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4 Lqwurgxfwlrq
Lq vwdwlvwlfdo dssolfdwlrqv ri udqgrp judsk prghov wkh ghjuhh prphqwv/ dqg
ixqfwlrqv ri wkh ghjuhh prphqwv/ kdyh ehhq irxqg xvhixo erwk dv vxppdu|
vwdwlvwlfv dqg iru lqihuhqfh rq sduwlfxodu udqgrp judsk prghov1 Vhh/ iru
h{dpsoh/ Kdjehuj +5333/ 5336,/ Vqlmghuv +4<;4d,/ dqg Zdvvhupdq ) Idxvw
+4<<7,1 Vhfwlrq 5 lqwurgxfhv wkh wkuhh udqgrp judsk prghov ri wklv sdshu1
Wkh prphqw qrwdwlrq dqg irupxodv iru edvlf vwdwlvwlfdo phdvxuhv duh jlyhq lq
Vhfwlrq 61 Vhfwlrqv 7 dqg 8 jlyh sduwlfxodu dqg jhqhudo irupxodv iru ydulrxv
pl{hg prphqwv ri wkh w|sh .f é êë � � �f ì íî / zkhuh f ï c ���c f ð duh wkh ghjuhhv
ri | glvwlqfw yhuwlfhv lq d udqgrp judsk ri rughu ?1 Khuh | lv wkh glphqvlrq ri
wkh prphqw dqg6 ' 6 ñ n���n6 ò lv wkh wrwdo rughu ri wkh prphqw1 Vhfwlrq 9
jlyhv vrph dssolfdwlrqv wr ghjuhh vwdwlvwlfv zlwk irfxv rq wkh ghjuhh yduldqfh1
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5 Ghjuhh glvwulexwlrqv iru vrph judsk prg0
hov

514 Xqlirup judskv ri rughu q dqg vl}h u
Ohw J E?c o� eh wkh fodvv ri doo judskv zlwk o hgjhv rq ? �{hg odehohg yhuwlfhv/
mJ E?c o�m ' � �

�
� zkhuh � ' � �

�
�� Li wkh o sdluv ri glvwlqfw yhuwlfhv � dqg �

frqqhfwhg e| dq hgjh/ duh fkrvhq xqlirupo| dw udqgrp zlwkrxw uhsodfhphqw
dprqj wkh� sdluv/ zh jhw d udqgrp judskB wkdw lv xqlirupo| glvwulexwhg rq
J E?c o�1 Wklv lv ghqrwhg e| B � L?�sJo6 E?c o� ru B � L?�sJo6 EJ E?c o��
dqg zh kdyh

� EB 'C� ' R EC� ' �
� �

�
� iru hdfk C 5 J E?c o� �

Ohw j eh wkh udqgrp dgmdfhqf| pdwul{ ri B1 Wkh hqwulhv f � � lq wkh ? � ?
}hur0rqh pdwul{ j lqglfdwh zklfk sdluv ri yhuwlfhv duh dgmdfhqw1 Li yhuwh{ �
dqg � duh dgmdfhqw/ wkhq f � 	 ' �c dqg li yhuwh{ � dqg � duh qrw dgmdfhqw/ wkhq
f � 	 ' f� Reylrxvo| f 
 � ' f� 
 dqg e| gh�qlwlrq f 
 
 ' f1 Wkh � hohphqwv
f 
 � iru � 	 � duh

f �  � �eo?J�,,�
� o
�
�

c

exw wkh| duh qrw lqghshqghqw1
Ohw f � eh wkh qxpehu ri hgjhv lqflghqw wr yhuwh{ �c l1h1 wkh ghjuhh ri

yhuwh{ �1 Zh kdyh f � ' S �
� � � f � � iru � ' �c ���c ?1 Lw iroorzv wkdw f � lv

k|shujhrphwulfdoo| glvwulexwhg zlwk vhohfwlrq vl}h o dqg vxejurxs vl}hv ?� �
dqg � � ? n �1 Wklv lv ghqrwhg e| f� � M+R}� Eo(?� �c� � ?n �� dqg
phdqv wkdw

