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Introduction

Probability theory can be understood as a mathematical model for the in-
tuitive notion of uncertainty. Without probability theory all the stochastic
models in Physics, Biology, and Economics would either not have been devel-
oped or would not be rigorous. Also, probability is used in many branches of
pure mathematics, even in branches one does not expect this, like in convex
geometry.

The modern period of probability theory is connected with names like S.N.
Bernstein (1880-1968), E. Borel (1871-1956), and A.N. Kolmogorov (1903-
1987). In particular, in 1933 A.N. Kolmogorov published his modern ap-
proach of Probability Theory, including the notion of a measurable space
and a probability space. This lecture will start from this notion, to con-
tinue with random variables and basic parts of integration theory, and to
finish with some first limit theorems. Historical information about mathe-
maticians can be found in the MacTutor History of Mathematics Archive un-
der www-history.mcs.st-andrews.ac.uk/history/index.html and is also
used throughout this script.

Let us start with some introducing examples.

Example 1. You stand at a bus-stop knowing that every 30 minutes a bus
comes. But you do not know when the last bus came. What is the intuitively
expected time you have to wait for the next bus? Or you have a light bulb
and would like to know how many hours you can expect the light bulb will
work? How to treat the above two questions by mathematical tools?

Example 2. Surely many lectures about probability start with rolling a
die: you have six possible outcomes {1,2,3,4,5,6}. If you want to roll a
certain number, let’s say 3, assuming the die is fair (whatever this means) it
is intuitively clear that the chance to dice really 3 is 1:6. How to formalize
this?

Example 3. Now the situation is a bit more complicated: Somebody has
two dice and transmits to you only the sum of the two dice. The set of all
outcomes of the experiment is the set

Q= {(1,1), .., (1,6), ..., (6,1), ..., (6,6)}
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but what you see is only the result of the map f : 2 — R defined as
f((a,b)) :=a+0b,

that means you see f(w) but not w = (a,b). This is an easy example of a
random variable f, which we introduce later.

Example 4. In Example 3 we know the set of states w € (2 explicitly. But
this is not always possible nor necessary: Say, that we would like to measure
the temperature outside our home. We can do this by an electronic ther-
mometer which consists of a sensor outside and a display, including some
electronics, inside. The number we get from the system might not be correct
because of several reasons: the electronics is influenced by the inside temper-
ature and the voltage of the power-supply. Changes of these parameters have
to be compensated by the electronics, but this can, probably, not be done in
a perfect way. Hence, we might not have a systematic error, but some kind
of a random error which appears as a positive or negative deviation from the
exact value. It is impossible to describe all these sources of randomness or
uncertainty explicitly.

We denote the exact temperature by T and the displayed temperature by S,
so that the difference T'— S is influenced by the above sources of uncertainty.
If we would measure simultaneously, by using thermometers of the same type,
we would get values Si, S5, ... with corresponding differences

D1 I:T—Sl, D2 Z:T—SQ, D3 Z:T—Sg,...

Intuitively, we get random numbers Dy, D,, ... having a certain distribution.
How to develop an exact mathematical theory out of this?

Firstly, we take an abstract set 2. Each element w € 2 will stand for a specific
configuration of our sources influencing the measured value. Secondly, we
take a function

f: Q=R

which gives for all w € € the difference f(w) = T — S(w). From properties
of this function we would like to get useful information of our thermometer
and, in particular, about the correctness of the displayed values.

To put Examples 3 and 4 on a solid ground we go ahead with the following
questions:

STEP 1: How to model the randomness of w, or how likely an w is? We do
this by introducing the probability spaces in Chapter 1.

STEP 2: What mathematical properties of f we need to transport the ran-
domness from w to f(w)? This yields to the introduction of the random
variables in Chapter 2.
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STEP 3: What are properties of f which might be important to know in
practice? For example the mean-value and the variance, denoted by

Ef and E(f—Ef)>.

If the first expression is zero, then in Example 3 the calibration of the ther-
mometer is right, if the second one is small the displayed values are very
likely close to the real temperature. To define these quantities one needs the
integration theory developed in Chapter 3.

STEP 4: Is it possible to describe the distribution of the values f may take?
Or before, what do we mean by a distribution? Some basic distributions are
discussed in Section 1.3.

STEP 5: What is a good method to estimate Ef? We can take a sequence of
independent (take this intuitive for the moment) random variables fi, fa, ...,
having the same distribution as f, and expect that

%gﬁ(w) and Ef

are close to each other. This lieds us to the Strong Law of Large Numbers
discussed in Section 3.8.

Notation. Given a set (2 and subsets A, B C €2, then the following notation
is used:

intersection: ANB = {weQ:we Aandw € B}
union: AUB = {weN:we Aor (or both)w € B}
set-theoretical minus: A\B = {weQ:we Aandw ¢ B}
complement: A = {weQ:wgA}
empty set: 0 = set, without any element
real numbers: R
natural numbers: N = {1,2,3,...}
rational numbers: Q
indicator-function:  Ty(z) = { (1) ii ; ﬁ

Given real numbers «a, 3, we use a A # := min{a, 8}.
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Chapter 1

Probability spaces

In this chapter we introduce the probability space, the fundamental notion
of probability theory. A probability space (€2, F,P) consists of three compo-
nents.

