m —a) >0 for m—\/%<a§m,
-1
a,2m—a) = I a=m— mm=2) 1s Integer.
fla,2 0 if 4(m—3) is i

With a similar investigation of the line b = 2m — 1 — a and the critical curve, we find no
intersection and therefore f(a,b) <0 for 1 <a <b < 2m — 1 — a. The conclusion is that

—1
A;; >0 only for m—“m<a:2m—b§m,
dm — 3

that is for the [\/m(m —1)/(4m — 3)-‘ integer points (a,2m — a) with

m(m—1)< -
TN Ty —g S ="

12

fla,2m —a) <0 for 1<a<m-—

and




on the upper boundary. Moreover, A;; < 0 for the other m? — {\/m(m —1)/(4m — 3)—‘

points (a,b) in the (a,b)-region. Thus the RSM distribution of m;; has a variance that is
smaller than U?j unless d; and d; lie symmetrically around m and are given by m + k for
some non-negative integer
m(m — 1)

dm —3
It also follows that the variance is maximal for £k = 0 and decreases for increasing k. The
case m = 20 is illustrated in Figure 2 where the points with positive A;; are marked with

().

k<

40+

30+

max(di, d])

b

10F-------

eede

eeccccecde

a = min(d;, d;)

Figure 2: Points and critical curve. Points represent posssible degree pairs (a,b) at a given
vertex pair in a graph with m = 20 edges. A critical curve is separating points with positive
and negative variance difference A;; between the edge multiplicity distributions obtained at
(a,b) by random stub matching and by independent edge assignments. The points where
the stub matching has larger variance are marked by (x).
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5 Distributions of Edge Multiplicities

In this section, some new results on distributions of edge multiplicities for graphs obtained
by random stub matching (RSM) are derived. There are many asymptotic results in the
literature (e.g. Bollobas 2001) but we are also interested in exact results for fixed degree
sequences. Specific results for no loops and no multiple edges have been discussed in Janson
(2009) and Bollobas (1980), where random stub matching is referred to as the configuration
model or the pairing model.

The probability of no loops at vertex ¢, denoted Py, is given by Janson (2009) as

d;

2m—di—j—i—1
Py = .
h=11 2m —2j + 1

Jj=1

He gives no formula for arbitrary numbers of loops at ¢ but notes that it is more difficult to
find the probability of no multiple edges due to the complications caused by loops. We now
derive a formula for an arbitrary number of loops at vertex ¢ under RSM and get in particular
a simple expression for the number of no loops at i. This technique can be generalized and
used to derive the probability of arbitrary multiplicities at any site (i,7) € R.

Consider the probability of v loops at vertex i under RSM denoted by P, = P(m;;(n) =
v) = P(mj; = v) for v =0,...,m. To find how many of the (231) possible stub sequences
that generate v loops at ¢, arrange m edges with v loops at i, d; — 2v edges with the
remaining ¢-stubs, and m — d; + v other edges. This number of arrangements is given by

the multinomial coefficient (v dT:L72U). The single ¢-stubs have two alternative locations in
2m—d;

the d; — 2v edges. Finally, the remaining stubs are arranged in ( a4 ) ways where d* is
the degree sequence d without d;. This leads to

(v, dr20) 2 (")

v, d;j—2v d*
T
d
which simplifies to
( m )Qdiﬂv
P.— v d; —2v
=

2
(a)
In particular the probability of no loops at vertex ¢ under RSM is equal to

d;

(,)2

2

()
This formula can be developed according to the following which shows that it is equivalent
to Janson’s (2009) expression for Py as a ratio between a falling factorial from 2m — d; and

Py =

14



a falling semifactorial from 2m — 1, both carried out for d; factors (in fact, d; — 1 factors
suffice since the last one cancels):

m! d;! (2m—di)! odi

o om! 2™ (2m —d;)!

—(2m)! (m — d;)! 2m—ds

_@m)!! (2m — d;)!

—(2m)! (2m — 2d;)!!

(2m—2di — 1)” (2m—di)!
(2m — D! (2m — 24d;)!

(2m—di)(2m—dz~—1)---(2m—2di+1)
(2m—1)2m —3)---(2m —2d; + 1)

Py =

Assume that d; = d with 2 < d < 2m and consider the general probability that there
are v loops at vertex ¢ under RSM given by

(U7 Zln—2v) 2d_2v

(°7)
This probability is also denoted P, or P,(m,d). Set P = (Fy,..., Pa/2)). The expected
value and variance of m; under RSM given in the previous section are equal to pu;; and
01-21- + Ay, where pi; = (g)/(Zm —1) and 0121‘ =mQyi(1 — Qii) = s (1 - %) are the mean
and variance of the IEA distribution B = (By, ..., B),) with parameters m and @Q;;. The
range of the multiplicity distribution under IEA is v = 0,1,...,m and the range of the
multiplicity distribution under RSM is smaller. Its proportion is (|d/2] +1)/(m+1) of the
range of the IEA distribution. Table 3 gives these distributions for the case m = 10 and
d = 10. Also presented in Table 3 is a measure of the discrepancy between the distributions
given by the information divergence

P(mi; =v) = for v=0,1,...,]d/2] .

P,
D(P,B)= > PvlogB—v.
v: P, >0 v

The log-likelihood ratios can be of any sign but their weighted sum, the divergence D(P, B),
is non-negative and zero only when there is no discrepancy between the two distributions
(see e.g. Frank 2011). Figure 3 shows how divergence varies for different values of d =
2,...,2m—1 for m = 40, and how the divergence varies for different stub proportions d/2m
(or range proportions (|d/2] +1)/(m + 1) ) for some values of m.

15



Table 3: The probability distribution of loop multiplicity at a vertex of degree d = 10 when
m = 10 edges are formed by random stub matching (RSM). It is compared by information
divergence to a binomial distribution obtained by m = 10 independent edge assignments
(IEA).

Number of Probability Probability Weighted
loops under RSM  under TEA log-likelihood ratio

0 0.005542 0.067011 -0.019930
1 0.124705 0.207964 -0.092044
2 0.436468 0.290433 0.256636
3 0.363723 0.240358 0.217242
4 0.068198 0.130539 -0.063849
5 0.001364 0.048615 -0.007164
6 0 0.012573 0
7 0 0.002230 0
8 0 0.000259 0
9 0 0.000018 0
10 0 0.000001 0

Divergence = 0.290891

2 2
8 1.5¢ 8 15¢
= =]
<) ]
20 £0
o |
A A
0.5 0.5F
O0 26 4‘0 éO 80 00 0‘2 0‘4 0‘6 0‘8 1
d ’ “d/2m” ’

Figure 3: Information divergence between random stub matching and independent edge
assignments for the distributions of loop multiplicity at a vertex of degree d in a graph with
m edges. Information divergence is plotted against degree d for m = 40 and against stub
proportion d/2m for m = 20, 40, 60.

16



In order to compare the two distributions we also use the entropy which characterize
flatness of the distributions P and B. The entropies are equal to

h(P)= Y  —P,logP,
v: Py >0

and

h(B)= > —B,logB, .
v:By,>0

Upper bounds to the entropies are given by their logarithmic ranges:
h(P) < log (|d/2] +1)

and
h(B) <log(m+1) .

For the case where m = 10 and d = 10 we have that h(P) = 1.746 and h(B) = 2.443.
Figure 4 shows how entropies vary for different stub proportions d/2m for m = 20, 40, 60.
We see that stub matching has lower entropy and is more symmetric around 0.5 than the
entropy corresponding to independent edge assignments. The latter entropy is skew to the
right and has its maximum when loop probability (g) / (2;") is about 1/2 which occurs for
the stub proportion close to 1/v/2 ~ 0.7.

The asymptotic entropies (Frank and Nowicki 1989) of the loop multiplicity distribution

under RSM and under TEA are obtained by normal approximations given by
1
h(P) ~ 3 log [271'6(0’1'21' + A”)] ,

and !
h(B) ~ 3 log [27ec?] .

