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Abstract

The aim of this paper is to derive test procedures for studies where
data consist of pairs of Bernoulli variables. Applications exist in for ex-
ample, ophthalmology and studies on matched pairs. Score tests and
likelihood ratio tests are derived for testing the dependency between the
Bernoulli variables. Multinomial logit models are used to incorporate
explanatory variables. Test statistics for two particular models are thor-
oughly outlined. Numerical illustrations of these test statistics are pre-
sented in three examples, including one with visual impairment data.

1 Introduction

There are many applications in which pairs of Bernoulli variables are observed
and where the problem is to test whether the variables are independent or
not. An example is when testing if the occurrence of a particular disease in
one eye is independent of the occurrence of the disease in the other eye. For
modelling this situation we suppose that S and Sy are two equally distributed
and possibly dependent Bernoulli variables such that P (S; = 0,53 = 0) = 7o,
P(Sl = 1,52 :0) :P(Sl :O,SQ = 1) :7T1/2andP(Sl = 1,52 = 1) = 2. A
possible and often used model is to consider the joint probability distribution of
the bivariate vector (S1, S2) as a log linear model. Other possibilities include the
use a multinomial model (see e.g. Agresti (2002)) and a bivariate logistic model
(McCullagh and Nelder (1989)). Reviews on models for dependent Bernoulli
variables are also in Bonney (1987) and Murtaugh and Fisher (1990). Here
we define the sum S = 57 + S3 and model the random variable S by using a
multinomial logit model as in (Bruce (2005)). Independence will then imply a
particular pattern on the probabilities mg, 71, and m3. We therefore assume we
have observations s;, i = 1,2,..., N, on S and construct a test to see whether
data support a probability structure that is consistent with independence. In
this paper we consider two tests for independence, viz. the score test and the
likelihood ratio test, both tests being asymptotically equivalent. Furthermore,
we consider the case when the probabilities depend on an explanatory variable
z. In the example with an eye disease, the explanatory variable might be age.



The next section describes the model used and the test statistics are derived,
while some numerical examples are provided in the third section. The final
section contains some concluding remarks.

2 Model and test

Let Y = (Y7, YQ)T be the trinomial response vector, such that Y; takes the value
1if S = 1 and Y5 takes the value 1if S = 2. In the case S = 0 both Y; and Y5 are
0. The vector of expectations of Y is then E[Y] = (P (S =1),P (S =2))" =
(m1,m2)" = &, and we use the outcome S = 0, with P (S = 0) = mg = 1—m; —o,
as a reference category when modelling the distribution of Y.

In the simplest case, N observations, say y; = (y1i, ygi)T, 1=1,2,...,N, are
drawn independently from the same distribution and the log likelihood becomes

N
l(my) = ZinhﬂTo +y1iInmy + Yo In .
i=1

The scores, U; (1) = 0¢/0r;, j = 1,2, are found as

Yji  Yoi .
Uj(w>=2<ﬂij—ﬂ—0)7 i=12,

and the information matrix, I;; (1) = E [-8%¢/0m;0m], j, k = 1,2, as

1,1 1
Mm=n(T17 LT ).
™0 ™2 ™0
We will now derive the test statistics for the score test and the likelihood
ratio test for testing the null hypothesis that the variables S; and Sy are inde-
pendent. The test statistic for the score test is defined as

Ts=UT @I (7 U@,

where U (1) = (Uy (7),Us (x))" and & = (71,72)" is the estimated vector
of probabilities under the null hypothesis. The independence hypothesis im-
plies the restrictions w9 = (1 —0)2, m = 20(1—0), and 2 = 62, where
6 = P (S; =1) = P (S, = 1) is the marginal probability to observe a "success".
Under this hypothesis, the maximum likelihood estimator of § is evidently

N

~ - T+ 27

6=(2N)"" Z (y1i +2y2) = %7 (1)
i=1

where 7; is the number of observed pairs that results in y; = 1. Hence, the

estimator 6 equals the total number of "successes" divided by the number of
observed variables. Maximum likelihood estimators of 7, 71, and 75 are ac-
cordingly
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%0:(1—9) ,%1:29(1—9),311(1%2:9, 2)
respectively. By inserting the expressions for the scores and the information,
we easily find that

TS:ZM? (3)

which coincides with the y2-test statistic for testing the goodness of fit of a
trinomial distribution with probabilities restricted as described above. Asymp-
totically, Ts has a x? distribution with 1 degree of freedom, the approximation
being good provided the expected frequencies, N7;, j =0, 1,2, are sufficiently
large.