(1) The elementary events or states w which are collected in a non-empty
set €.

Example 1.0.1 (a) If we roll a die, then all possible outcomes are the
numbers between 1 and 6. That means

Q=1{1,2,3,4,5,6}.

(b) If we flip a coin, then we have either "heads” or "tails” on top, that
means

Q={H,T}.
If we have two coins, then
Q=A{(H H),(H,T),(T H),(TT)}
is the set of all possible outcomes.

(¢) For the lifetime of a bulb in hours we can choose

Q= [0,00).

(2) A o-algebra F, which is the system of observable subsets or events
A C Q. The interpretation is that one can usually not decide whether a
system is in the particular state w € €2, but one can decide whether w € A

orw ¢ A.

(3) A measure P, which gives a probability to all A € F. This probability
is a number P(A) € [0,1] that describes how likely it is that the event A

occurs.

For the formal mathematical approach we proceed in two steps: in the first
step we define the o-algebras F, here we do not need any measure. In the
second step we introduce the measures.



10 CHAPTER 1. PROBABILITY SPACES

1.1 Definition of o-algebras

The o-algebra is a basic tool in probability theory. It is the set the proba-
bility measures are defined on. Without this notion it would be impossible
to consider the fundamental Lebesgue measure on the interval [0, 1] or to
consider Gaussian measures, without which many parts of mathematics can
not live.

Definition 1.1.1 [0-ALGEBRA, ALGEBRA, MEASURABLE SPACE| Let Q be
a non-empty set. A system F of subsets A C () is called o-algebra on (2 if

(1) 0,2 € F,
(2) A € F implies that A°:= Q\A € F,
(3) Ay, As, ... € F implies that | >, A; € F.

The pair (2, F), where F is a o-algebra on €2, is called measurable space.
The elements A € F are called events. An event A occurs if w € A and it
does not occur if w & A.

If one replaces (3) by

(3') A, B € F implies that AUB € F,

then F is called an algebra.

Every o-algebra is an algebra. Sometimes, the terms o-field and field are
used instead of g-algebra and algebra. We consider some first examples.

Example 1.1.2 (a) The largest o-algebra on : if F = 2% is the system
of all subsets A C Q, then F is a o-algebra.

(b) The smallest o-algebra: F = {Q,0}.
(c) If ACQ, then F ={Q,0, A, A°} is a o-algebra.

Some more concrete examples are the following:

Example 1.1.3 (a) Assume a model for a die, i.e. Q := {1,...,6} and
F := 2% The event "the die shows an even number” is described by

A=1{2,46)}.

(b) Assume a model with two dice, i.e. Q := {(a,b) : a,b = 1,...,6} and
F := 29 The event ”the sum of the two dice equals four” is described
by

A={(1,3),(2,2),(3,1)}.
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(¢) Assume a model for two coins, i.e. Q:={(H,H),(H,T),(T,H),(T,T)}
and F := 2. "Exactly one of two coins shows heads” is modeled via

A= {(H7 T), <T7 H)}

(d) Assume that we want to model the lifetime of a bulb, so that  :=
[0,00). ”The bulb works more than 200 hours” we express by

A = (200, 00).

But what is the right o-algebra in this case? It is not 2 which would
be too big.

If Q@ = {wy,...,wn}, then any algebra F on € is automatically a o-algebra.
However, in general this is not the case as shown by the next example:

Example 1.1.4 [ALGEBRA, WHICH IS NOT A 0-ALGEBRA] Let G be the
system of subsets A C R such that A can be written as

A == (al,bl] U (ag,bg] U---uJ (CLn, bn]

where —o00 < a1 < b < -+ < q, < b, < oo with the convention that
(a,00] = (a,00) and (a,a] = (). Then G is an algebra, but not a o-algebra.

Unfortunately, most of the important o—algebras can not be constructed
explicitly. Surprisingly, one can work practically with them nevertheless. In
the following we describe a simple procedure which generates o—algebras. We
start with the fundamental

Proposition 1.1.5 [INTERSECTION OF 0-ALGEBRAS IS A 0-ALGEBRA] Let
Q be an arbitrary non-empty set and let F;, j € J, J # 0, be a family of
o-algebras on ), where J is an arbitrary index set. Then

F = ﬂ ./Tj
jeJ
1 a o-algebra as well.
Proof. The proof is very easy, but typical and fundamental. First we notice

that 0, € Fj for all j € J, so that 0,Q € (., F;. Now let A, A, Ay, ... €
jes Fj- Hence A, Ay, Ay, ... € F; for all j € J, so that (F; are o-algebras!)

A=0M\AeF;, and |JA e€F

=1

for all j € J. Consequently,

A e ﬂ}"j and [OJAZ-E m}"]
i=1

jedJ jeJ
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Proposition 1.1.6 [SMALLEST 0-ALGEBRA CONTAINING A SET-SYSTEM]
Let Q) be an arbitrary non-empty set and G be an arbitrary system of subsets
A C Q. Then there exists a smallest o-algebra o(G) on Q such that

G Co(9).
Proof. We let
J :={C is a o-algebra on 2 such that G C C}.
According to Example 1.1.2 one has J # (), because
G c2®

and 2% is a o—algebra. Hence

o(G) = ﬂ C
ceJ
yields to a g-algebra according to Proposition 1.1.5 such that (by construc-
tion) G C o(G). It remains to show that o(G) is the smallest o-algebra
containing G. Assume another o-algebra F with G C F. By definition of J
we have that F € J so that

o(G)=()CCF

CceJ
U

The construction is very elegant but has, as already mentioned, the slight
disadvantage that one cannot construct all elements of o(G) explicitly. Let
us now turn to one of the most important examples, the Borel o-algebra on
R. To do this we need the notion of open and closed sets.

