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Abstract

In this article we consider a multilevel model with block circular symmetric covariance
structure. Maximum likelihood estimation of the parameters of this model is discussed.
We show that explicit maximum likelihood estimators of variance components exist
under certain restrictions on the parameter space.
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1. Introduction

Very often data arise in natural hierarchies, for example, children are nested within
families, students are grouped within classrooms and employees are clustered within
workplaces. Many experimental designs also generate data having a hierarchical struc-
ture. The existence of such data hierarchies is not accidental and should be accounted
for when conducting a statistical analysis. Multilevel models (Goldstein, 2003|) refer
to a class of multivariate statistical models developed for the analysis of hierarchically
structured data. One can note the existence of many other names for these models,
including, hierarchical linear model, random coefficients model, and hierarchical mixed
linear model. To a certain extent, the emergence of names is due to the statistical
properties of different modeling strategies used to analyze multilevel data.

The distinguishing feature of hierarchical data is that observations within a corre-
sponding group (hierarchy) are usually more similar to one another than are observa-
tions from different groups (hierarchies). Moreover, hierarchical structures violate the
independence assumption (because lack of independence between measurements), and
techniques for dealing with this have to be developed.

In this article we consider the problem of estimation in multilevel models with a block
circular symmetric covariance structure. In the framework of multilevel models, this
structure has been utilized in many applications, to describe the situations with a
spatial circular layout on one factor and an exchangeable feature on another factor.
For example, in the signal processing problem in Olkin and Press| (1969), one would



expect a circular symmetric structure for the covariances between the messages re-
ceived by the receivers placed at these vertices. Furthermore, it is possible to collect
an extended data structure which contains another symmetric factor (e.g., region) and
the data has the circulant property in the receiver level and a symmetric pattern in
the region level. Marin and Dhorne| (2003) gave an example from experimental de-
sign: experiments where neighbourhood in space or in time is taken into account. The
structure required on the experimental unit is cyclic, i.e. each experimental unit must
have two neighbours, and the graph formed by joining neighbours is a single cycle.
Additionally, a study can be designed to include one more symmetric factor with a
block circular symmetric covariance structure.

Estimation in linear models with patterned covariance matrices has got a lot of at-
tention. (Olkin and Press| (1969) and Olkin| (1973) provided MLEs for the parameters
in a circular symmetric model, but without patterned blocks. |Szatrowski| (1980) and
Szatrowski and Miller| (1980) discussed the multivariate normal model with a linear
covariance structure and gave a necessary and sufficient condition of explicit MLEs for
both the mean and covariance matrices. [Marin and Dhorne| (2002} |2003) gave a nec-
essary and sufficient condition of an optimal unbiased estimator for statistical model
with linear Toeplitz covariance structure. (Ohlson and von Rosen| (2010) studied lin-
early structured covariances in a classical growth curve model setting. In this article,
we focus on the estimation of a covariance matrix which is block circular symmetric
and has patterned blocks.

The organization of the article is as follows. Section 2 introduces the basic model,
notation, necessary definitions and some results on ML estimation. In Section 3 the
main results concerning the explicit estimation in multilevel models with a block cir-
cular symmetric covariance structure are presented, and explicit MLEs are derived. In
section 4 the estimability of (co)variance components is discussed in terms of model
reparameterization (restriction).

2. Preliminaries

In this section a balanced model with block circular covariance structure is introduced
and spectral properties of the matrices corresponding to such a dependence structure
are given. Let us consider a balanced (nested) mixed linear model with block circular
symmetric covariance structure. In particular consider

Yy =ply+ Zi1y, + Zoyy + e, (1)

where p is an unknown constant parameter, v;, 75 and € are independently normally
distributed random variables with zero means and variances-covariance matrices X,
3, and O'QIp, respectively. Here Z; = I,, ® 1,,,, Z2 = I, ® I,,, 15 is a column
vector of size s with all elements equal to one and I, is the identity matrix of order s,



p = nine. The symbol ® denotes the Kronecker product. Thus,
y ~ Np(ply, X), (2)
Y = Z131Z) + g + I, (3)

In our model we suppose that the covariance matrix 37 : no X no has the following
structure (compound symmetry):

> :aIn2+b(JNQ _InQ)a (4)

where a and b are unknown parameters. The covariance matrix 3o: p X p has a block
compound symmetric pattern with a symmetric circular Toeplitz (SC-Toeplitz) matrix
in each block, i.e.