� Ef � ' %� ' R � '
� � � �

�
�� � � � � �

 ! "
�

� #
 
� /

� '
�?
2
�

c f � o � � dqg

4@ 
�

fc o �
�?� �

2
��

� % � 4�? i?� �c oj � +514,
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H{dpsoh= iru ? ' D/ o ' H zh kdyh wkdw 2 � % � e/ R � ' �� � c R � ' �
� � dqg

R � ' �
	 � �

Qrwh wkdw qhlwkhu f 
 � iru doo � 	 � qru f 
 iru doo � ' �c ���c ? duh lqghshq0
ghqw1 Iru lqvwdqfh/ ohw

f � ' f �  n L � dqg
f  ' f �  n L  c +515,

zkhuh L � ' S �
� � � f � � dqg L  ' S �

� � � f  � 1 Wkh pxowlyduldwh glvwulexwlrq
ri Ef �  c L � c L  � lv k|shujhrphwulfdoo| glvwulexwhg zlwk vhohfwlrq vl}h o dqg
vxejurxs vl}hv �c ?� 2c ?� 2c � � �� 2E?� 2� zklfk lv ghqrwhg

Ef �  c L � c L  � � ��,|�M+R}� Eo( �c ?� 2c ?� 2c � � �� 2E?� 2�� �
Iru ghwdlov rq wkh pxowlyduldwh k|shujhrphwulf glvwulexwlrq/ vhh/ iru lqvwdqfh/
Mrkqvrq/ Nrw} ) Edodnulvkqdq +4<<:,1Zh kdyh wkdw

� Ef � ' %cf � ' +� ' R � � ' � EEf � � c L � c L � � ' Efc %c +� ru E�c %� �c + � ���

'
� �� �� � � �

�
�� � � �

�
�� � � � � � �  ! " #

$ % & % ' % (
�n � )

)
�� * % +

' % )
�� * % +

( % )
�� , % ) % + - * % + #

$ % ) % ' . ) % ( . )
�

� ,
$
� 9' R / R 0 �

+516,

515 Xqlirup judskv ri rughu q
Ohw J E?� '

1
V

2 3 4 J E?c o� � D udqgrp judsk wkdw lv xqlirupo| glvwulexwhg rq
J E?� lv ghqrwhg B � L?�sJo6 EJ E?�� ru B � L?�sJo6 E?�1 Lq wklv prgho/
doo 2 5 odehohg judskv ri rughu ? kdyh wkh vdph suredelolw| wr rffxu/ vr wkdw

� EB 'C� ' R EC� ' �
2 5

iru hdfk C 5 J E?� �
Wkh dgmdfhqf| pdwul{ j ri B kdv hohphqwv

f 6 7 � �eo?J�,,�
��
2
�

c � 9' ��
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Wkh yhuwh{ ghjuhhv duh
f � � ��?E?� �c �2� c � ' �c 2c ���c ?

dqg wkh vl}h ri B lv

- ' �
2

�
[

� � �
f � � ��?E�c �2��

Qrwh wkdw khuh f � � iru doo � 	 � duh lqghshqghqw exw f � iru � ' �c ���c ? duh qrw
lqghshqghqw1 Li zh xvh +515, djdlq zh kdyh wkdw f � � c L � c L � duh lqghshqghqw
�eo?J�,,� � �

�
� c ��? �?� 2c �

�
� c ��? �?� 2c �

�
� vr wkdw

R � � ' � Ef � ' %cf � ' +�
' � EEf � � c L � c L � � ' Efc %c +� ru E�c %� �c + � ���
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2
�?� 2
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���

2
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 �

�?� 2
+

���
2
� 	 
 �

n�
2
�?� 2
%� �

���
2
� 	 
 �

�?� 2
+ � �

���
2
� 	 
 �

' R � R � 2
� %
?� �

+
?� � n

�

�� %
?� �

��

�� +
?� �

��

9' R � R � � +517,

516 Ehuqrxool judskv ri rughu q dqg hgjh suredelolw| s
Wkh Ehuqrxool prgho ri rughu ? dqg hgjh suredelolw| R/ lv d jhqhudol}dwlrq ri
wkh xqlirup prgho ri rughu ?1 Zlwk suredelolw| Rc f 	 R 	 �/ hdfk sdlu ri
glvwlqfw yhuwlfhv � dqg � lv frqqhfwhg e| dq hgjh1 Khqfh/B � �eo?J�,,� E?c R�
phdqv wkdw � EB ' C� ' R  ^ � � � iru hdfk C 5 J E?c o� zkhuh o ' fc ���c �
dqg ^ ' �� R1 Qrz wkh dgmdfhqf| lqglfdwruv/ ghjuhhv dqg vl}h ri B kdyh wkh
iroorzlqj glvwulexwlrqv

f � � � �eo?J�,,�ER� c � 9' �c
f � � ��?E?� �c R� c � ' �c 2c ���c ? dqg +518,
- � ��? E�c R� �
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Khuh f � � iru doo � 	 � duh lqghshqghqw exw f � iru � ' �c ���c ? duh qrw lqgh0
shqghqw1 Iru lqvwdqfh/ xvlqj +515,/

R � � ' � Ef � ' %cf � ' +�
' � EEf � � c L � c L � � ' Efc %c +� ru E�c %� �c + � ���

' ^
�?� 2

%
�

R � ^ � � � � �
�?� 2

+
�

R � ^ � � � � �

nR
�?� 2
%� �

�

R � � � ^ � � � � �
�?� 2
+ � �

�

R � � � ^ � � � � �

' R � R � �^
� %
?� �

+
?� � n

�

�� %
?� �

��

�� +
?� �

��

9' R � R � � +519,

6 Ghjuhh prphqwv
614 Ghjuhhv lq d judsk
Frqvlghu d judsk C rq ? yhuwlfhv dqg o hgjhv/ l1h1 d judsk ri rughu ? dqg vl}h
o1 Wkh qxpehu ri hgjhv lqflghqw wr yhuwh{ �/ wkh ghjuhh ri yhuwh{ �c lv ghqrwhg
e| % � c dqg E% 	 c ���c % 
 � lv wkh ghjuhh vhtxhqfh ri C� Wkh vxp ri wkh ghjuhhv
ri wkh yhuwlfhv ri wkh judsk lv htxdo wr wzlfh wkh qxpehu ri lwv hgjhv/ wkdw lv
S ��

 � % � ' 2o� Wkh rughuhg ghjuhh vhtxhqfh ri C lv wkh vhtxhqfh E_ � c _ � c ���c _ � �
rewdlqhg e| olvwlqj wkh yhuwh{ ghjuhhv E% � c % � � ���c % � � lq qrq0lqfuhdvlqj rughu
E_ � � _ � � ��� � _ � �1 Iru h{dpsoh/ zlwk ? ' e dqg o ' 2 zh kdyh �D od0
ehohg judskv/ �� ghjuhh vhtxhqfhv E% � c ���c % � � dqg 2 rughuhg ghjuhh vhtxhqfhv
E_ � c ���c _ � �1 Rqh ghjuhh vhtxhqfh/ E�c �c �c �� lv frpprq wr � odehohg judskv/
exw wkh rwkhu �2 odehohg judskv kdyh xqltxh ghjuhh vhtxhqfhv fruuhvsrqglqj
wr wkh �2 shupxwdwlrqv ri wkh rughuhg ghjuhh vhtxhqfh E2c �c �c f�1
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615 H{fkdqjhdelolw|
Wkh ghjuhhv ri wkh yhuwlfhv lq wkh prghov ri wklv sdshu duh h{fkdqjhdeoh
udqgrp yduldeohv ghqrwhg f � c ���c f � � Lq sduwlfxodu h{fkdqjhdelolw| phdqv