Definition 1.1.7 [OPEN AND CLOSED SETS|

(1) A subset A C R is called open, if for each = € A there is an € > 0 such
that (z —e,x4+¢) C A

(2) A subset B C R is called closed, if A := R\B is open.

Given —oo < a < b < oo, the interval (a,b) is open and the interval [a, b] is
closed. Moreover, by definition the empty set () is open and closed.

Proposition 1.1.8 [GENERATION OF THE BOREL 0-ALGEBRA ON R| We
let

Go be the system of all open subsets of R,

Gy be the system of all closed subsets of R,

Go be the system of all intervals (—oo,b], b € R,

Gs be the system of all intervals (—oo,b), b € R,

Gy be the system of all intervals (a,b], —o0o < a < b < o0,
Gs be the system of all intervals (a,b), —o0o < a < b < 0.

Then o(Gy) = 0(G1) = 0(Ga) = 0(G3) = 0(Gs) = 0(Gs).
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Definition 1.1.9 [BOREL 0-ALGEBRA ON R] ! The o-algebra constructed
in Proposition 1.1.8 is called Borel o-algebra and denoted by B(R).

In the same way one can introduce BOREL o-algebras on metric spaces:
Given a metric space M with metric d a set A C M is open provided that
for all x € A there is a ¢ > 0 such that {y € M : d(z,y) <e} C A. A set
B C M is closed if the complement M\B is open. The BOREL o-algebra
B(M) is the smallest o-algebra that contains all open (closed) subsets of M.
Proof of Proposition 1.1.8. We only show that

0(Go) = o(G1) = 0(Gs) = 0(Fs).
Because of Gz C Gy one has
o(Gs) € a(Go).

Moreover, for —oo < a < b < oo one has that

(a5) = [] ((oeitn(oc.a+ 1)) € ol

n

so that G5 C 0(G3) and
o(Gs) C a(Gs).

Now let us assume a bounded non-empty open set A C R. For all x € A
there is a maximal £, > 0 such that

(x — ez, +e,) C A

Hence

A= U (r — ez, + &),

€ ANQ

which proves Gy C ¢(Gs5) and
a(Go) C a(G5).

Finally, A € Gy implies A° € G; C 0(G;) and A € 0(Gy). Hence Gy C 0(Gy)
and

U(QO) - 0(91)~

The remaining inclusion o(G;) C 0(Gy) can be shown in the same way. O

IFélix Edouard Justin Emile Borel, 07/01/1871-03/02/1956, French mathematician.
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1.2 Probability measures
Now we introduce the measures we are going to use:

Definition 1.2.1 [PROBABILITY MEASURE, PROBABILITY SPACE|  Let
(Q, F) be a measurable space.

(1) Amap P: F — [0,1] is called probability measure if P(Q2) = 1 and
for all Ay, Ay, ... € F with A;NA; =0 for i # j one has

IP’(GAZ») - iIP’(Ai). (1.1)

The triplet (2, F,P) is called probability space.

(2) A map p : F — [0,00] is called measure if () = 0 and for all
Ay, Ay, ... € F with A;NA; =0 for i # j one has

N(DAz‘) = i_O:M(AZ)

The triplet (2, F, u) is called measure space.

(3) A measure space (£, F, ) or a measure p is called o-finite provided
that there are ), C Q, k =1,2, ..., such that

(a) Qp € Fforallk=1,2,...,

(b) Q;NQ; =0 fori # j,

() @=UZ; D,

(@) (%) < oo.

The measure space (£, F,u) or the measure p are called finite if
p(82) < oo.

Remark 1.2.2 Of course, any probability measure is a finite measure: We
need only to check p(0) = 0 which follows from p(0) = > o2, u(0) (note that
DNO=0)and u(Q) < .

Example 1.2.3 (a) We assume the model of a die, i.e. Q ={1,...,6} and
F =29 Assuming that all outcomes for rolling a die are equally likely,
leads to

1
P = —.
(1)) = 2
Then, for example,
1
P({2,4,6}) = 3
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(b) If we assume to have two coins, i.e.
Q= {<T7 T)> (Hv T)’ (T> H)7 (Ha H)}

and F = 29 then the intuitive assumption ’fair’ leads to

P({w)) = 1

That means, for example, the probability that exactly one of two coins
shows heads is

BU{(H.T), (T, 1)) = 5.

Example 1.2.4 [DIRAC AND COUNTING MEASURE] 2
(a) Dirac measure: For F = 29 and a fixed x € ) we let

L 1 - LIZ'QEA
5350(14)'_{0 g €A

(b) Counting measure: Let Q := {wy,...,wy} and F = 2% Then
((A) := cardinality of A.