Sy =1, 250 4+ (J,, —I,,,) ® 2P, (5)

where the SC-Toeplitz matrix £ = (ng)) depends on [n;/2] + 1 parameters, the
symbol [e] stands for the integer part, and for ¢,5 =1,...,n1, h=1,2,

o) T 1) /214 if |j—il < [%], (6)
T Tl 1) (/2 4), - Otherwise,
and 7.s are unknown parameters, ¢ = 0,...,2[n1/2] + 1.

The covariance matrix 3 given in is a sum of three symmetric matrices Z13 2/,
35 and o?T p, which as will be shown commute in the next lemma, and hence can be
simultaneously diagonalized. This property will be utilized to obtain the eigenvalues
of X, which in turn can be used to derive explicit maximum likelihood estimators of

the unknown parameters. The next auxiliary lemma provides an important property
of Z121Z,1 and 22.

Lemma 2.1. The matrices ZlZlle and 3o are commuting normal matrices.

Proof. Since Z 121Z’1 and 3o both are symmetric they are also normal matrices.
Now, using the structure of 3; given in (4]), we first observe that

le)lzll - (Inz ® 1”1)(0'[”2 + b(JnQ - ITL2))(ITL2 ® 1411)
=alp, ® JIn, +b(J7L2_ITL2)®Jn1' (7)

Next we calculate
A WA
— (L, ® Ty +b(Ty — Iny) ® Jy) (Im 03U 4 (T — I,) @ 2<2>)
—al, @ (J0, B0) + a(d, — In) @ (10, 52)
5Ty = Tn) @ (T BO) 4503 = 2) Ty + L] @ (T, TP

Since both M and £® commute with Jn,, it is straightforward to obtain that
VADIVAPEDIVADHYAR [



Since symmetric circular Toeplitz matrices are important for the subsequent inference,
several of their properties will be reviewed. In the next theorem we give the eigenvalues
and eigenvectors of a SC-Toeplitz matrix.

Theorem 2.2. Let T = {t;;} : n x n be a SC-Toepliz matriz, i.e.

L {tu_i, if i —il <[4,
ij

tn_|j—i|s otherwise.

The eigenvalues of T are given by

n—1
/\k:Zt]—cos<2§(k—1)(n—j)>,k:zl,...,n. (9)
j=0

L .., w" are defined through

wh = \/1% {cos <2§(j )k — 1)> +sin <2§(j )k — 1))] , (10)

5 k=1,...,n.

The corresponding eigenvectors w

Corollary 2.3. The matriz T defined in (@ have the following properties.

(Z) tij = tm_j+2, j=2,...,n.

(1) Ni = Ap—ig2, 1=2,...,m.

(iii) The eigenvectors of T' defined in (@) are independent of the elements of T .
(iv) Let W = (w?, ..., w"), withw® = (wf,... wk), k=1,...,n. Then WW' =1,
and 1,W = (y/n,0,...,0).

Eigenvalues of the matrices Z1X1 2] and 3o together with the corresponding eigen-
vectors will be presented in the following theorems.