For the case where m = 10 and d = 10, these approximations are equal to h(P) &~ 1.747
and h(B) =~ 2.474. Figure 5 shows how these entropy approximations (dotted lines) vary
for the same cases as in Figure 4, i.e. for different stub proportions d/2m for m = 20, 40, 60.
We see that the approximations are close to their true values for all cases shown.
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Figure 4: Entropy of the distribution of loop multiplicity under random stub matching
(solid lines) and independent edge assignments (dashed lines) at a vertex of degree d in a
graph with m edges. Entropy is plotted against stub proportion d/2m for m = 20, 40, 60.
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Figure 5: Entropy of the distribution of loop multiplicity under random stub matching
(solid lines) and independent edge assignments (dashed lines) at a vertex of degree d in a
graph with m edges. The entropy approximations are illustrated with dotted lines for all
cases. Entropy is plotted against stub proportion d/2m for m = 20, 40, 60.
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We now turn to edge multiplicities m;; = m;;(n) for i < j under RSM, and start with the
joint probability distribution of the multiplicities (mg;, mjj, mij) = (mui(n), mj;(n), mi;(n))
which is denoted Pyuw = P((mi;, mjj,mij)) = (u,v,w)). Applying a similar argument
as before for i-loops, j-loops, (i,j)-edges, remaining i-stubs and j-stubs, we obtain after
simplification the following formula for the trivariate probabilities under RSM:

( m )2di+dj—2u—2v—w
u, v, w, di—2u—w, dj—2v—w

(a"a,)

To specify possible outcomes of (u,v,w) let a and b denote the smallest and largest number
of stubs at vertices i and j, and ¢ denote the number of stubs at other vertices, i.e. ¢ =
2m —a—>b. Table 4 gives the number of stubs of each category occurring at the edges within
and between categories. There are u loops with 2u stubs at the vertex with a stubs, v loops
with 2v stubs at the vertex with b stubs, and w edges with w stubs of each kind between
these two vertices. There are a —2u—w and b—2v —w remaining stubs at these two vertices,
and they combine to edges with the same number of other stubs. Since there is a total of ¢
other stubs, there remain ¢— (a—2u—w) — (b—2v—w) = 2(m—a—b+u—+v+w) other stubs
giving room for m —a —b+u+v+w other loops or edges. Note that 2u+w < a,2v+w < b
and (2u 4+ w) + (2v +w) > a + b — ¢ are required to achieve non-negative frequencies.

Pm)w -

Table 4: Number of stubs of each vertex category at edges or loops within and between
categories.

Vertex 1 Vertex j Other vertices Total
Vertex 7 2u w a—2u—w a
Vertex j w 2v b—2v—w b

Other vertices | a —2u—w b—2v—w 2(m—a—-b+u+v+w) c

Total a b c 2m

The set of possible outcomes (u,v,w) is illustrated in Figure 6 and correspond to marked
points in the shaded regions with possible stub frequencies (2u + w,2v 4+ w) of the same
parity. Four different cases are numerically illustrated in Figure 6 where (a,b) = (3,7) and
the value of ¢ is varied and given by the vertical distance from a-+b to the upper point of the
digonal. First, consider b < a+b—c < a-+b which corresponds to 0 < ¢ < a and choose ¢ = 2
to illustrate. There are four possible points in the triangular region, namely (1,7), (2,6),
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(3,5), (3,7) corresponding to (u,v,w) equal to (0,3,1), (1,3,0), (0,2,2), (1,2,1), (0,1, 3),
(1,3,1), (0,2,3). These (u,v,w) are obtained by choosing w = 0,2,... or w = 1,3,... so
that 2u and 2v get even. It can be shown that the possible point (2u + w,2v + w) in the
shaded region corresponds to

{min@u +w,2v + w)J
1+ 5

possible outcomes (u,v,w). Second, consider the case where a < a 4+ b — ¢ < b which
corresponds to a < ¢ < b and choose ¢ = 6. Third, consider 0 < a + b — ¢ < a which
corresponds to a < b < ¢ < a+ b and choose ¢ = 8, and finally, fourth consider a4+b—c¢ <0
which corresponds to a + b < 0 and choose ¢ = 12 to illustrate the case with maximal

number of outcomes.

a=3,b=T7,c=2 a=3,b=T,c=6 a=3,b=T,c=38 a=3,b=T,c=12

a+b 10 . a+b g - a+byq - a+bq -
9r ° 9 ° > 9r ° > 9 o L
8\ . 8¢ . 8¢ . 8¢ .
bz b7 b7 b7
3 69 5 69 e 5 69 L] S 6 L[]
+ + + +
> = = >
[~ IS ° N 5 o > N 5 o > [ (] L
41¢ . 49 . 49 (]
3r o 3 ° > 3 ° q
2¢ . 24 . 24 .
1+ . 1 3 1 . L
0 Il & L é L *
0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3
u+w @ u+w @ u+w @ u+w @

Figure 6: The possible outcomes of (u,v,w) in Table 4 correspond to the shaded region
with stub frequencies (2u + w, 2v + w) of the same parity. The four cases illustrate how the
region varies when the number of other stubs ¢ is smaller than a, between a and b, between
b and a + b, and larger than a + b.
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Letting u < |(a —w)/2] = ay, v < [(b—w)/2| = Bu, and u+v > a+b—m —w = vy,
the total number of possible outcomes of (u,v,w) denoted K is given by

K:Za:Kw,
w=0

where )
(anﬁBinfwar ) if Yw > Bw

Ky = (aw + 1)(510 — Yw) + (aw2+2) if ay <y < Bu

(aw+1)(Bu+1)— (") iy <o

providing an upper bound to the entropy. Table 5 gives a numerical example of this result
for the second case in Figure 6, i.e. when a = 3, b = 7 and ¢ = 6. The twelve points in
Figure 6 for this case can be individually checked for possible (u, v, w). There are six points
with two outcomes and six points with one outcome of (u, v, w), thus a total of 18 outcomes.
Using the formula for K, we also find that the total number of possible outcomes here is
given by

3
K:ZKU,:IS,
w=0

implying that the entropy of this distribution is

h(P) = Z —Pyw 103; Puow < 10g(18) =4.170 ,

UVW: Py >0

where P = (Pyyy @ all possible (u,v,w)). The exact entropy in this case turns out to be
3.525. Further comparisons are presented in Table 6.

Table 5: The total number of possible outcomes of (u,v,w) in Table 4 when a =3,b =17
and ¢ = 6, where u < uq, v < By, and u +v > 7y .

wooaw Bu Yw Ky
0 1 3 2 )
1 1 3 1 7
2 0 2 0 3
3 0 2 -1 3
K =18
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If the edges are assumed to be independently assigned to sites, the IEA distribution for
(mgi, mj;, mi;) is multinomial distribution with parameters m and [Qi; Qj; Qij (1 — Qii —

Qj;j — Qij)] where Q;; for i < j is defined as earlier. This distribution is shortly denoted B

with probabilities By, for (m; 3) different outcomes (u, v, w, m—u—v—w) that are ordered

partitions of m into four non-negative integers. Thus, the entropy of this distribution is
m+ 3
h(B) = Z — Buyw 10g Byyw < log ( X )
UVW: Byyw >0

and using the normal approximation to the multinomial distribution we obtain the approx-
imate entropy

h(B) =~ %log [(27‘1’6)3 det(ZIEA)] ,
where X, is the covariance matrix of (mg;, mj;, m;;) under IEA given by
Qi (1 — Qi) —QiiQjj —QiiQij
Sipa=m —Qj;Qu  Qj;(1-Qj)  —Qj;Qij
—Qi;Qii —QijQj;  Qii(1— Qi)
The determinant of ¥, is given by
det(Bipa) = m*QiiQ;; Qi [(1 — Qi) (1 — Qi) (1 — Qi) — 2QiiQ;; Qi
— (1= Qi)Qj;Qij — (1 — Q) QuiQij — (1 — Qij)QuiQj5]
=m?Q;iQ;;Qij(1 — Qi — Qj; — Qij)
so that 1
h(B) ~ 3 log [(2mem)®QQ;;Qi;(1 — Qi — Q5 — Qi) -