Let us now discuss a typical example in which the o—algebra F is not the set
of all subsets of (2.

Example 1.2.5 Assume that there are n communication channels between
the points A and B. Each of the channels has a communication rate of p > 0
(say p bits per second), which yields to the communication rate pk, in case
k channels are used. Each of the channels fails with probability p, so that
we have a random communication rate R € {0, p,...,np}. What is the right
model for this? We use

Q:={w=1(e1,...,en) : g, € {0,1})

with the interpretation: ¢; = 0 if channel ¢ is failing, ¢; = 1 if channel 7 is
working. JF consists of all unions of

Ay ={weQ:e+--+e,=k}.

Hence A; consists of all w such that the communication rate is pk. The
system F is the system of observable sets of events since one can only observe
how many channels are failing, but not which channel fails. The measure P
is given by

n

P(Ay) == (k)p”k(l —-p)¥, 0<p<l.

Note that P describes the binomial distribution with parameter p on
{0, ...,n} if we identify Ay with the natural number k.

2Paul Adrien Maurice Dirac, 08/08/1902 (Bristol, England) - 20/10/1984 (Tallahassee,
Florida, USA), Nobelprice in Physics 1933.
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We continue with some basic properties of a probability measure.

Proposition 1.2.6 Let (2, F,P) be a probability space. Then the following
assertions are true:

(1) ]fill,...,An € F such that A;,NA; =0 if i # j, then P(U;_, Ai) =
2ima P (Ai).

(2) If A, B € F, then P(A\B) = P(A) — P(AN B).
(3) If B € F, then P(B°) = 1 — P(B).

(4) If Ay, Ag, ... € F then P (T, Ay) < 0, P (A)).
(5)

5) CONTINUITY FROM BELOW: If Ay, As,... € F such that Ay C Ay C

A3 C .-+, then
lim P(4,) =P (U An> .
n=1

(6) CONTINUITY FROM ABOVE: If Ay, Ay, ... € F such that A; O Ay D

A3 D .-+, then
lim P(4,) =P (ﬂ An> :
n=1

Proof. (1) We let A, 1 = Apyo = -+~ =1, so that

n

p (UA) _p ([}4) Y B() =Y B,

because of P((})) = 0.
(2) Since (AN B) N (A\B) = 0, we get that
P(ANB)+P(A\B) =P ((AN B) U (A\B)) =P(A).

(3) We apply (2) to A = Q and observe that Q\B = B¢ by definition and
QNB=2E5.

(4) Put By := Ay and B, := A{NASN---NAS_NA; fori=2,3,... Obviously,
P(B;) < P(A;) for all i. Since the B;’s are disjoint and | J;o, A; = J;2, B; it

follows
P (U AZ») =P (U Bi> = P(B) <> P(4).

(5) We define Bl = Al, B2 = AQ\Al, B3 = Ag\AQ, B4 = A4\A3, ... and
get that

OBn: []An and B,NB; =10
n=1 n=1
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for i # j. Consequently,

oo 00 00 N
P (UlAn> —P (Uan> :Z;P(Bn) = lim ﬂP(Bn) = lim P(Ay)
since (Y, B, = Ay. (6) is an exercise. O
The sequence a,, = (—1)", n = 1,2,... does not converge, i.e. the limit of

(an)e, does not exist. But the limit superior and the limit inferior for a
given sequence of real numbers exists always.

Definition 1.2.7 [liminf, a,, AND limsup, a,] For aj,as,... € R we let

liminf a, := lim inf @, and limsupa, := limsup ay.
n n k>n n N k>n

Remark 1.2.8 (1) The value liminf, a, is the infimum of all ¢ such that
there is a subsequence n; < ng < ns < --- such that limy a,, = c.

(2) The value limsup, a, is the supremum of all ¢ such that there is a
subsequence n; < ng < ng < --- such that limy a,, = c.

(3) By definition one has that

—o0 < liminfa, < limsupa, < oc.
n n

Moreover, if liminf, a,, = limsup,, a, = a € R, then lim, a,, = a.
(4) For example, taking a,, = (—1)", gives

liminfa, = -1 and limsupa, = 1.

As we will see below, also for a sequence of sets one can define a limit superior
and a limit inferior.

Definition 1.2.9 [liminf, A, AND limsup,, 4,] Let (2, F) be a measurable
space and A, As, ... € F. Then

liminf A,, := G ﬁ A, and limsup A, = ﬁ G Ap.
n=1k=n n n=1k=n

The definition above says that w € liminf, A, if and only if all events A,
except a finite number of them, occur, and that w € limsup,, 4, if and only
if infinitely many of the events A, occur.
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Proposition 1.2.10 [LEMMA OF FaTou] 3 Let (2, F,P) be a probability
space and Ay, As, ... € F. Then

n n

]P’(limiann> < liminfP (A,) < limsupP(4,) < P (limsupAn).

The proposition will be deduced from Proposition 3.2.6.

Remark 1.2.11 Ifliminf, A, = limsup, A, = A, then the Lemma of Fatou
gives that

liminf P (A,) = limsupP (A,) =limP(A4,) =P (A4).

n

Examples for such systems are obtained by assuming A; C Ay C A3 C ---
or Ay DAy D A3 D -

Now we turn to the fundamental notion of independence.