Theorem 2.4. A symmetric matriz Z131 2" : niny X ning of the form given in @
has three distinct eigenvalues:

A1 = ni(a —b) + nanyb with multiplicity 1,

A2 = ni(a—0) with multiplicity (ng — 1),
A3 =0 with multiplicity na(ny — 1).
The following set (V1,02 ..., Vpy, Vngt1, - - - s Unyny ) cOMprises the eigenvectors of Z1%1 2

which are of the form
v, = wh @ wl, (11)

where elements of the vectors 'wfc’“ are defined by @), ik=1,...,n, h=1,...,n1n9,
and k = 1,2. Moreover, the eigenvector corresponding to A1 is v; = w% & w% =
(nlng)_l/zlm ® 1y, ; the eigenvectors corresponding to Ay are vy, = w§2 ®w} = 'wg2 ®
n1_1/21m, ho = 2,...,n9; and the eigenvectors corresponding to A3 are v; = w32®wlf1,
where ho =1,...,n2, h1 =2,...,n1.



Proof. Let us define the following orthogonal matrix
I'=Ty®I,
where the matrix I'y, comprises of eigenvectors of a SC-Toeplitz matrix of order ny
which are specified by , ie. Ty = (w},...,wy*), k =1,2. Observing that the first
1 1/21%, it follows that

column in T'y is wy, = n,,
/ _ [ g 0
LDy = < 0 Onkl) ’

where 0,,, 1 : (ny — 1) X (ng — 1) is a matrix with all elements equal to zero. Then
I'zZ,3,Z T
= ([0 TY) (alp, @ Jny +b(Jny = In,) ® Jpy) (T2 @ T)
= (CL — b)In2 X I"lJnlI‘l + bI‘/ZJnQFQ X I"lJmI‘l

ny 0 ngy 0 ny 0
=(a—b1I,,® +b ® .
( ) " ( 0 0n1—1> ( 0 0112—1) ( 0 Onl—l)
This is a diagonal matrix and therefore the eigenvalues follow immediately.

Due to the structure of the matrix Z;3X1Z] it is straightforward to verify that the
vectors defined in are indeed eigenvectors of Z1%1Z. |

In the next theorem the eigenvalues and the eigenvectors of the matrix 3 are presented
using the block structure of 3.

Theorem 2.5. Let 3o have the structure specified in (@,'and /\(i),...,/\,(fl) be the
etgenvalues given in Theorem of a SC-Toepliz matrix =@ in (@, 1 =1,2. Then,
3o has eigenvalues

1 2
An = AV 4 (ng — AP, (12)
1 2
don = A =22, (13)
where h=1,...,nq.
Furthermore, if ny is odd, the multiplicity of \j1 is (ng—l)i_l, the eigenvalues A2, . . ., Ain,
are of the multiplicity 2(ny — 1)=%, i = 1,2. If ny is even, the multiplicities of both
i1 and )\i%l are (ng — 1)21_1 and other eigenvalues Nz, ..., A\in, are of the multiplicity
2(ng — 1)1, i = 1,2. Thus, the number of distinct eigenvalues for X is 2([n1/2] +1).
The set (vi... ,U?l,v%, .. .,vgl(nrl)) comprises the eigenvectors of 3o which are of
the following form:
vﬁzw%®w?1:n;1/21n2®w?1,i,hlzl,...,nl, (14)
vg:w32®w?1, jzl,...,nl(ng—1),h2:2,...,n2, (15)
where elements of the vectors wi’“ are defined in (@, ik=1,...,np and k =1, 2.
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Proof. Let us define the following orthogonal matrix
T=Ty3T; = (vi...,o}",v},... 71];11(712—1)),

where the matrix I';, consists of eigenvectors of a SC-Toeplitz matrix of order nj which
are specified in , ie. Ty = (w},...,w*), k=1,2, and
20T = AO = diag A\, AP, . D) i =12, (16)

1 1/2

Observing that the first column in IT'y, is wy, = n, ' "1,,, k = 1,2, it follows that

/ [ Tk 0
) J, ) = ( : Onk_1>'
Then
's,T = (T, o)) [Im ® (2<1> - 2@)) T, ® 2@)} (Ty ®Ty)

= I”Q ® (Fllz(l)rl - F/lz(Q)F1> + (FI2Jn2F2) & (]_“112(2)]:‘1>

=I,,o A% —A®) 4+ <n2 0 ) @ A2, (17)
0 Ong—l

From the last expression in the eigenvalues with corresponding multiplicities can
be obtained.