The approximate entropy of the distribution of (my;, mj;, m;;) under RSM is
1
h(P) ~ 510g [(27‘(‘6)3 det(Xrem) } ,

where det(Xggy) is the determinant of the covariance matrix. The covariance matrix of
(mgi, mj;, mi;) under RSM is given by

ZRSM = 2IEA +A )

where

iiii — Q% Qiij; — QiiQj;  Qiiij — QiiQij
A=mm—1) | Qujj—QuQsij  Quyij ~ Qjy  Qigis ~ Qi |
Qiiij — Qiili;  Qijj; — Qij Q5 Qijis — Qi
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with
(%)
2

2
m

i\ (di—2 d;
(5) (%) (5)
2my (2m—2y 2 —2\
(5 (%) 30"
(5)(di —2)d; Qpii = %ildi — Dd;i(d; — 1)
2my\ (2m—2y ijij = 2my (2m—2 ’
)" 7) ) 7)
and note that Q;jre = Qpe;j for all i < j and k < L.
Table 6 illustrates the different entropies presented here for some cases witha =3,b=7
and where the total edge frequency m is varied, including the four cases given in Figure

6. Also presented in this table is the information divergence between the RSM and TEA
distribution of (my;, mj;, msj) :

Q’L’L’L’L = Qiijj =

Qiiij =

Puvw
DP,B)= ) Py log 5 .

uvw
UVW: Py >0

We see in Table 6 that the approximate entropies are close to the entropies of both the IEA
and RSM distributions indicating that both distributions are fairly well approximated by
the normal distribution. We also note that as m increases, the RSM entropy moves towards
that of the IEA. This can also be seen by the divergence values which are decreasing towards
zero for increasing m. The common limiting distributions of RSM and IEA is a one-point
distribution at (u,v,w) = (0,0,0) so the exact entropies tend to zero. The upper bounds
for the RSM distributions tend to log(22) since there are 22 points (u, v, w) corresponding
to the last case shown in Figure 6. This limit is achieved already for m = 10.

The distribution of a single non-loop multiplicity m;; = m;;(n) for i < j under RSM
is given as a marginal in the trivariate distribution of (my;, mj;, m;;). It is obtained by
summing over the numbers of loops at vertices ¢ and j. Thus,

a w Lb ’LUJ
P(m;j = w) = Z Z Puw , forw=0,1,.
where a = min(d;, d;) > 1 and b = max(d;, d;) with a+b < 2m. Note that not all Py, > 0.

For the special case when n = 2, a +b = 2m and u + v + w = m, we get a = 2u — w and
b = 2v — w and the marginal distribution of m1s simplifies to

(u o 0)2" m! 2¥ a! (2m — a)!
P(miy = w) = Py = —5— = o) (=] (2=2)| ool
(a) (2m)! (5%)! (59! w!
where w = 0,2,...,a if a and b are even, and w = 1,3,...,a if a and b are odd. For this

case we cannot expect the binomial distribution under IEA to be an adequate approxima-
tion. Obviously the IEA distribution B = (B, : w = 0,1,...,m) with parameters m and
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Table 6: Entropy of the joint edge multiplicity distribution under random stub matching
(RSM), independent edge assignments (IEA) and the entropy approximations for these
distributions where number of stubs are a = 3, b = 7 and the total edge frequency is
m =6,8,9,11, 20, 30,40, 50, 60, thus including the four cases shown in Figure 6. Also given
is the divergence between these two distributions.

Entropy RSM Entropy IEA
Upper Upper
m  bound Exact Approximate bound Exact Approximate Divergence
6 2.81 2.36 2.31 6.39 5.07 5.31 1.88
8 4.17 3.53 3.61 7.37 4.87 5.13 0.76
9 4.39 3.64 3.70 7.78 4.68 4.94 0.55
11 4.46 3.61 3.65 8.51 4.30 4.58 0.34
20 4.46 2.96 2.90 10.79  3.17 3.36 0.10
30  4.46 2.40 2.19 12.41  2.50 2.48 0.04
40  4.46 2.03 1.65 13.59  2.08 1.86 0.02
50  4.46 1.77 1.21 14.52 1.80 1.38 0.02
60  4.46 1.57 0.84 15.28  1.59 0.10 0.01

ab/ (2;7"”) = a(2m — a)/m(2m — 1) gives positive probabilities to all outcomes whereas the
RSM distribution of edge multiplicity, P = (P, : w = 0,1, ...,m), has zero probabilities for
all even or all odd outcomes. According to the results in Section 4, it is only for this special
case, n = 2, that the RSM distribution can have a variance J?j + Ay that is larger than the
variance 0’% of the IEA distribution. This occurs when a and b lie at the same distance from

m, and this distance is strictly less than \/m(m — 1)/(4m — 3). Thus A;; > 0 for only one
choice (a,2m —a) = (m,m) if m < 5, two choices (m,m) and (m —1,m+1) if 5 <m < 17,
three choices if 17 < m < 37, four choices if 37 < m < 65, five choices if 65 < m < 101,
and so forth. Of the m cases of (a,2m — a) only [\/m(m —1)/(4m — 3)—‘ have a variance

larger than 02-2]-, so even if the number of cases increases with increasing m, the proportion

of cases decreases towards zero. This is illustrated in Figure 7, where we also notice that
the proportion is not monotonically decreasing.

Table 7 gives the RSM distribution of edge multiplicity and the corresponding IEA
distribution for the case m = 10 and (a,2m — a) = (10,10). Also presented in Table 7 is
the information divergence between these distributions. The entropies for this example are
equal to h(P) = 1.746 and h(B) = 2.704. The asymptotic entropies for the edge multiplicity
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Figure 7: Proportion of the degree pairs (a,2m —a) for a = 1,..., m with edge multiplicity
variance larger for random stub matching than for independent edge assignments. The
proportions are plotted against edge frequency m.

distributions under RSM and IEA give the following approximations:
1
h(P) ~ 3 log [27‘1’6(0‘% + Al-j)]

and

h(B) ~ %log [27760%] .

For the case where m = 10 and (a,2m — a) = (10, 10), these approximations are equal to
h(P) = 2.747 and h(B) ~ 2.706.

Figure 8 shows divergence for m;; at degree pairs (a,2m — a) for different a when
m = 10, and how it varies for different proportions a/m for some selected values of m.
Figure 9 highlights how h(P) and h(B) vary for different a when m and Figure 10 compares
the entropy approximations to their true values. The deviation between entropy values in
Figure 10 indicates that edge multiplicity under RSM is poorly approximated by a normal
distribution. However, the approximate entropies are close to the true values under IEA.
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Table 7: The probability distribution of edge multiplicity at a pair of vertices with degree

pair (a,2m — a) =

(10,10) when m = 10 edges are formed by random stub matching

(RSM). It is compared by information divergence to the binomial distribution obtained by
independent edge assignments (IEA).