The test statistic for the likelihood ratio test is

2(l(myy) —£(T3y))

2 %j
2 Z Tj hl :7
J=0 Ty

Trr

where 7 is the unrestricted maximum likelihood estimator of m,77; = %7 j =
0,1,2.

This simple case generalizes straightforwardly to the case with several, say
K, groups with Ny observations in each group. The distribution of the trinomial
response vector in each group is here defined by the vector (7o, m1x, 7T2k)T7 k=

1,2,..., K, of probabilities. The test statistic for the score test now becomes
(rjr — Ng7j k)
Ts = E g R 4
T k=1j=0 Ni i 7 W

where 7, is the observed frequency of category j, 7 = 0,1,2, in group k,
k=1,2....K,

_ ~\2 . ~ =\ - 2

7T0k=(1—9k> 7771k:29k(1_9k)a772k:9ka (5)

and

O = (r1x + 2rar) / (2Ng) . (6)

Similarly, the test statistic for the likelihood ratio test becomes

TLR—2ZZTJI£1H7T] . (7)

k=1 5=0

where the unrestricted estimator 7 is

T
b= gk
J Nk:



The test statistics Ts and Trr are asymptotically equivalent and has a x?2
distribution with K degrees of freedom, asymptotically. Here it is important
for the approximation to be good that each N;7j; is sufficiently large.

A more structured model is obtained if the vector of probabilities 7 is gov-
erned by a vector of explanatory variables z. For example, in a multinomial
logit model the probabilities are defined by the vector valued logit link function

- (2)-(2)-
(2)-(2)-(3) -
where n = (1,,m,)" is the vector valued linear predictor with

77] :.733-‘6]7 .]: 1727

z; and (; being vectors of explanatory variables and associated parameters
used for determining the probability 7;. By defining the block diagonal matrix

x = diag (z1,x2) and the parameter vector 8 = (84, BQ)T the linear predictor
can be written more compactly as

n=xp.

The probabilities for the response categories are

B 1

7o (:C) - 1+ e + e
e

T (:C) - 1+ en 4 en2
e'l2

T2 ({E) - 1+emn +en

With N independent observations on Y, say y; = (y1:, ygi)T, 1=1,2,...,N,
the log likelihood function becomes

N
LB5y) =Y (i + yaita; — In (14 Mi + e720)) .

=1

The score vector, U (3) = 9l (3) /0B, is readily found to be
N
UB) =S (s — 7 (1)
i=1
and the Fisher information matrix, I (8) = E [U (8) UT (8)] is

I1(B)= ZX;TFD (x) %4

where
or o
g \_( mE@A-m(2)  —m(z)m2(2)
D(”—(g—gf g—>‘< e moi oy )



for details, see Bruce (2005). Maximum likelihood estimation of this model can
be done by using ordinary algorithms for estimating multivariate logit models.

We now consider two particular models within this framework. The first
being the model where the two vectors of explanatory variables are identical
and consist of dummy variables x; = x5 = (dy,da, .. ., clK)T7 where each dj, is
either 1 or 0, indicating if an observation comes from response group k or not,
respectively, 7 = 1,2,..., K. In this case the model reduces to the case with
K response groups discussed above and the test statistics for independence are
(4) and (7), respectively.

The second particular case we consider appears when the linear predictors
consist of an intercept and a single explanatory variable, z, the same variable
in both linear predictors, so that n; = wTﬁj7 x = (1, z)T and 3; = (ﬁjmﬁjl)T,
j = 1,2. In this model, the explanatory variable z may influence the success
probabilities m; and mo differently. However, the odds ratio of S; and S5 does
not depend on z if 8y, = 25,,, i.e. the dependence of S; and S is constant
over different values of z. If, in addition, 45 = 20,y — In4, then S; and Sy are
independent as well, making their sum S to a binomially distributed random
variable with parameters (2,8). For details, see Bruce (2005). It is therefore of
interest to test whether data give enough support to reject the hypothesis

Hy : Byg =284 —In4 and By = 26;;.

Suppose now that the variable z takes K different values, and that Ny
observations are made at z = zi, so that Zle N = N. Furthermore, let
r1e = »_Yy1; and o = Y Y2, the sums being taken over all the observations
with z = zi, be the observed frequencies of the two possible responses Y7 =1
and Y3 = 1, respectively. Then, r1j ~ bin (Ng, m1x) and o ~ bin (Ng, ma).