Definition 1.2.12 [INDEPENDENCE OF EVENTS| Let (2, F,P) be a prob-
ability space. The events (A;);e; € F, where [ is an arbitrary non-empty
index set, are called independent, provided that for all distinct i1, ...,4, € I
one has that

Given Ay, ..., A, € F, one can easily see that only demanding
P(AiNAyN---NA,)=P(A)P(Ay)---P(A,)

would not yield to an appropriate notion for the independence of Ay, ..., A,:
for example, taking A and B with

P(AN B) # P(A)P(B)
and C' = () gives
P(ANBNC)=PAPB)PC),

which is surely not, what we had in mind. Independence can be also expressed
through conditional probabilities. Let us first define them:

Definition 1.2.13 [CONDITIONAL PROBABILITY] Let (€2, F,P) be a proba-
bility space, A € F with P(A) > 0. Then

P(BNA)

P(BIA) = —pp

for B € F,

is called conditional probability of B given A.

3Pierre Joseph Louis Fatou, 28/02/1878-10/08/1929, French mathematician (dynami-
cal systems, Mandelbrot-set).
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It is now obvious that A and B are independent if and only if P(B|A) = P(B).
An important place of the conditional probabilities in Statistics is guaranteed
by Bayes’ formula. Before we formulate this formula in Proposition 1.2.15
we consider A, B € F, with 0 < P(B) < 1 and P(A) > 0. Then

A=(ANB)U (AN B°),
where (AN B)N (AN B°) =, and therefore,
P(A) = P(ANB)+P(AN B
= P(A|B)P(B) + P(A|B°)P(B°).
This implies

P(BNA)  P(AB)P(B)
P(A) P(A)
P(A[B)P(B)
P(A|B)P(B) + P(A|Be)P(B¢)

P(B|A) =

Example 1.2.14 A laboratory blood test is 95% effective in detecting a
certain disease when it is, in fact, present. However, the test also yields a
"false positive” result for 1% of the healthy persons tested. If 0.5% of the
population actually has the disease, what is the probability a person has the
disease given his test result is positive? We set

B := 7the person has the disease”,

A = 7the test result is positive”.
Hence we have

P(A|B) = P("a positive test result”|”person has the disease”) = 0.95,
P(A|B?) = 0.01,
P(B) = 0.005.

Applying the above formula we get

95 x 0.
P(B|A) = 0.95 x 0.005 ~ 0.323.
0.95 x 0.005 + 0.01 x 0.995

That means only 32% of the persons whose test results are positive actually
have the disease.

Proposition 1.2.15 [BAYES’ FORMULA| * Assume A, B; € F, with Q =
Ui, Bj, where B;N By = 0 for i # j and P(A) > 0, P(B;) > 0 for j =
1,...,n. Then

_ P(A|B;)P(B;)
P(B;|A) = S P(A|B)P(By)

4Thomas Bayes, 1702-17/04/1761, English mathematician.
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The proof is an exercise. An event B; is also called hypothesis, the prob-
abilities P(B;) the prior probabilities (or a priori probabilities), and the
probabilities P(B;|A) the posterior probabilities (or a posteriori proba-
bilities) of B;.

Now we continue with the fundamental Lemma of Borel-Cantelli.

Proposition 1.2.16 [LEMMA OF BOREL-CANTELLI| ° Let (2, F,P) be a
probability space and Ay, As, ... € F. Then one has the following:

(1) If 37 | P(A,) < oo, then P (limsup,, ., A,) = 0.
(2) If Ay, Ay, ... are assumed to be independent and "~ P(A,) = oo, then
P (limsup,,_,, An) = 1.

Proof. (1) It holds by definition limsup,, . A, =~ Ur,, Ak. By

U A C U Ay,
k=n+1 k=n

P (limsup An> =P (ﬁ G Ak>

k=n
< lim > P(4) =0,
k=n

where the last inequality follows again from Proposition 1.2.6.
(2) It holds that

(lim sup An) = liminf A] = U ﬂ As.
n " n=1k=n
So, we would need to show
P (U N Ag) =0.
n=1k=n

Letting B,, 1= (,—,, A% we get that B; C By C B3 C -- -, so that

P (G ﬁ A;) = lim P(B,)

n=1k=n

SFrancesco Paolo Cantelli, 20/12/1875-21/07/1966, Italian mathematician.
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so that it suffices to show

P(B,) =P (ﬁ Ag) = 0.

Since the independence of A;, As, ... implies the independence of Af, A5, ...,
we finally get (setting p, := P(A,,)) that

') N
#((14) = e (N)

N
= lim  J]P(45)
k=n

N—oo,N>n

N

= N_)lgofyr}vznkli[ﬂ — Pk)

N
< lim H e Pk
N—oo,N>n

k=n

N
= lim e Xk=nPk
N—oo,N>n

— e Xi=nPk

= e—OO

where we have used that 1 — xz < e™%. O

Although the definition of a measure is not difficult, to prove existence and
uniqueness of measures may sometimes be difficult. The problem lies in the
fact that, in general, the o-algebras are not constructed explicitly, one only
knows their existence. To overcome this difficulty, one usually exploits

Proposition 1.2.17 [CARATHEODORY’S EXTENSION THEOREM] ©
Let €2 be a non-empty set and G an algebra on € such that

F :=0(G).
Assume that Py : G — [0, 00) satisfies:
(1) Po(R2) < 0.
(2) If A1, Ay, ...€G, A,NA; =0 fori # 7, and ;2 A; € G, then

1P>0<DA,~> - i Po(A).