Number of Probability Probability Weighted
edges under RSM  under TEA log-likelihood ratio

0 0.001364 0.000569 0.001721
1 0 0.006319 0
2 0.068198 0.031595 0.075702
3 0 0.093614 0
4 0.363723 0.182028 0.363242
5 0 0.242704 0
6 0.436468 0.224726 0.418008
7 0 0.142683 0
8 0.1247050 0.059451 0.133277
9 0 0.014679 0
10 0.0055424 0.001631 0.009781

Divergence = 1.001733
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Figure 8: Information divergence between random stub matching and independent edge

assignments for the distributions of edge multiplicity at a pair of vertices with degree pair
(a,2m — a) in a graph with m edges. Information divergence is plotted against different

degrees a for m = 10 and against different proportions a/m for m = 10, 20, 30, 40.
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Figure 9: Entropy of the distribution of edge multiplicity under random stub matching
(solid lines) and independent edge assignments (dashed lines) at a pair of vertices with
degree pair (a,2m — a) in a graph with m edges. Entropy is plotted against different

degrees a for m = 10, 20, 30, 40.
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Figure 10: Entropy of the distribution of edge multiplicity under random stub matching
(solid lines) and independent edge assignments (dashed lines) at a pair of vertices with degree
pair (a,2m — a) in a graph with m edges. The entropy approximations are illustrated with
dotted lines for all cases. Entropy is plotted against different degrees a for m = 10, 20, 30, 40.
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This section is concluded with an illustration of how the divergence between the prob-
ability distributions of edge frequency m;; for i < j under RSM and under IEA vary for
different numbers of stubs at vertex i and vertex j, i.e. for different ordered degree pairs
(a,b) with 1 < a < band a+b < 2m where m is the total edge frequency. The case m = 15
is illustrated in Figure 11 where divergence D(P,B) is plotted against degree pairs (a,b)
using a color coding of standardized divergence values applied to the unit squares located
around points (a,b). The divergences for all possible degree pairs (a,b) are calculated and
their maxima are determined. Standardized divergence values are obtained by dividing
with the maxima. Every 10th percentile of this standardized distribution is then calculated
and assigned a color where darker colors represent higher divergences, i.e. darker colors
are assigned to unit squares where the RSM distribution deviates the most from the IEA
distribution. Letting ¢ = 2m — a — b denote the number of stubs at other vertices than
7 and j, border lines are drawn in Figure 11 where c¢ is equal to the stub frequencies a
and b. These two border lines b = 2m — 2a and b = m — a/2, together with the border
lines b = 2m — a and b = a, divide the figure in three regions corresponding to whether c
is smaller than, or larger than, or between the two stub frequencies a and b. The upper
region in Figure 11 represents cases where ¢ < a < b. Here, we have the majority of the high
divergence values implying that the RSM distribution and the IEA distribution deviates the
most. The middle region in Figure 11 represents cases where a < ¢ < b. Here, the majority
of the region has a brighter color implying less deviation between the RSM distribution and
the IEA distribution. The same applies for the lower region in Figure 11 which represents
cases where a < b < c¢. Here, even less deviation is seen between the two distributions.
Thus we can conclude that the more stubs we have at other vertices than ¢ and j, the more
resemblance we have between the distributions of m;; under RSM and IEA.
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Figure 11: Divergence between the multiplicity distribution under random stub matching
and under independent edge assignments for edges between two vertices with ordered degree
pair (a,b) when total edge frequency is m = 15 and total number of stubs is 2m = a+b+c.
A darker color at the unit squares located around points (a, b) represent a larger divergence
than a brighter color.

30



6 Distributions of Multigraphs

So far we have been considering the local structure of multigraphs by examining the dis-
tribution of edge multiplicities m;;(n) for i < j. We now turn to the global structure by
studying the distribution of multigraphs, i.e. the distribution of m(n). Entropy measures
are used to compare the distributions of multigraphs under RSM and under TEA.

In Section 3, the probability of generating undirected multigraphs under RSM was shown
to be given by
22 (1)

(d)

This probability depends on a single statistic, the complexity measure t(n) = mi(n) +
logm(n)!, and can be written as

P(m(n) = m) = Py(d) =

Pm(d) =027 )

where ¢ = m; + logm! is the outcome of t(n) and C = 2™m!d!/(2m)! is a constant.
Letting P = (Pm(d) : all different m) denote the probability distribution of multigraphs
under RSM, its entropy H(m(n)) = h(P) is given by

h(P) = Z —Pm log P

m: Py, >0

E(t(n)) —logC,

where the expected value of £(n) is
E(t(n)) = E(m1) + E(logm!) .

The first term of the above sum is the expected number of loops m; = mq(n) under RSM
which by using the results in Section 4 is obtained as

n

E(m) :Z;E(mu‘) ImZ;Qu' b — Z <2> :

The second term of the expression for the expected value of t(n) can be expanded to

E(logm!) = Zlog k! ZZP(mij =k),
k=2

1<j
where the probabilities need to be considered for vertex pairs with different degree pairs.
Letting P(mj; = k) = Pr(m,a) for d; = a, P(m;; = k) = Pi(m, a,b) for a = min(d;,d;) and
b=max(d;,d;), Y.y I(di = a) =ng, Y iy I(di =b) =np and
{ ngnp fora <b

ZZI(min(di,dj) = a,max(d;,dj) = b) = ("Za) fora="5,

i<j

31



we have that

Z Z P(mi; =k) = Z nePr(m, a) + Z <n;> Pi(m,a,a) + Z Z ngnpPr(m, a,b) .

1<j a<b

These expansions yield the formula for the exact entropy. In particular, for regular graphs
with the same degree d = 2m/n at each vertex, the expected number of loops under RSM

is given by ; ad—1)
£0m) = =13 (5) = S =1)

and the exact entropy is simplified to

~ nd(d—1

h(P) =

M n élog k! [nPk(m, d) + (Z) Py(m,d, d)} ~logC',

where
()"
(nd — 1)
The approximate entropy of the distribution of multigraphs under RSM is given by

h(P) ~ %log [(2me)" ™™ det(Zrsu) |

where Xgqy is the covariance matrix of 7 —n non-redundant components of the multiplicity
sequence m. In order to find Xy, consider Q;jx¢ for all ¢ < j and k < £ where Q; 1 = Qreij-
More specifically, we need the formulae for two loops that are at the same vertex or at
different vertices, one loop and one non-loop with one or no common vertex, and two non-
loops with two, one or no vertices in common. With a slight abuse of notation, the r by r
covariance matrix under RSM can be written as

2RSM = EIEA +A )

where Xz, is the r by r covariance matrix under independent edge assignments, i.e. the
covariance matrix of a multinomial distribution with parameters m and Q. The elements
of 3ips are mQy;(dijke — Qre) for r different (4, j) and (k,¢) in R, where d;j5 is equal to 1 if
(i,j) = (k,£) and 0 otherwise. The matrix A consists of elements A;jry = m(m —1)(Qijxe —
Qi Qo) for r different (4, j) and (k, ¢) in site space R. Renaming the ordered edge sequence
indexes (1,1) < (1,2) < -+ < (1,n) < (2,2) < (2,3) < -+- < (n,n) to 1,2,...,r = ("3,
Yrsm can be written as

Q:1(1—-Q1) —Q1Q2 —Q1Qr A A o Ay
7Q1Q2 Q2(1 - QQ) Tt 7Q2Q7’ A12 AQQ e AQT‘

Trsm =M : : . : +m(m—1) : : ) :
—QiQr Qe o Q(1-Q)) Ay Ao o A,
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In order to avoid singularity of Xygy, remove n of the r components in m that are linear
combinations of the others, implying that the degrees of freedom here is equal to r — n =
(g) A similar argument was used in Section 5 for the trivariate distribution of the edge
multiplicities (m;;, mj;, m;;) obtained when three of the six pairs of vertex categories were
redundant.

We now turn to the distribution of multigraphs under IEA which corresponds to that
edges in £ are independently assigned to sites according to the probability distribution
(P : (i,j) € V?), and edges in i are independently assigned to sites according to the
probability distribution Q = (Q;; : (4,j) € R), where Pj; and @;; are defined as earlier.
Thus,

m
Pn=y) =[] Qar—1,v2) = HQZ-L”(ZJ) ;
k=1 i<j
where Q(i,7) = Q;j, and m(n) is multinomially distributed with parameters m and Q so

that
P(m(n) = m) = (f’;) Qm- " [T@5 .