To verify that 'vzh is a eigenvector of Xs corresponding to the eigenvalue \;, ¢ = 1,2

one should check that Zov? = A\jpvl, h = 1,...,ny. Indeed, for v} = w} ® wh =
722—1/21712 ® wiLI’
So0f = (L @ 30 + (T, = I,) @ 59) (0?1, @ wl?)

= ny 1, © SOwl + 0y (ny — 1)1, © SOl

= n;1/21n2 ® ()\g)wi”) + n2_1/2(n2 - 11, ® ()\22)10?1)

= O+ (2 = DA (11, @ )

= )‘lh’vllna
where hy = 1,...,n;. Similarly, one can verify that Zovh = \opvh, h =1,...,n1(ny —
1). |

An alternative formulation of the spectrum of 35 in Theorem is given in the
following corollary.

Corollary 2.6. Let 7 and X\ be the vectors representing distinct elements and distinct
eigenvalues of Xo, given in (@ and Theorem respectively. Then

A= BQT, (18)



where the nonsingular coefficient matrix Bo has the following form:

B, — <j (nz—i)j:)’ (19)

where A = {a;} is a ([%§] + 1) x ([%] + 1) matriz and
a;j = 2M0<i<in/2+1} cos(2m(i — 1) (ng — § + 1)/n1),
1,7 =1,...,n1. Moreover, by inverting Bs, T can be expressed as follows:
T = B;l)\,

where, since A®> =n1I,,,

B! 1 A (ng—1)A
2 ning A - A )

3. Estimation

This section deals with ML estimation of parameters of the model given in . Suppose
that we have a sample of n independent, identically distributed observations y1, ..., ¥y,
from a multivariate normal distribution with mean pl, and covariance matrix X,
ie y; ~ Ny(uly,X),i=1,...,n. We are interested in obtaining maximum likelihood
estimators of p and 3 when the covariance matrix ¥ has a particular linear pattern.

Definition 3.1. A positive-definite covariance matriz X has a linear pattern (Ander-
son, 1973) when X = Y7 60;G;, where the G;’s are linearly independent symmetric
matrices and g, . .., 0, are scalars.

Later it will be shown that with the spectral decomposition, 3 given by is of this
form where the G;’s are known and the 6y, ..., 0, are unknown. It is fairly easy to
imagine that X follows a linear structure but it is more difficult to imagine that the
G;’s are linearly independent.

Concerning estimation of variance components, Harville (1977) discussed the maxi-
mum likelihood and restricted maximum likelihood approaches for normal mixed ef-
fects models, and gave formulae for special cases. For a two-level model, Mason, Wong
& Entwistle (1984) obtained restricted maximum likelihood estimates using the EM
algorithm. Fuller & Battese (1973) showed how noniterative but consistent moment
estimators of the error variances for a simple three-level model can be obtained and
used it in generalized least squares estimation. Szatrowski (1980) gave necessary and
sufficient conditions on linear patterns so that explicit maximum likelihood estimators
for p and the covariance matrix 3 exist.



Theorem 3.1. |Szatrowski (1980) Let X be p x r, v < p of full rank. A necessary and
sufficient condition for

(X'2IX)IX's Yy = (X'X) " Xy (20)
is that the columns of X are linear combinations of r eigenvectors of 3.

The condition implies that there must be r eigenvectors of 3 which form a basis of
C(X), where C(e) stands for the column vector space. Hence, we have a condition for
the equality between an ordinary least square (OLS) estimator and a generalized least
square (GLS) estimator.

Theorem 3.2. |Szatrowski (1980) Assume that the MLE of i has an explicit represen-
tation and that G’s in ¥ =Y. 0;G; are all diagonal in the canonical form. Then
the MLE of 0 has an explicit representation if and only if the eigenvalues of 3 consist
of exactly r + 1 linearly independent combinations of the 6.

3.1. Spectral properties of X

In this section we will present the spectral properties of ¥ given in which will be
used when deriving MLEs for the variance-covariance parameters.