5Constantin Carathéodory, 13/09/1873 (Berlin, Germany) - 02/02/1950 (Munich, Ger-
many).
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Then there exists a unique finite measure P on F such that
P(A) =Py(A) forall Acg.

Proof. See [3] (Theorem 3.1). O

As an application we construct (more or less without rigorous proof) the

product space
(Ql X Qz,fl ®f2,]P)1 X Pg)

of two probability spaces (€21, F1,Py) and (s, Fa, Py). We do this as follows:
(1) 1 x Qg :={(wr,ws) 1 w1 € Oy, ws € Qa}.
(2) F1 ® Fy is the smallest o-algebra on €; x 2y which contains all sets of
type
Ay X Ay i={(w1,ws) 1wy € Aj,we € Ay} with Ay € Fy, Ay € Fo.

(3) As algebra G we take all sets of type
A= (Al x AY)U--- U (A7 x AD)

with A¥ € Fy, Ak € Fo, and (Al x A) N (A] x A]) = 0 for i # j.
Finally, we define Py : G — [0, 1] by

Bo (A1 x AB) U~ U (] x A7) = 3 By (AD)Py(AL).

k=1

Proposition 1.2.18 The system G is an algebra. The map Py : G — [0, 1]
is correctly defined and satisfies the assumptions of Carathéodory’s extension
theorem Proposition 1.2.17.

Proof. (i) Assume
A= (A} x A))U---U (A} x A3) = (B x By) U--- U (B}" x BY")

where the (A} x A5)?_, and the (B} x BL)™, are pair-wise disjoint, respec-
tively. We find partitions C1,...,C* of Q; and C3, ..., C? of Q, so that A*
and B! can be represented as disjoint unions of the sets C7, r = 1,..., N;.
Hence there is a representation

A= (€ xcs)
(r,s)el

for some I C {1,..., N1} x {1,...., No}. By drawing a picture and using that
P, and P, are measures one observes that

S PANP(AL) = 37 PACHPL(CS) = 3 Pu(BPa(BY).

k=1 (r,s)el =1
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(ii) To check that Pq is o-additive on G it is sufficient to prove the following:
For A;, A¥ € F; with

Ap x Ay = (A} x Af)

k=1

and (A¥ x A5)n (A} x AL) = for k # [ one has that

Py (A))Py(Ag) = ZP1 (AR)P,(AB).

k=1

Since the inequality
N
Py(A1)Py(A) > ) Py(A})Py(A5)
k=1

can be easily seen for all N = 1,2, ... by an argument like in step (i) we
concentrate ourselves on the converse inequality

P1(A)Py(Ar) <Y Pr(AN)P(AS).
k=1
We let
wy) = Zﬂ{wleA?}P2<Ag) and  py(wi) == Z]I{MGAH}PQ 2)

for N > 1, so that 0 < py(w1) Ty @(wr) = T4, (w1)Pe(Az). Let € € (0,1)
and
BN = {w1 S Ql : (1 — E)PQ(AQ) < goN(wl)} S Fl.

The sets BY are non-decreasing in N and (J5_, BY = A; so that

(]_ — €)Pl(A1)]ID2<A2) = 11]{[11(1 — E)]P)1<BéV)PQ(A2)

Because (1 — )Py (Ay) < on(w) for all w; € BY one gets (after some calcu-
lation...) (1 — &)Py(Ag)Py(BN) < SOV Py (AF)Py(AE) and therefore

lim(1 — €)Py(BY)Py(A2) < 11mZIP’1 (AP, (AF) = Zpl (AR)P,(AE).

Since ¢ € (0,1) was arbitrary, we are done. O

Definition 1.2.19 [PRODUCT OF PROBABILITY SPACES| The extension of
Py to F1 ® F» according to Proposition 1.2.17 is called product measure
and denoted by P; x P,. The probability space (21 x Qq, F1 ® Fo,P; X Ps)
is called product probability space.
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One can prove that
(FiF)@F=F1Q (F®F3) and (P; x Py) x Py =P; x (P, x P3),
which we simply denote by
(1 x Qo x Q3,F1 @ Fo @ F3, Py x Py x Pg).
Iterating this procedure, we can define finite products
(U XQ X XL, FlRFQ - @F,, Py xPyx - xP,)

by iteration. The case of infinite products requires more work. Here the
interested reader is referred, for example, to [5] where a special case is con-
sidered.

Now we define the the Borel og-algebra on R".
Definition 1.2.20 For n € {1,2,...} we let
B(Rn) = a((al,bl) X X (an,bn) ta < bl, vy < bn> .
Letting |z — y| == O p_; |7k —yk|2)% for v = (z1,...,2,) € R” and y =

(Y1, -, Yn) € R™, we say that a set A C R” is open provided that for all
x € A there is an € > 0 such that

{yeR":|jz—y| <e} C A

As in the case n = 1 one can show that B(R") is the smallest o-algebra which
contains all open subsets of R”. Regarding the above product spaces there
is

Proposition 1.2.21 B(R") = B(R) ® --- ® B(R).
If one is only interested in the uniqueness of measures one can also use the

following approach as a replacement of CARATHEODORY’s extension theo-
rem:

Definition 1.2.22 [7-SYSTEM| A system G of subsets A C € is called 7-
system, provided that

ANBeG forall A Beg.