1
[Ti<; mis! i<

which is shortly denoted By, (d). Note that this implies that m;;(n) is binomially distributed
with parameters m and Q;;, as considered in previous sections. Letting B = (Bm(d) :
all different m) denote the probability distribution of multigraphs under IEA, the entropy
of this distribution is equal to

h(B)= > ~BmlogBm .
m: By >0

The number of multigraphs m is not restricted by d in the same way as for the RSM
distribution. Here it is given by the total number of ordered partitions of m into r = (”;1)
available sites of vertex pairs for the edges:

m+r—1
(107

This gives an upper bound to the entropy

h(B) < log (m +ﬂz - 1) .

The approximate entropy under IEA is given by

h(B) ~ %log [(2me)™" det(Sie) |
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where ¥, now denotes the (r — 1) by (r — 1) covariance matrix of m when one of the r
components is omitted (to avoid singularity). The determinant of this matrix can be proved

to be equal to
m" H Qij
1<j
where the product is over all r pairs (¢,j) € R. Thus, the approximate entropy under IEA
is obtained by

h(B) ~ %log (2mem)" ! H Qij
1<j

In Table 8 we consider the entropies of the distributions of multigraphs under RSM and
IEA and the entropy approximations for these distributions with n = 6 vertices, m = 9
edges and different degree sequences with minimum degree 2. Also shown in Table 8 is
the divergence between these two distributions. The total number of graphs under IEA for
this example is 10,015,005 and we do not calculate the exact entropies which here are close
to their approximations. We see that the approximate entropies under RSM and under
IEA are both close to their upper bounds. The exact entropies under RSM are close to
the approximate entropies implying that the distributions of multigraphs are fairly well
approximated by normal distributions. However, the divergence values indicate a large
deviation between the distributions under RSM and IEA. These findings indicate rather
flat distributions over very different ranges for RSM and IEA. We note that there are cases
in Table 8 when the approximate entropies are larger than the upper bounds to the exact
entropies. This occurs for the last three rows of Table 8. It would be a tedious task to
investigate this in general by using the formula given in Section 5 for the total number of
multigraphs under RSM. We therefore restrict ourselves to a general investigation of ITEA
by considering the following inequality which holds when the IEA entropy approximation
is at most equal to the upper bound to the exact entropy:

1

-1
(2mem) e HQU < (m +nz ) .

1<j

The right hand side can be written as

(m+r—1> ’"H( )

and the inequality can be expressed as giving an upper bound to the geometric mean of the

edge probabilities according to
r—1




Table 8: Entropies of the distributions of multigraphs under random stub matching (RSM),
independent edge assignments (IEA) and the entropy approximations for these distributions
with n = 6 vertices, m = 9 edges and different degree sequences with minimum degree 2.
Also given is the divergence between these two distributions.

Entropy RSM Entropy IEA
Degree Number  Upper Exact Approx Upper Approx
sequence of graphs  bound bound Divergence
d=(8, 2, 2, 2, 2, 2) 773 9.59 8.63 7.61 23.26 18.84 8.72
d=1(7, 3,2, 2,2, 2) 1210 10.24 9.47 8.98 23.26 20.41 8.90
d=(6, 4, 2, 2, 2, 2) 1651 10.69 9.97 9.62 23.26 21.15 8.99
d= (5,5, 2, 2, 2, 2) 1804 10.82  10.14 9.82 23.26 21.37 9.02
d=(6, 3, 3, 2, 2, 2) 1914 10.90  10.23 10.25 23.26 21.86 9.07
d=(5, 4, 3, 2, 2, 2) 2424 11.24  10.60 10.77 23.26 22.45 9.14
d=(4, 4, 4, 2, 2, 2) 2814 11.46  10.81 11.08 23.26 22.82 9.18
d=(5, 3, 3, 3, 2, 2) 2857 11.48  10.87 11.40 23.26 23.17 9.21
d=(4, 4, 3, 3, 2, 2) 3316 11.70  11.08 11.72 23.26 23.53 9.26
d=(4, 3, 3, 3, 3, 2) 3943 11.95 11.36 12.35 23.26 23.27 9.33
d=(3, 3, 3, 3, 3, 3) 4720 12.21 11.64 12.98 23.26 24.97 9.41
where
1 1

Q~= HQU and G =

i<j

I (s Wnﬂ
Pt vm k
Under IEA, we have that

o, = di(dy — 1) da(dg — 1) -+~ dy(dy — 1) 2d1da 2d1d3 - - - 2dy,—1d,,
E [2m(2m — 1)]"

1<j
26) (1= 1) (do 1) -+ (dn —1) (dy dp---dp)"
[2m(2m — 1)]" '

and the geometric mean is

1 1
a- Tes| - 2 [T (ds = 1) ([T, d)" |
11w [2m(2m — 1)]"
A comparison between the distributions P and B for regular graphs with n = 4 vertices
of the same degree d is shown in Figure 12 when d varies from 2 to 10 so that the number of
edges m = nd/2 = 2d varies from 4 to 20. There is one case where the approximate entropy
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under IEA is larger than the upper bound to the exact entropy under IEA. This occurs for
m =6 and d = (3 3 3 3). We investigate this by using the above shown inequality. For this
case we have that » = 10 and the geometric mean of the edge probabilities is

Q=

[2(3)(d-— 1y1(d)”2] ’ B [ 2694316

2m@m — 1) _[UQUW} = 0088

Further, we have that

r—1 1 \/m2%_ 9 1 \@2%_
H<m+k>] _g<¢6+k> —1.107 ,

k=1

G =

so that the right hand side of the inequality is equal to

r—1 9
G\ 1.107\ 10
— = =0.085 .
(27‘1’6) ( 2me )

As seen, the geometric mean of the edge probabilities is greater than the upper bound
which implies that the inequality is not satisifed, i.e. the IEA entropy approximation for
this example is greater than the upper bound to the exact entropy.

Further in Figure 12, we note that as the number of edges increases, the differences
between the upper bounds of the entropies and the exact or approximate entropies are
increased. This indicates that the distributions of multigraphs under RSM and IEA cluster
at the high probability sites when more edges are added and therefore are less flat for large
values of m.

7 Simplicity and Complexity

The probability distribution of complexity of multigraphs generated by RSM depends in a
complicated way on its degree sequence. Different aspects of complexity can be studied by
various indicators and summary measures. For instance, the expected value of a simplicity
indicator is the probability that the multigraph is simple, and it has received much attention
in the literature. Janson (2009), McKay (1985), McKay and Wormald (1991), Bollobas
(1980), and Bender and Canfield (1978) all focus on asymptotic results and so far no exact
solution seems to have been found. Other examples of useful information about complexity
are given by the expected numbers of loops and multiple edges and their variances. This
section reviews some results from the literature and presents some convenient summary
measures of complexity.
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Figure 12: Approximate and exact entropies of the distribution of multigraphs under ran-
dom stub matching (RSM), approximate entropies under independent edge assignments
(IEA) and upper bounds of entropies in different regular multigraphs with n = 4 vertices.
Entropies are plotted against number of edges m between 4 and 20.

There is a considerable literature about graphical degree sequences, i.e. such degree
sequences that can be realized by simple graphs. Obvious necessary conditions for a finite
sequence of non-negative integers (di, . .., dy) to be graphical is that d; < n, Y ;- d; = 2m is
even and m < (g) Erdos and Gallai (1960) give further necessary and sufficient conditions
for the existence of a simple graph with given degree sequence. They show that a degree
sequence d of non-negative integers in non-increasing order d; > --- > d, is graphical if

and only if

J
S di<ji(i-1)+ Y min(jd), forl<j<n-—1.
i=1 i=j+1
Proof of necessity is straightforward; the left side of the inequality counts degree among the
j vertices with highest degrees. The first term on the right side is a consequence of that at
most (j — 1) edges are incident to any of the first j vertices. The second term of the right
side is a sum of upper bounds to the number of edges for each remaining vertex. The proof
of sufficiency is more complicated but can be found in several papers including Tripathi,
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Venugopalan and West (2009), Sierksma and Hoogeveen (1991) and Choudum (1986).