Under Hy, the model reduces to an ordinary logit model. Denoting the
maximum likelihood estimator of the parameter vector 5 under Hy by [, the
score test statistic becomes

-0 () ()0 (7). ©

which is asymptotically y2-distributed with 2 degrees of freedom, provided that
the number of observations at each z; tends to infinity. This follows since

U (B) is approximately normal with zero mean and variance I () if Hy is true.

Furthermore, the hypothesis Hy is rejected on the o - 100% level if the observed
value of Ts exceeds the critical value ¢ = X%’ka, the (1 — @) - 100th percentile
of a x? distribution with 2 degrees of freedom.

When computing the test statistic for the likelihood test, the model needs to
be estimated both under the restrictions imposed by Ho, yielding the univariate
logit estimator (3, and without these restrictions, yielding the bivariate logit
estimator 5. The test statistic is then obtained by evaluating the log likelihood
function at these two estimates

TLR=2(l (B;y) —l(ﬁ;y)). 9)



Asymptotically, both Ts and T1r are equivalent. In particular, also Tp, g is
asymptotically y2-distributed with 2 degrees of freedom and the null hypothesis
is rejected at the level - 100% for observed values exceeding the critical value
c.

3 Examples

This section presents three examples to illustrate the test procedures described
above. Example 1 is a visual impairment data, while the other two examples
are artificially created data materials. Dependency is tested using the score test
and the likelihood ratio test for all these data materials. Significance level is
chosen to be 5%.

Example 1

The data material on visual impairment data is taken from Liang et al. (1992).
5199 people are subject to a visual examination, measuring if the left eye and/or
the right eye has a visual impairment or not. The outcome for each eye is binary,
where ” 4+ 7 indicates visual impairment and ” —” no visual impairment. Age
is used as explanatory variable in this example, see Table 1. In the table there
are, for example, 3627 out of 3958 people in age 40-70 that have no visual
impairment.

Left Right | Age: 40 — 70 Age: 71+ Total
- - 3627 913 4540
+ - 122 89 211
- + 133 104 237
+ + 76 135 211

Total 3958 1241 5199

Table 1: Joint distribution of visual impairment for both eyes, for the two age
groups 40—70 and over 70, respectively. Data are taken from Liang et al.(1992).

Before a model can be fitted to the data an assumption has to be made.
The probability that the left eye is visually impaired is assumed to be equal
to the probability that the right eye is visually impaired. This assumption is
reasonable since the risk of visual impairment (in percent) is similar for the left
and the right eye in both groups.

Let S7 and S2 be Bernoulli variables for visual impairment of the left eye and
the right eye, respectively. The elements of the response vector y; = (y1;, ygi)T,
i =1,2,...,5199, are indicator variables. For a given person Y; = 1 if only
one eye is visually impaired and Y5 = 1 if both eyes have a visual impairment.
The vector of explanatory variables consists of dummy variables d; and ds since



there are two independent groups. The link function is therefore

n= my _ B11d1 + B1ada )
2 Baidi + Baoda
Suppose now that primary interest is in the possible dependency between S
and Ss5. In this model S; and S, are independent if the parameter restrictions

sz = 251]‘7 Jj=12

are satisfied. As stated previously the score test statistic for independence is
given by (4). The test statistic has a x? distribution with 2 degrees of freedom,
asymptotically. The observed test statistic for the data material in Table 1
becomes, using (4),

Ty ~ 751.22

Hence the hypothesis about independence is rejected since the critical value on
5% level is 5.991. The observed likelihood ratio test statistic can be derived by
estimating the model both under the restrictions imposed by Hy and without
these restrictions. Alternatively, the test statistic in (7) give an equivalent
result. The value on the test statistic is

Ty r ~ 465.35,

so the hypothesis about independence is rejected when using the likelihood ratio
test as well.

Example 2

Data consists of 100 pairs of Bernoulli variables. Each pair is associated with
a single covariate, z, ranging between zero and ten, see Figure 1. This example
refers to the second particular case above where the restrictions 8y, = 25,,—1n4
and B4, = 20;; are tested. Ignoring the covariate z, the observed frequencies
for S = 0,1,2 are 49,17, and 34, respectively. S; and Se seem dependent by
only looking at these observed frequencies. The goodness of fit test given in (3)
confirms this. The observed test statistic is

X2 A 42.54.