Any algebra is a m-system but a 7-system is not an algebra in general, take
for example the 7-system {(a,b) : —oco < a < b < oo} U{0}.

Proposition 1.2.23 Let (2, F) be a measurable space with F = o(G), where
G is a m-system. Assume two probability measures Py and Py on F such that

Pi(A) =Py(A) forall A€g.
Then P1(B) = Py(B) for all B € F.
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1.3 Examples of distributions

1.3.1 Binomial distribution with parameter 0 < p < 1
(1) Q:={0,1,...,n}.
(2) F := 2% (system of all subsets of Q).

(3) P(B) = pnp(B) :== Y p_y (1)P*(1 — p)"*6x(B), where 6 is the Dirac
measure introduced in Example 1.2.4.

INTERPRETATION: Coin-tossing with one coin, such that one has heads with
probability p and tails with probability 1 — p. Then wu,,({k}) equals the
probability, that within n trials one has k-times heads.

1.3.2 Poisson distribution with parameter A > 0
(1) Q:=1{0,1,2,3,..}.
(2) F :=2% (system of all subsets of Q).

(3) P(B) = m(B) i= Y52, e X 6u(B).

The Poisson distribution 7 is used, for example, to model stochastic processes
with a continuous time parameter and jumps: the probability that the process
jumps k times between the time-points s and ¢ with 0 < s < t < 00 is equal

to Wk(tfs)({k})-

1.3.3 Geometric distribution with parameter 0 < p < 1
(1) Q:=1{0,1,2,3,...}.
(2) F :=2% (system of all subsets of Q).

(3) P(B) = pp(B) := 3222 o(1 — p)*pou(B).

INTERPRETATION: The probability that an electric light bulb breaks down
is p € (0,1). The bulb does not have a "memory”, that means the break
down is independent of the time the bulb has been already switched on. So,
we get the following model: at day 0 the probability of breaking down is p. If
the bulb survives day 0, it breaks down again with probability p at the first
day so that the total probability of a break down at day 1 is (1 — p)p. If we
continue in this way we get that breaking down at day k has the probability

(1—p)kp.

"Siméon Denis Poisson, 21/06/1781 (Pithiviers, France) - 25/04/1840 (Sceaux, France).
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1.3.4 Lebesgue measure and uniform distribution

Using CARATHEODORY'’S extension theorem, we first construct the Lebesgue
measure on the intervals (a,b] with —oo < a < b < co. For this purpose we
let

(1) 9= (1],
(2) F=B((a,b]) :=0((c,d] :a <c<d<b),

(3) As generating algebra G for B((a,b]) we take the system of subsets
A C (a,b] such that A can be written as

A == (al,bl] U ((12, bg] Jy---u ((ln,bn]

where a < a; < by <---<a, <b, <b. For such a set A we let

PO (A) = b i a Z(bz — CLZ‘).

i=1

Proposition 1.3.1 The system G is an algebra. The map Py : G — [0, 1]
is correctly defined and satisfies the assumptions of Carathéodory’s extension
theorem Proposition 1.2.17.

Proof. For notational simplicity we let @ = 0 and b = 1. After a standard
reduction (check!) we have to show the following: given 0 < a < b < 1 and
pair-wise disjoint intervals (a,, b,] with

o0

(a,b] = U(ana bn)

n=1
we have that b —a =" (b, — a,). Let € € (0,b — a) and observe that

o0

l[a+¢€,b] C U (an,bn—i—;%n).

n=1

Hence we have an open covering of a compact set and there is a finite sub-
cover:

la+e,b] C GLIJ( )(an, b] U (bn, b, + 2%)

for some finite set I(¢). The total length of the intervals (b, b, + =) is at
most € > 0, so that

b—a—e< Y (h—an)+e< Y (by—an) +e
) n=1

nel(e
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Letting € | 0 we arrive at
b—a< Z(b” —ay).
n=1

Since b—a > ZnNzl(bn —ay) for all N > 1, the opposite inequality is obvious.
O

Definition 1.3.2 [UNIFORM DISTRIBUTION]| The unique extension P of [P,
to B((a,b]) according to Proposition 1.2.17 is called uniform distribution
on (a,b].

Hence P is the unique measure on B((a,b]) such that P((c,d]) = &= for
a < c<d<b. Toget the Lebesgue measure on R we observe that B € B(R)
implies that B N (a,b] € B((a,b]) (check!). Then we can proceed as follows:

Definition 1.3.3 [LEBESGUE MEASURE] ® Given B € B(R) we define the
Lebesgue measure on R by

[e.o]

AB):= Y P.(BN(n—1,n])

n=—oo

where P, is the uniform distribution on (n — 1,n].

Accordingly, A is the unique o-finite measure on B(R) such that A((c,d]) =
d — c for all —co < ¢ < d < co. We can also write A(B) = [, d\(z). Now we

can go backwards: In order to obtain the Lebesgue measure on a set I C R
with I € B(R) we let B; :={B CI: B € B(R)} and

)\[(B) = )\(B) for B € Bj.