Besides the existence result above, a recursive test to find graphical degree sequences is
given by Havel (1955) and Hakimi (1962). To avoid isolated vertices only sequences with
strictly positive degrees are considered in their result. They show that a non-increasing
sequence di > --- > d, > 1 with n > 2 is graphical if and only if the sequence

d*:(d2—17d3—1,...,dd1+1—l,dd1+2,...,dn)

is graphical. The proof, which can be adapted into an algorithm to determine whether or
not a sequence of positive integers can be realized by a simple graph, can be found in several
papers including Blitzstein and Diaconis (2011) and Tripathi and Tyagi (2008).

The asymptotic results given by Janson (2009) concern the probability that an RSM
multigraph is simple, which we denote Fy. The asymptotic probabilities given by Janson
(2009) are based on the assumptions that degrees and numbers of vertices and edges depend
on some parameter that tends to infinity. The main result is that as m — oo:

(i) liminf Py > 0 if and only if Y _df = O(m) ,

E 2

(13) Py — 0 if and only if = — oo,

with the corollary that as n — oo where m = O(n) and n = O(m):
(¢) liminf Py > 0 if and only if Z d? =0(n) ,

Z 2

(13) Py — 0 if and only if =

The two asymptotic formulas for the probability that a multigraph is simple are given by
Janson (2009) and they can in our notations be given as

Py = exp ZZ)\”+ZZIOg L4+ Xij) | +o(1),

=1 j=1 1<i<j<n
and, assuming that max;(d;) = o(y/m),

Py =exp[-A(1+A)] +o(1) ,

v f6)
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and
n n n

1 1 d; 1 1
=g 2him g (5) =g

i=1 i=1 i=1

Hence

riee |-k (S(0)) - e (0 2B ()] + o0

n

2
" 1 1 1

and

=1

In particular, for regular graphs with the same degree d at every vertex, \j; = (d —1)/n
and A = (d — 1)/2 so that

Py = exp [—n(d;l) + (Z) log (1 + (d; U)] +0(1)

when nd — oo and n — oo, and

P =exp [—(d_l)idm} +o(1)

when d/n — 0 and n — oo. Some numerical examples for these approximations are pre-
sented later in this section.

Using the results obtained in Section 4 for edge multiplicities under RSM, we derive
expected values and variances of some quantities that can be used to study simplicity and
complexity of multigraphs. The expected values of the numbers of loops m; = mi(n)
(already mentioned in previous section) and non-loops ms = ms(n) under RSM are directly
obtained as expected values of local multiplicities according to:

n

i=1

and

E(ma)=m>» Y Qij = le_ . S did;

i<j i<j
We also obtain E(mg) = m — E(m1) by using the linear relationship my = m — my. This
linear relationship also implies that

Var(msgy) = Var(my) .
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This common variance is given by

n n

m m
Var(mq) ZZCOV (mgi, mj;) E ZCOV (Liik, Ljje)

i=1 j=1 =1 j=1 k=1 (=1

where Cov (I, Ij;¢) need to be considered for different 4, j, k and £. For k = ¢

Qii(1 — Q) fori=j
COV( uka]jk) = . .
—QiiQj; fori#7,
and for k # /¢
i — Q% fori=j
COV(L;ik, Ijjg) = . .
Qiijj — QuiQj; fori#j,
where

i = ) @ and Qi = e

This implies that

Var m1 |:Z sz Qu) - Z Z QuQJ]]

i#]

+m(m—1)

Z an - + ZZ QZZ]] QuQ]j
=1

i#j

:mZsz+m _1 ZQ’L’L’L’L_ QZQ
i=1
m -1 ZZQW QZZ%@M

:mg% mZQm +m(m (ZanﬁE;#Z Qw)
() {12;;@)]
+(277~L1>1<2m?>) {i(dxd 2) ZZ( )( )] '
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In particular, for regular graphs with the same degree d at every vertex we obtain

d—1 1
E(m) = 2 <1+nd—1>

a5 (14 SB4) (1)

Hence we expect that there are slightly more than (d—1)/2 loops, and the expected number
of loops is about the same for any number of vertices. The variance indicates that the
number of loops might be approximately Poisson distributed.

A variable that has been used by several authors to study simplicity is mj + ms where
mg3 is the number of pairs of equal non-loops in 7. This number is formally given by

=25 (") = Z X T S e

i<j i<j k<t

and

The sum mj 4+ ms3 is a variable that is 0 if and only if the multigraph is simple. Now

E(m3) = m(m2_1) D Qi = (2m — 1)2(2m —3) z;qz: <C§> <d?J) 7

1<j

and the expected value of m; 4+ mg is thus given by

E(my+m3)=m» Qi+ <;n> > Qijis
=1

1<j

= 5 > @ " em- 1>2<2m —3) ZZ @) @ |

i=1

In particular, for regular graphs with the same degree d at every vertex this expected value
is about E(mq +mg3) = (d? — 1)/4 regardless of the number of vertices.

In order to make it easier to investigate simplicity and complexity, and find the expected
value of the number rp = r,(n) of sites with occupancy k, we use the IEA multiplicity
distribution introduced in the previous section so that m(n) is multinomially distributed
with parameters m and Q. From this it follows that m;;(n) is binomially distributed with
parameters m and Q;; and

E(ry) = ZZ <77ka> Z(l — Qij)mfk for k=0,1,...,m .

1<]
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Using this result, we obtain a formula for the expected value of the statistic ¢ = ¢(n), which
in Section 3 was shown to determine the probability distribution of multigraphs under
RSM. This statistic is a summary measure of complexity that is equal to 0 if and only if
the multigraph is simple. Its expected value under IEA is given by

Eit)=FE |m +§:rklogk!]
k=2
:mZQu‘—FZ logk!( )ZZQ —Qij)™
i=1 k=2 i<j

Note that the expected value of ¢ under RSM that was given in the previous section is
considerably more complicated to specify and analyze.

Other statistics related to complexity are also easily handled under IEA. The number
of sites with no occupancy given by ro = ro(n) has expected value

=22 (1=Qy)",
i<j
and the number of sites with single occupancy given by 71 = r1(n) has expected value
=m) > Qy(l-Qy)"
1<j
The expected value of the number of multiple occupancy sites is thus
E(T_TO_Tl —T_ZZ 1_Qm _mZZQZJ sz 5
i<j (5]

and the number of multiple edges has expected value

Bn=r) = (1= 33 0y(1 - Q)"

1<]

A particulary interesting statistic is r9; (defined in Section 3) which is equal to m if and only
if the multigraph is simple. This means that there are m single occupancies of non-loops.
The exact probability distribution of this statistic is unknown, but being a counting statistic
it is not unreasonable to assume that it is approximately Poisson distributed with parameter
A = E(r21). The probability of simplicity Py = P(r2; = m) can then be approximated by

" e_)‘)\m
PO == 5
m!
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where
dz’dj m—1
A=) =Y Y00 -y =Y Y won = (mon =)
i<j

For regular graphs with the same degree d at every vertex we obtain

Qe m yE
Blra1) = 0 <1 T nlnd = 1)>

This expected value is for large n and small d approximately equal to

ROl d(nd 2)\ . (n—1)d d\ _nd d(d+1)  d*(d+2)

and it follows for this case that

i eA\T A em—A e(d;q) (d';‘l) m

m! mmy/2mm - V2mm (1 m ) '
In Table 9 we give some numerical examples of the probability that a RSM multigraph is
simple. These probabilities are compared to the previously given asymptotic probabilities
P(l) and Pé/ and the approximate probability P(;N. Here, we look at small graphs with 6
to 8 vertices, and study cases where the numbers of edges are in the interval +1 of the
number of vertices. For each case presented in Table 9, we focus on degree sequences with
positive degrees at each vertex that are at most 3 so that a reasonable number of simple
graphs is possible. From Table 9 we see that the Poisson approximation is close to the RSM
probability of simplicity but, as expected, the asymptotic probabilites do not perform well
for these small examples. In particular, the best Poisson approximations are for cases where
m = n + 1. Further we note that the Poisson approximations do not perform well for the
regular graphs presented in Table 9.
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Table 9: Some numerical examples of the probability that an RSM multigraph is simple,
compared to the suggested Poisson approximation of m single edge occupancies of non-loops,
and the two asymptotic probabilities suggested by Janson (2009).