.f � ' .f � c
.f �

� ' .f �
� c

.f � f� ' .f � f � c � 9' �c
.f �

� f� ' .f � f �
� ' .f �

� f � c � 9' �c
.f �

� f
�

� ' .f �
� f

�
� c � 9' � dqg vr rq1

616 Prphqw qrwdwlrq
Zh xvh wkh iroorzlqj qrwdwlrq iru vlqjoh prphqwv ri rughu 6

� � ' .f �� c
dqg

� � � ��� � � ' .f � �� � � �f � �	 c
iru pl{hg prphqwv ri glphqvlrq |/ vhsdudwh rughuv E6 � c ���c6 	 � dqg wrwdo
rughu 6 ' 6 � n ��� n 6 	 � Gxh wr h{fkdqjhdelolw| lw lv qr uhvwulfwlrq wr
dvvxph 6 � � 6 
 � ��� � 6 	 � Iru h{dpsoh/ wkh prphqwv ri rughu e duh
� � c � � � c � 
 
 c � 
 � � cdqg � � � � � �

Wkh idfwruldo prphqw . Ef � Ef � � �� Ef � � 2� � � � Ef � �6n ��� lv gh0
qrwhg

� � ' .f
 � �� �

Lw lv zhoo nqrzq +Vhh/ iru lqvwdqfh/ Judkdp/ Nqxwk dqg Sdwdvkqln +4<<7,1,
wkdw srzhuv dqg idfwruldov duh uhodwhg dffruglqj wr

f �� ' �[

� � �
7 � �

f � -
Ef � � &�- '

�
[

� � �
7 � � f

� � �
� +614,

zkhuh 7 � � duh wkh Vwluolqj qxpehuv ri wkh vhfrqg nlqg1 Wkhuhiruh zh kdyh
wkdw

� � '
�
[

� � �
7� � � � +615,
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zkhuh 7 � � / wkh Vwluolqj qxpehuv ri wkh vhfrqg nlqg/ fdq eh h{solflwo| jlyhq
e|

7 � � ' �
&-

�
[

� � �
E��� �

�&
�
�

E& � �� � � +616,

Wkh �uvw ihz ri wkhvh qxpehuv duh jlyhq lq Wdeoh 41

&
4 5 6 7 8 9

6
4 4
5 4 4
6 4 6 4
7 4 : 9 4
8 4 48 58 43 4
9 4 64 <3 98 48 4

Wdeoh 41 Vwluolqj qxpehuv ri wkh vhfrqg nlqg/ 7 � �

617 Phdqv/ yduldqfhv/ fryduldqfhv dqg fruuhodwlrqv
Li zh xvh wkh qrwdwlrq deryh/ zh rewdlq wkh iroorzlqj h{suhvvlrqv iru wkh
phdqv/ yduldqfhv/ fryduldqfhv dqg fruuhodwlrqv1

.f � ' � � c
T @of � ' � � � � �

� c
�J�Ef � c f 	 � ' � � � � � 	

� c
�JooEf � c f 	 � ' � � � � � 	

�

� 	 �� 	
�
c

zkhuh � 
 ' S

�
% 
 R � dqg � � � ' S

�

S

�
%+R � � / dqg wkh R � dqg R � � duh jlyhq

lq wkh suhylrxv vhfwlrq iru wkh wkuhh prghov frqvlghuhg1 Wklv ohdgv wr wkh
irupxodv jlyhq lq Wdeoh 51
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Xqlirup E?c o� Xqlirup E?� Ehuqrxool E?c R�
. Ef � � � �

� � � �� E?� �� R
T @o Ef � �

� � E � � � � � � 	 �� � 
 � � �  � � �� E?� �� R^
�J�Ef � c f � � � � 	 E � � � � � � 	 �� � 
 � � �  
 � � �  �� R^
�JooEf � c f � � � �� � � �� � � �� � �

Wdeoh 51 Phdqv/ yduldqfhv/ fryduldqfhv dqg fruuhodwlrqv1
Zh vhh wkdw wkh fruuhodwlrqv kdyh wkh vdph devroxwh ydoxh iru doo wkh

prghov dqg whqg wr }hur iru lqfuhdvlqj ?� Lq wkh vhtxho zh zloo qrw wuhdw wkh
xqlirup judsk prgho ri rughu ? vhsdudwho| vlqfh lw lv d sduwlfxodu fdvh ri wkh
Ehuqrxool E?c R� prgho zlwk R ' �� �

7 Ghjuhh prphqwv lq xqlirup judskv ri ru0
ghu q dqg vl}h u

Wkhruhp 4 Iru wkh XqlirupE?c o�0}o@R� wkh ghjuhhv f � kdyh prphqwv

� � ' .f �� '
�
[

� � � 7 � � &-
� �� �� � � �� �

� � � � +714,

iru 6 ' �c 2c ��� dqg � ' � � � �� Pl{hg prphqwv duh jlyhq e|

� � � � � ' o
?

� �
[

� � � �

� �
[

� � � �

�6 �
& �

��6  
&  

�

> !" # " $ n
�

�� o
?
�

> % # % $ +715,

zkhuh

> & ' & ( '

& '
S

) ' * +
& (
S

) ( * + 7 & ' ) ' 7 & ( ) ( & + -& , -� - . ,) '
�� - . ,) (

�� /) ' 0 ) (
�

� 1 . +) ' 0 ) (
�

dqg > 2 lv rewdlqhg iurp > e| uhsodflqj o e| o � �1
Surri1 Dffruglqj wr +514, f 3 kdv d k|shujhrphwulf glvwulexwlrq1 Lwv

idfwruldo prphqwv duh jlyhq e| Mrkqvrq/ Nrw} ) Nhps +4<<5,/ dqg wkh| duh
� 4 ' .f

5 4 63 ' 6-� 7
4
�� 8 9 34

�

� :
4
� �

;



Khqfh/ iurp +615,

� � '
�
[

� � �
7 � � � � '

�
[

� � �
7� � &-

� �
�
�� � � �

�
�

� �
�
� �

Wkh pl{hg prphqwv
� � � � 	 ' .f � �� f � 	
 ' . Ef � 
 n L � � � � Ef � 
 n L 
 � � 	

' o
?. dE� n L � � �  E� n L � � � � m f � � ' �o n

�

�� o
�
�

. dL � �
� L � �

� m f � � ' fo

' o
?

� �
[

� � � �

� �
[

� � � �

�6 �

& �

��6 �

& �

�

. �L � �
� L � �

� m f � � ' ��n
�

�� o
�
�

. dL � �
� L �  

! m f � ! ' fo

zkhuh
EL � c L ! m f � ! ' f� � ��,|�M+R}� Eoc ?� 2c ?� 2c� � �� 2E?� 2��

dqg

. EL � L ! m f � ! ' f� '

� �
S

" � # �

�  
S

"  # � 7 � � " � 7 �  "  & � -& ! -� $ % !
" �
�� $ % !

"  
�� &

" � ' "  
�

� ( % �
" � ' "  

�

' > � � �  Eo� vd|1
Khqfh

� � � �  ' o
?

� �
[

" � # )

�  
[

"  # )

�6 �

& �

��6 !

& !

�

> " � "  Eo � �� n
�

�� o
?
�

> � � �  Eo� �

Vrph sduwlfxodu irupxodv rewdlqhg iurp Wkhruhp 4 duh jlyhq ehorz1
� � ' � � /
� ! ' � � n� ! /
� * ' � � n �� ! n� * /
� + ' � � n .� , n S� - n� . /
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dqg vr rq/ zkhuh

� � ' 2o
? /

� � ' eo Eo � ��
E?n ��? /

� � ' H E?� �� o Eo � �� Eo � 2�
E?n ��? E? � � ?� e� /

� � ' �S E?� e� o Eo � �� Eo � 2� Eo � ��
E?n 2� E?n ��? E? � � ?� e� 1

� � � ' 2o
? E?� �� n

eo Eo � ��
E?n �� E?� �� c

� � � ' 2o
? E?� �� n

e E?n 2� o Eo � ��
E?n ��? E?� �� n H E? � � 2?� �� o Eo � �� Eo � 2�

E?n ��? E?� �� E? � � ?� e� c

� � � ' 2o
? E?� �� n

e Ee n ?� o Eo � ��
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