Theorem 3.3. Let the matriz X be defined as in (@ Then there exists an orthog-
onal matriz Q such that Q'XQ = D, where D is an diagonal matriz containing the
etgenvalues of 3. Moreover,

D = Diag{D1,I,,-1 ® D>}, (21)

where
D, = dz’ag(02 +nia+ni(ng — 1)b+ A1, o* A2, . 702+)‘1n1)7 (22)
Dy = diag(c® +ni(a —b) + \a1,02 + Xag, ..., 0% + A2ny ) (23)

and N, are given by @— m Theorem 1=1,2, h=1,...,n1.

The matriz Q which columns are the eigenvectors of 3 equals
Q=Vp,®Vp,, (24)
where
Vp, = (wé,...,wgm), Vp, = (w},...,w?l), (25)

and the vectors wfC are given by (@, k=1,2,i=1,...,ng.



Proof. Recall that X is a sum of three symmetric commuting matrices 02T v Z131 2}
and Z9, and hence they can be simultaneously diagonalized. Define @ as in and

then we obtain

Q'EQ =Q(*I,+ Z:%:1Z) + £2)Q

= UQIP + ( ID1 ® V/DQ) [(CL - b)ITL2 ® Jnl +an2 ® Jn1] (VDl ®VD2)
+ (V,D1 ® V,DQ)(In2 ® 2(1) + (JTLQ - In2) ® z](2))(‘/D1 ® VDz)

= oI, + [(a —b)(In, ®V'p,Jn,VD,)

+b(V/D1Jn2 VDl) ® (V,DQ ']nl VD2)]
+ In2 Y (V,DQ(Z(l) - 2(2))VD2) + (V/Dl Jn2VD1) ® (VbQZ(Q)VD2)

9 (a—bny 0
=0 Ip"‘ |:In2®( 0 0n11)+<

N [Im o (AD — A®) ¢ (”2 0 ) ®A<2)] ’

0 OTLQ—l

no 0

bn1 0
0 0n21>®< 0 0"11)]

where A@_ i = 1,2 are defined in . From the last expression, the distinct eigen-
values 7; of 3 with the corresponding multiplicities m;, i = 1,...,2([n1/2] + 1), can

be obtained directly.

Both of the two following tables present the spectrum of 3. It is seen from Table 1,
there are four types of eigenvalues of 3. There is a clear picture of how the results of
Theorem [2.4] and Theorem [2.5 are connected and build up the eigenstructure of 3.

Table 1. Figenvalues d; for X given in (@) with corresponding eigenvectors w; and
multiplicities m;, i=1,...,niny. Here 'wi: 1,,, and vectors 'wZ’“ are defined in

@), hi =2,...,n, k=1,2. The eigenvalues Agp, are defined in Theorem .

d; m; Uu;
02+n1(a7b)+n2n1b+)\11 1 'UJ%@’!U%
o? + Ak, 1 w% ® wilZl
o? +ni(a—b)+ Aoy ng — 1 w’f@w%
O'2 + )\th ng — 1 w;” & ’w}lll

However, taking into account that A\ps = Mgy, where r = ny —s+2, k=1,2, s =
2,...,n1, in Table 2 the distinct eigenvalues of X are presented.



Table 2. Distinct eigenvalues n; of 3 given in @ with corresponding multiplicities
my;.

m;
i odd ny even nj
m 1 1
1025+ M1 2 2, Mt has multiplicity 1.
77[n271H_2 ng—l n2—1
2(%2 — 1), Thni+1 has
Mgy ()4 | 2(n2 = 1) multiplicity ny — 1.

The eigenvectors for 3 corresponding to the distinct eigenvalues provided in Table
can be easily verified. We have to check that Yu; = n;u;, 1 = 1,...,nino.