n=6,m=>5

Degree sequence RSM Poisson  Asymptotic 1  Asymptotic 2
d=(3,3,1,1, 1, 1) 0.107 0.104 0.482 0.383
d=(3,2,2,1,1, 1) 0.195 0.116 0.540 0.472
d=(2,2, 2, 2,1, 1) 0.284  0.128 0.603 0.571

n=6,m==6

Degree sequence RSM Poisson  Asymptotic 1 Asymptotic 2
d=(3, 3, 3,1, 1, 1) 0.042 0.070 0.356 0.269
d=(3, 3,2 2,1, 1) 0.086 0.082 0.401 0.329
d=(3, 2,2, 2,2, 1) 0.132 0.093 0.450 0.397
d=(2, 2, 2, 2, 2, 2) 0.180 0.104 0.503 0.472

n=6,m=7

Degree sequence RSM Poisson  Asymptotic 1  Asymptotic 2
d=(3, 3, 3,3, 1, 1) 0.031 0.051 0.276 0.204
d=(3, 3, 3,2, 2, 1) 0.047 0.061 0.311 0.246
d= (3, 3, 2, 2, 2, 2) 0.069 0.070 0.349 0.294

n=7m=6

Degree sequence RSM Poisson Asymptotic 1 Asymptotic 2

d=(3, 3,2, 1,1, 1, 1) 0.132 0.100 0.473 0.397

d=(3,2, 2, 2,1, 1, 1) 0.200 0.110 0.526 0.472

d=(2, 2,2, 2,2, 1, 1) 0.270 0.119 0.582 0.554
n=7,m=7

Degree sequence RSM Poisson  Asymptotic 1 ~ Asymptotic 2

d=(3, 3,3,2,1, 1, 1) 0.068 0.076 0.365 0.294

d=(3, 3,2, 2,2, 1, 1) 0.103 0.085 0.406 0.348

d=(3, 2,2, 2, 2, 2, 1) 0.143  0.093 0.451 0.407

d=(2, 2, 2, 2,2, 2, 2) 0.189  0.102 0.499 0.472
n=7m=8

Degree sequence RSM Poisson  Asymptotic 1 Asymptotic 2

d=(3, 3, 3, 3,2,1, 1) 0.043 0.059 0.291 0.229

d=(3, 3, 3,2, 2,2, 1) 0.060 0.067 0.324 0.269

d=(3, 3, 2, 2, 2, 2, 2) 0.082 0.075 0.360 0.313
n=8 m=7

Degree sequence RSM Poisson  Asymptotic 1 Asymptotic 2

d=(3,3,3,1, 1, 1, 1, 1) 0.098 0.090 0.424 0.348

d=(3,3,2,2,1,1,1, 1) 0.148 0.098 0.469 0.407

d=(3,2, 2,2, 2,1,1, 1) 0.202 0.106 0.516 0.472

d=(2,2, 2,2, 2 2,1, 1) 0262  0.113 0.566 0.542
n=8 m=3~8

Degree sequence RSM Poisson  Asymptotic 1  Asymptotic 2

d=(3, 3,3,3,1, 1, 1, 1) 0.059 0.071 0.337 0.269

d=(3,3,3,2,2, 1,1, 1) 0.084 0.079 0.373 0.313

d=(3,3,2 2, 2 2, 1, 1) 0115  0.086 0.411 0.362

d=(3,2, 22, 2 2 2 1) 0151  0.093 0.452 0.415

d=(2, 2,2, 2,2, 2,2,2) 0.193 0.099 0.496 0.472
n=8 m=29

Degree sequence RSM Poisson  Asymptotic 1  Asymptotic 2

d=(3, 3,3, 3,3, 1, 1, 1) 0.040 0.058 0.275 0.217
d=(3,3,3,3,2, 2,1, 1) 0.053 0.065 0.305 0.251
d=(3,3,3,2, 2,2, 2, 1) 0.071 0.071 0.336 0.288
d=(3, 3,2, 2,2, 2,2, 2) 0.093 0.078 0.369 0.329
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A convenient way to obtain the IEA multiplicity distribution is to assume that the
stubs are randomly generated and independently assigned to vertices, independent stub
assignments (ISA). If stubs & for k = 1, ..., 2m are independently and identically distributed
according to a probability distribution p = (pi, ..., p,) with positive probabilities for the n
vertices, it follows that the sequence of stub frequencies d(&) is multinomially distributed
with parameters 2m and p. It also follows that edges in € are independent and equal to (i, )
with probabilities P;; = p;p; fori =1,...,n and j = 1,...,n. Edges in n are independent
and equal to (i, j) with probabilities Q;; = p? for i = j, and Q;; = 2p;p; for i < j . Now
the edge multiplicity sequence m(n) is multinomially distributed with parameters m and
Q. This is an IEA distribution with a new Q based on ISA. The conditional distribution of
m(n) given d(&) is equal to the previous edge multiplicity distribution obtained by random
stub matching with fixed degrees. This is a consequence of that the conditional probabilities
under ISA and TEA can be transformed according to

() Q™ _ (n)2™

Cap? (9)

P(m(n) =m|d(§) =d) =

using that

n n
@ =115 = ([ ) (ITenr ) =2 1ot =
=1

i<j i<j i=1

and mp = 3 >, _;mij. The multinomial distribution for d(§) with parameters 2m and p
can be considered as a Bayesian model for the stub frequencies.

By using that the sequence of stub frequencies d(£) is multinomially distributed with
parameters 2m and p under ISA, we derive a formula for the expected entropy of the
distribution of multigraphs m(n). This expected value is found by using the expected
entropy under ISA which is equal to the difference H(m) — H(d) using calculation rules for
entropy (given for instance in Frank 2011). Under ISA we use normal approximations to
the multinomial distributions of m and d and obtain the approximate entropies

H(m) ~ log \/(27rem)7“1 H Qij

1<j

and

H(d) ~log \/(47rem)"1 Hpi .
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It follows that the expected entropy under ISA is given by

E[H(m|d)] ~ log \/(27rem)"—1 H Qij — log , | (4mem)n—1 sz‘

1<j i=1

(2mem) " ];<; Qi
= log — T
2 Hi:l bi

1 \/(27rem)(g) o(3) (p1 - pp) L
- 2n—1 (pl . pn)

— log \/(QTrem)(g) 2("2") (pr--pa)n .

For fixed n and p this is a linear expression in log m which is denoted

H*=a"+b"logm ,

where

n—1

a* =a"(n,p) =log \/(ng)(g) 2( 21) (p1 -+ pn)™
and
b*=0b"(n)=n(n—-1)/4.
If this expected entropy is calculated with p = d/2m for a fixed degree sequence d, it can
be considered as an approximation to the entropy H of the distribution of multigraphs m
under RSM with this degree sequence d. In particular, for the distribution of multigraphs
under RSM with all d; = 2m/n, its entropy is approximately given by

H* =log \/(27rem)(g) 2("2") p—n? ,
corresponding to uniform p.

Another approximation H** to the entropy H of the distribution of multigraphs m
under RSM can be based on asymptotic results for the expected entropy, F [H(m|d)] =
H(m) — H(d), under ISA. Both m and d are multinomially distributed and obtained from
sequences of m independent identically distributed sites, and 2m independent identically
distributed stubs. The central limit theorem in weak form yields asymptotic equipartition
properties for r. and n. stubs. Here r. and n. are given by the entropies of site and stub
probabilities according to

logr. = h(Q) and logn.=h(p) .