Clearly, the conclusion based only on this test would be that S; and S, are de-
pendent. It is not sufficient to look at observed marginal frequencies only. When
testing for independency one has to study how the probabilities 7 (2), 71 (2),
and 7y (z) change when taking account of the covariate, z. The relative low
frequency of pairs where S = 1 is explained by the fact that many observations
are taken at z—values where 7 (z) is small.

The score test statistic and the likelihood ratio test statistic given in (8)
and (9), take into account covariates in the test procedures. The observed test
statistics for the two tests become

Ts ~ 0.0340



and
Trr ~ 0.0338,

respectively. Because the critical value is 5.991 the hypothesis of independence
can not be rejected in neither of the tests.

Another good indicator of the possible dependency between S; and Sy is
the estimated probability distribution of S, given in Figure 1.

1

| P(S=0) \ P(S=2) |

1r e ome ® o o o —

P(S=1)
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Figure 1: a) The 100 observations on S for Example 2. b) Probability distri-
bution for S as a function of z. The parameters used are the bivariate logit
estimator (.

The probability distribution closely resembles the appearance of a distrib-
ution for independent Bernoulli variables. A model for independent data have
several symmetry properties, see Bruce (2005) for a more comprehensive dis-
cussion. Two of these properties are clearly shown in Figure 1. First the
maximum value of 7 (2) is close to 0.5, and secondly 7 (z) is a symmetric
function around arg mZaxP(S = 1). This example emphasizes the importance

of including existing covariates in the analysis.

Example 3

The data in the third example have a similar structure as the data in Example 2.
Data are given by 100 pairs of Bernoulli variables, where each pair is associated
with a single covariate. Thus, the same model can be fitted to this data material
as to the previous data material. Figure 2 shows that the data in Example 3
resemble the data in Example 2. Nevertheless, the score test statistic and the
likelihood ratio test statistic are given by

Ts ~ 6.3066

and
Trr ~ 7.7791,



respectively. The hypothesis of independence is rejected in both tests because
the observed test statistics exceed the critical value. Figure 2 presents the
probability distribution of S based on the bivariate logit estimator f.

QO menccammums ane o -

o 5 10 % 5 10
Figure 2: a) The 100 observations on S for Example 3. b) Probability distrib-
ution for S as a function of z.

The probability distribution does not share the symmetry properties that
independent Bernoulli variables would have generated. Maximum value of
71 (2) is relatively far from 0.5 and 7 (2) is not a symmetric function around
arg m;xxP(S =1).

4 Concluding remarks

Models for equally distributed and possibly dependent binary variables are ex-
amined in this paper. In particular, test procedures for testing the possible
dependence between the binary variables, S; and Ss, are derived. The test
procedures are important since the complexity of the model is greatly reduced
if the variables are independent. In these situations where the bivariate logit
model is difficult to estimate, a score test is preferable since the model only
need to be estimated under the restrictions of independence.

A limitation with the models is that they are only applicable to data where
equally distributed binary variables exist. The models are inappropriate in
situations where P (S7 = 1) differ from P (S = 1). Nevertheless, in examples
with eye data like the one above, the assumption of equally distributed variables
(eyes) is often fulfilled. It remains to investigate how poorly the models fit when
the assumption is not valid.

In some situations, where it is possible to conduct an experiment, the values
of the covariate can be controlled. The distributions of the test statistics depend
on the values of the covariate. Hence, different set of values on the covariate
generates different powers of the tests. In this framework, a favourable power



function can be generated if the values of the covariate, i.e. the design, are
chosen in an optimal way. The design consists of the choice of values for the co-
variate (design points) and the corresponding proportion of observations (design
weights), see Atkinson and Donev (1992). Finding the design that maximizes
the power is not trivial. The optimal design depends on the design criterion,
the unknown parameters, and the alternative hypothesis.

It should be noted that the test statistics are sensitive against small expected
frequencies. The performance of the test statistics are like other asymptotically
x? distributed test statistics for contingency tables, affected by too small ex-
pected frequencies.

The models do not account for variations among individuals with the same
covariates. A further development would be to include, for example random
effect parameters in the linear predictor. These parameters would then account
for the individual effects. Parameters for modelling the heterogeneity among
individuals are included in the general model for dependent binary response
given in Agresti (1997).
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