For u; = w} @ w} = (n1na)~"?1,, ® 1,,, we have

Yu = UzIp(nan)il/lem +(a1n2 ®Jn1 =+ b(an _In2)®Jn1) (n1n2)71/21n2n1
(I, @ B + (T, — Iy) ® ) (n1ng) 2 1pm,

_1/21n2n1 + anl(nlng)_l/lem + bni(ng — 1)(711712)_1/21”2”1

+(n1ng) %1, ® (BW1,,) + (ng — 1)(ning) Y21, © (?1,,)

= 02(77,177,2)

_1/21n2n1 + anl(n1n2)_1/2]—n2n1 + b?’Ll(TLQ - 1)(”1”2)_1/21n2n1

+(n1n2) 1, © (A1) + (2 — 1) (n1n2) "1, © (A1)

= az(nlng)

= (02 +any + bni(na — 1) + AP + (ny — DAY (nano) 2 (1, ® 1))

= mui.

Thus, Xu; = nui. To check Yu; = n;u;, where u; = w% ® wlfb1 = nz_l/zln2 ® w’f1
hy, =2,...,n1, we calculate

Sui = 02Ip(ny 10, ©WI) + (0, @, +b(Jn, — m)@Jnl)(n;l/le@w?l)
+(Iny @ BV + (I, — Lny) @ S@) (121, @ w}?)

= 0?(ny 10, @ wi") + 0y P10, @ (SOwh) + (n2 — Dny V71, @ (S@wf?)
= 0%(ny "1, @ W) 40y P15, @ VW) + (g — 1)ngy P10, @ (APl
= (o7 + A+ (2 = DA (ny 1, @ w0},
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Similarly, for u;, = 'wg” ® 71171/21”1 and u; = wgz ® 'wil“, hy =2,...,n, k = 1,2,
we can verify that Zu; = n;u; where 1; = 02 +nq(a — b) + Xog and 1; = 02 + Aopy,
respectively. Thus, the proof of Theorem [3.3]is completed. [

Let @ be a vector of unknown (co)variance parameters, i.e.
6 = (0 a,b !
- (U , @y 77—07“'7T2[nl/2]+1) .

Now the main theorem for obtaining MLEs is presented.

Theorem 3.4. Let 1 be the vector representing the distinct eigenvalues of 3 given in
(@. 1 as in Table 2 can be expressed as follows:

n = Lo, (26)

where L = (B : By), the matriz By is given in C’orollary

1 n ny(nz2 — 1)
B, — i[m/ﬂ Oy /21 O /2)
ni —nN1

L /2 Opnr/2) Opma 2y
and 1y, j9) and Oy, s9) are vectors of length [%]

3.2. Maximum Likelihood Estimation

In this section MLEs for parameters of the model given in will be derived. Let
Y1, ...,Y, be a random sample from N,(ul,,3), and

Y = (y17 s 7yn) ~ Np,n(/ﬁlpl%, 27In),

i.e., Y is matrix normal distributed and the columns of Y are independent normally
distributed p-vectors with an unknown covariance matrix ¥ and expectation of Y
equals p1,1],. It is equivalent to

vecY ~ Npp(plpn, In @ 3), (27)

where vec(Y') denotes the vectorization of the matrix Y.

The log-likelihood function is given by

1 1
InL(p,X)= c—§\In ® 2]—5 [(vecY —ply,) (I,@%) H(vecY —puly)],

where ¢ = —3pnIn(2m).

11



First we consider the MLE of u. The partial derivative,

OlnL _ _
on =1,(I,®X%) Lvecy — 1,,(I, ® %) L (28)

yields the normal equation

1, (I, @) vecY =1, (I, ® %) 1pp,

and then the MLE of p is given by
. _ -1
fo=[1,(I, ® %" )1)

if 3 is known. From Theorem becomes the least square estimator if 1, is an
eigenvector of 3. From Theorem we know that this is the case. Thus, the MLE
equals

-1
1,,(I, @ 7 vecY, (29)

o= (lémlpn)fllgmvecY. (30)