In particular, for uniform ISA it follows that n. = n and r, = n22~(=1/" which is about
(";1) for large n. See for instance Cover and Thomas (1991) which has a detailed presen-
tation of the equipartition property. The equipartition properties implies that m and d are
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asymptotically multinomially distributed with r. equal site probabilities and n. equal stub
probabilities. Under ISA it holds that

h(Q) =2h(p) =1+ > p},
i=1
and hence
re = ng 9~ (ne—1)/nc

The asymptotic entropies of m and d under ISA are thus given by

H.(m) = log \/(27rem)7’c_1 re '

and

H.(d) =log \/(47Tem)”f1 ne .
The difference

(2mem)re=1 nge
(dwem)re—1 rge

He(m) — He(d) = log\/

is the asymptotic expected conditional entropy of m given d, when d is obtained from p.
The RSM entropy H of m with a fixed d can be approximated by the asymptotic expression
obtained with p = d/2m for this fixed d. Let H** denote this approximation. It can be
given as

where
ek (2me) et nee
a™ =a™(n, h(p)) = log (e T
and -
b = b7 (n, h(p)) = —5—

Now 7, = n22~(e=1/ne where n, = 2MP) and p is choosen as p = d/2m in order to estimate
the RSM entropy H with this d. Note that the dependency of H** on p is only via the
degree distribution entropy A(p).

Using these results, a few examples are given to illustrate the performance of the ap-
proximations H* and H** to the entropy H of the distribution of multigraphs under RSM.
In Table 10 we compare two approximations using multigraphs with n = 3 vertices and
m = 6 edges. Thus, the approximations for this case are given by

H* =log+/(me)3 2 (dy - dg - d3)3(12)~6
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and

H** _ log \/(27T66>Tc—1 n?c

(4me6)ne=1 pie

where d = (di, da, d3) = 2mp is varied. As seen in Table 10, both approximations are
good for degree distributions that are uniformly or nearly uniformly distributed. Note that
the approximation H* is not useful for very skew degree distributions, e.g. d = (10, 1, 1),
which yields a negative entropy approximation. However, H** yields better approximations
for these skew degree distributions.

Table 10: The entropy of the distribution of multigraphs under random stub matching
(RSM) and its approximations in multigraphs with n = 3 vertices and m = 6 edges for
various degree sequences d.

Entropy  Expected entropy Asymptotic entropy

d=2mp RSM (d) ISA (p) ISA (p)
(10, 1, 1) 0.440 70.631 0.754
9,2, 1)  1.096 0.641 1.247
(8,3, 1) 1.651 1.264 1.665
(7,4, 1) 2.044 1.597 1.965
6, 5, 1)  2.242 1.747 2.121
(7,3,2) 2.362 2.475 9.343
(6, 4, 2) 2.723 2.763 2.642
(5,5, 2)  2.847 2.852 9.744
(6, 3, 3) 2.889 3.019 2.815
(5,4, 3)  3.172 3.247 3.057
(4, 4, 4) 3.330 3.386 3.197

To visualize these findings further, we conclude this section with comparisons between
the entropy under RSM and the approximations. First, consider regular multigraphs with
n = 4 vertices having the same degree d that varies from 1 to 15, so that the number of
edges m = nd/2 = 2d varies from 2 to 30. Thus, the degree sequences of these multigraphs
are uniformly distributed under ISA with p; = 1/n. In Figure 13 where we see that the
entropy under RSM is well approximated by both H* = a* 40" logm = —2.22+3logm, and
H* = a**+b** logm = —1.6742.76 logm. The RSM entropy deviates slightly from linearity
in logm, which is easier to see in Figure 14 where the entropy and its approximations are
plotted against logm.
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Figure 13: The entropy of the distribution of multigraphs under random stub matching
(RSM) and its approximations for different regular multigraphs with n = 4 vertices and
different numbers of edges m between 2 and 30.
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Figure 14: The entropy of the distribution of multigraphs under random stub matching
(RSM) and its approximations for different regular multigraphs with n = 4 vertices and
different numbers of edges m between 2 and 30. Entropy is plotted against log m.
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In Figure 15 and 16, we consider two cases with skew degree distributions in multigraphs
with n = 3 and n = 4 vertices. Here, p = (4/7, 2/7, 1/7) and p = (5/10, 3/10, 1/10, 1/10)
which implies that possible degree sequences for RSM are multiples of the degree sequences
d=(8, 4, 2) and d = (5, 3, 1, 1), respectively. As seen from these two figures, the RSM
entropies are well approximated by H*, but not by H** which deviates more and more from
RSM entropy as m increases. When m increases, the same p will result in different degree
sequences d which in turn give entropies that are harder to approximate by the asymptotic
method. From these examples we also note that both the approximations can be either
larger or smaller than the RSM entropy H.

In Table 11 we compare the RSM entropy and its approximations using multigraphs with
n = 8 vertices and m = 8 edges. It is clear that approximations H** perform much better
than approximations H*, in particular for the skew degree distributions. However, as the
degree sequences become more uniformly distributed, the performance of H* is improved.

The findings from these considered cases can be summarized as follows. The approxima-
tion H* performs well for multigraphs with degree distributions that are uniformly or close
to uniformly distributed. This holds for all multigraphs, no matter size. For skew degree
distributions, H* performs well if the edge frequency m is large. The approximation H**
performs well for small multigraphs, i.e. multigraphs with small numbers of vertices and
edges, no matter degree distributions. Further, if the number of vertices n increases, this
approximation is much better than H*. If the degree distribution is uniformly distributed,
H** also performs well for small number of vertices but large edge frequencies.
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Figure 15: The entropy of the distribution of multigraphs under random stub matching
(RSM) and its approximations for multigraphs with n = 3 vertices and degree sequences
that are multiples of d = (8, 4, 2) for edge frequencies m = 7,14,21,...,70. Entropy is

plotted against logm.
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Figure 16: The entropy of the distribution of multigraphs under random stub matching
(RSM) and its approximations for multigraphs with n = 4 vertices and degree sequences
that are multiples of d = (5, 3, 1, 1) for edge frequencies m = 5,10, 15,...,50. Entropy is

plotted against logm.
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Table 11: The entropy of the distribution of multigraphs under random stub matching
(RSM) and its approximations in multigraphs with n = 8 vertices and m = 8 edges for
various degree sequences d.

Entropy  Expected entropy Asymptotic entropy

d =2mp RSM (d) ISA (p) ISA (p)
(9,1, 1,1, 1, 1,1, 1) 6589 75.502 8.447
(8,2, 1,1, 1,1, 1, 1) 7.869 -2.181 9.897
(7,3, 1,1, 1,1, 1, 1) 8.790 -0.612 10.82
6,4, 1,1,1,1,1,1)  9.352 0.1589 11.340
(5,5 1,1,1,1,1,1)  9.541 0.394 11.505
(7,2,2,1, 1,1, 1, 1) 9.144 1.048 11.259
6,32 1,1, 1,1, 1)  9.992 2.498 12.037
(5, 4,2, 1,1, 1,1, 1)  10.419 3.106 12.391
(5,3,3 1,1, 1, 1, 1) 10.701 3.786 12.646
(4,4,3,1,1,1,1,1)  10.938 4.159 12.831
6,2 2 2 1,1,1,1) 10.379 4.159 12.443
(5,3,2 2 1,1,1,1)  11.109 5.446 13.023
(4,4,2,2,1,1,1,1) 11.352 5.819 13.195
(4,3,3,2 1,1,1,1) 11.652 6.498 13.417
(3,3,3,3,1,1,1, 1) 11958 7.178 13.625
(5,222 21,1, 1) 11.526 7.106 13.373
(4,3,2, 2 2 1,1,1) 12.084 8.159 13.731
(3,3,3.2 2 1,1,1) 12.398 8.838 13.914
(4,2,2,2,2 2, 1,1) 1252 9.819 14.005
(3,3,2,2,2,2, 1, 1) 12.847 10.498 14.159
(3,222 2 2 2 1) 13.304 12.159 14.351
(2,2,2,2, 2 2 2 2) 13771 13.819 14.482
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