Next we will estimate 3. Since ¥ is a symmetric matrix, by utilizing the spectral
decomposition of X, it can be decomposed as ¥ = QDQ’, where Q is an orthogonal
matrix whose p columns are orthonormal eigenvectors of ¥, D(n) is a p x p diagonal
matrix with all eigenvalues of ¥ and n = (7]1, . ,772([%1]“)) are the 2([%+]+1) distinct
nonzero eigenvalues with multiplicity m; given in Table 2. Moreover, Q given in
is independent of D. The likelihood function can be written in the following way:

n 1

L(p,m) < L(it, ) = (27) 2" | D(n)|~ 3 e~ 2tr{Pm)] 7 [Q (Y11, 1) (Y11, 1) Ql}

9

when p is replaced by its MLE and tr denotes the trace. Now,

L(j,m) = (2r)"3""|D(n)| e

_ (on) by -2e Hr PO Ha (31)
where
H=Q(Y - iL1,)(Y — ji1,1,)'Q and H, = diag(H) = {h;} .
Thus,
. ARy
L) = o [ o Feanq-5 > w' Yk
i=1 i=1 =1

By taking the derivative with respect to n;, i = 1,...,2([%] + 1), the MLE of »; is
obtained by solving the normal equation
nm; ZT:H hj _

2n); 2n?

0. (32)

12



Theorem 3.5. The MLFEs of the distinct eigenvalues n; of 3 are

Z;n—lihj
N = ——, 1=1,...,2 2| +1), 33
= T (/2] + 1) (33)

where hj is j-th diagonal element of the matriz H g in and m; is the multiplicity
of m; given in Table 2.

Corollary 3.6. The MLE of ¥ given in (@) 18
2 =QD#HQ (34)
where 1) = (M1, - - -, No(jny /2+1)) and D(R) is a p X p diagonal matriz.

Example 3.1:
Let us consider model in the case when ng = 2 and n1 =4, y; ~ Ng(1sp, %), j =
1,...,n. Model can be written as

y;=1sp+ (L2 @ 14)y; + Isys + €,
and the covariance matrix of the observation vector is
=0T+ 3 ®Js+ Iy,
where 31 = aly + b(J2 — I3) and

Yy =1, @30 4 (Jp, — In,) @ 5@,

with
T0 T1 T2 T1 T3 T4 T5 T4
T T0T |’ Ts T4 T3 T4
T T2 T1 T0 T4 T5 T4 T3

The vector of (co)variance components is 8 = (02, a,b, 7o, 71,72, 73,74, 75) and the
spectral decomposition of 3 gives the following eigenvalues

m = o>+ 4(a+b) + 10+ 21 + 7o+ 73+ 274 + 75,
72 :a2+7'o—271+7'2+7'3—27'4+7'5,

N3 = 0% +To—To+T3—Ts,

Ny = 0>+ 4(a—b) + 10+ 21 + 79 — 13 — 274 — 75,
N5 = 0% + 79— 271 + Ty — T3 + 274 — 75,

N6 202+T0—T2—T3+T5.

13



The multiplicities of eigenvalues are 1,1,2,1,1 and 2, and the corresponding orthonor-
mal eigenvectors define the matrix @ in the following way,

1
2v2
2v2

Using , the MLE of p is

and the MLEs of g, k=1,..

1

1

1

1

1

V2 2v2  2v2  2v2  2V2
1 1 1 1 1
C2v2 2V2 22 22 22
1 1 1 1 1
C2v2 V2 22 22 22
1 1 1 1 1
22 22 22 2v2 22
1 1 1 1 1
V2 2v2 2v2  2v2  2V2
1 1 1 1 1
C2v2 V2 22 22 22
1 1 1 1 1
C2v2 V2 2v2 22 22
1 1 1 1 1
22 22 22 2v2 22
n 8
>0 DL Vij
. j=li=1
lu’_ 8n 9
.,6 are
1 = / 2 ~2
— | (vhy;)? —8npi?|
j=1
1 n
72(0/23/])27
n -
7j=1
1 n n
27 Z(Ugy])2+2(vilyj)2 )
Jj=1 Jj=1
1 S / 2
EZ(,U{Sy]) )
7=1
1 - / 2
ﬁ . (vﬁy]) )
7j=1

n

Jj=1

Jj=1

= o [P+ Y w2

_ 1
22

1
2V2
_1
22
_1
2V2
_1
2V2
_1
2v/2

__1
22

1
2v/2

where v, are p =1,...,8 are columns of the matrix Q given in (35).
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The MLE of ¥ has been calculated as 3 = 22:1 N E, where

11 1 _1
8 8 88
1 _1 1.1 1
E1=§1818, E;=Jy® HE A [N
8§ 8 8 8
1 1 _1 1
8 8 8 8
1 1
7 0-—7 0
o 1 o0-1 1 1
E;=J;® 1 4 1 S E E4212®1J4—J2®§J4,
-7 0 7 0
1 1
0-7 0 3
11 1 _1 1 1 _1 1
8 8 88 8 8 8 8
1 1 _1 1 11 1 _1
e 1 I I B B RACEE ST O O O e
8 8 8 8 8 8 8 8
1 1 1 1 11 1 _ 1
§ 8 8 8 8§ 8 8 8
1 1 1 1
7 0—-7 0 -7 0 7 0
o 1 =1 o-%1 o 1
Es =1, ® 1 4 ) L+ (Je—I)® 1 4 1 4
—= 0 = 0 2 0—-2 0
1 1 ] ]
0-1 0 % 0 1+ o0-%

The covariance matrix X is a function of

0 = (0'2,61, ba T0, - - - 77—2[n1/2]+1)/7

ie. ¥ = 3(0). It can be shown that the system of linear equations given in is
consistent. If the condition in Theorem holds, i.e. the number of elements in n
equals the number of elements in 8, the MLE of 8 has an explicit expression, which is
obtained by solving the linear system in . If the number of elements in 7 is less
than the number elements in 8, @ is estimable only under some constraints on 6.

For the balanced circular symmetric model with patterned blocks, the following the-
orem can be stated. In the next theorem we prove that in the balanced circular
symmetric model with patterned blocks given in , 0 is non-estimable unless some
constraints will be imposed on it.

Theorem 3.7. Let s; be the number of the distinct eigenvalues of 3 defined in (@,
and so be the number of unknown parameters in X, then A = s5 — s1 = 3.

Proof. According to the definition of X in , the number of unknown parameters is
3+2([n1/2] + 1), i.e. it is ny +4 for the odd n; and n; + 5 for the even ny. Moreover,
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recall that ¥ given in is the sum of three matrices:

~—

2 parameters 2([%]4—1) parameters

S= oI + VADIVAREE 3.

1 parameter
(37)
From Table 2, it follows that there are 2([%] + 1) distinct eigenvalues. So, A =3. W

4. Concluding remarks and future studies

From Theorem [3.7] it follows that € is non-estimable for the unconstraint model given
in . The question is what kind of constraints can be imposed on 3 or whether there
is any natural way of reparametrizing 37 It deserves our further studies. Firstly, we
note that imposing constraints on 3 means introducing some constraints on y elements
in model , since elements of ¥ describe dependence between the elements of y.
Secondly, altering the dependence structure of y can result in change in the structure
of 3 which can violate the assumption of invariance. Thirdly, it is important to recall
that ¥ is the sum of three matrices characterizing dependence structures of three
factors. Thus, imposing constraints on ¥ can be done via imposing constraints on
some or all of these components, equivalently, imposing constraints on some or all
factors in model . This option seems to be feasible since one often has information
about factors in the model. The question which remains is what kind of constraints
can be imposed. From the interpretation point of view, it is of special interest to see
whether the usual “sum-to-zero” restriction, which preserves the group invariance, can
lead explicit MLEs of € in model . Notice that the “set-to-zero” restriction does
not preserve the group invariance. In future studies, we are going to find necessary
conditions in terms of constrained models for existence of explicit MLEs.
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