Given that A(I) > 0, then A;/A(]) is the uniform distribution on /. Impor-
tant cases for I are the closed intervals [a,b]. Furthermore, for —oco < a <
b < oo we have that B, = B((a,b]) (check!).

8Henri Léon Lebesgue, 28/06/1875-26/07/1941, French mathematician (generalized
the Riemann integral by the Lebesgue integral; continuation of work of Emile Borel and
Camille Jordan).



28 CHAPTER 1. PROBABILITY SPACES

1.3.5 Gaussian distribution on R with mean m € R and
variance o2 > (

(1) Q:=R.
(2) F := B(R) Borel o-algebra.

(3) We take the algebra G considered in Example 1.1.4 and define

i 1 (z—m)?
Py(A) := / e 22 dx
o(4) ; a; V2mwo?

for A := (a1, b1]U(az, be]U- - -U(ay, b,] where we consider the RIEMANN-
integral ? on the right-hand side. One can show (we do not do this here,
but compare with Proposition 3.5.8 below) that Py satisfies the assump-
tions of Proposition 1.2.17, so that we can extend Py to a probability
measure N, ,2 on B(R).

The measure N, .2 is called Gaussian distribution ' (normal distribu-

tion) with mean m and variance o%. Given A € B(R) we write

1 (z—m)?
Nm o A - / m.o T dx With m.o xT) .= —6_ 2052
02(A) Ap,2() Pm.o2(T) N

The function p,, ,2(x) is called Gaussian density.

1.3.6 Exponential distribution on R with parameter
A>0

(1) Q:=R.
(2) F := B(R) Borel o-algebra.

(3) For A and G as in Subsection 1.3.5 we define, via the RIEMANN-integral,

Py(A) := Z/ pa(@)dr  with  py(2) = T o0y (2)Ae N
i=1 v %

Again, P, satisfies the assumptions of Proposition 1.2.17, so that we
can extend Py to the exponential distribution ), with parameter A
and density py(z) on B(R).

9Georg Friedrich Bernhard Riemann, 17/09/1826 (Germany) - 20/07/1866 (Italy),
Ph.D. thesis under Gauss.

0Johann Carl Friedrich Gauss, 30/04/1777 (Brunswick, Germany) - 23/02/1855
(Gottingen, Hannover, Germany).
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Given A € B(R) we write

ia(A) = / pa(e)de.

The exponential distribution can be considered as a continuous time version
of the geometric distribution. In particular, we see that the distribution does
not have a memory in the sense that for a,b > 0 we have

p(la +b,00)[[a, 00)) = pA([b, 00))

with the conditional probability on the left-hand side. In words: the proba-
bility of a realization larger or equal to a+ b under the condition that one has
already a value larger or equal a is the same as having a realization larger or
equal 0. Indeed, it holds

fix(la + b, 00) N [a,00))
1 ([a, 00))

A fao-tb e Mdx

A7 e dy

e—/\(a+b)

NA([G + b’ OO)|[CL7 OO))

ef/\a

= (b, 00)).

Example 1.3.4 Suppose that the amount of time one spends in a post office
is exponential distributed with \ = %0'

(a) What is the probability, that a customer will spend more than 15 min-
utes?

(b) What is the probability, that a customer will spend more than 15 min-
utes from the beginning in the post office, given that the customer
already spent at least 10 minutes?

The answer for (a) is py([15,00)) = e 10 ~ 0.220. For (b) we get
1 ([15, 00)|[10, 00)) = pa([5, 00)) = e~ 510 ~ 0.604.
1.3.7 Poisson’s Theorem

For large n and small p the Poisson distribution provides a good approxima-
tion for the binomial distribution.

Proposition 1.3.5 [Po1ssoN’s THEOREM| Let A > 0, p, € (0,1), n =
1,2, ..., and assume that np, — X\ asn — oo. Then, for all k =0,1,...,

tnp, ({k}) = mA({k}), n — oo.
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Proof. Fix an integer k > 0. Then

n

Py, ({K}) = <k) pE(L = py)nh

_ n(n—l)..l.{:!(n—k%—l)pﬁ(l_pn
_ %n(n—l)..ﬁin—kz—i—l) (npn)* (1 — pu ).

)n—k

Of course, lim, o (np,)* = N\* and lim,, . nn=b)--(n=k+1) _ 1 g5 we have

n
to show that lim,, (1 —p,)"* = e™*. By np, — A we get that there exists
a sequence &, such that

np, = A+ ¢, with lim ¢, = 0.

n—oo

Choose €9 > 0 and ny > 1 such that |e,| < gy for all n > ng. Then

n—=k n—k n—=k
(1_>\—|—€0) g(l—)\+€") S(l_)\—ezg) ‘
n n n

Using I'Hospital’s rule we get

n—k
limln(l—k—kgo) = lim(n—k)ln(l—A—FgO)

n—o0 n n—oo n
In (1 — =)

e 1/(n— k)
(1 )\+€o) 1 )\+§0
— 1' n n
nooo —1/(n — k)2
= —()\ + 80)
Hence
n—k n—~k
e~ (A+20) — Jim (1 — A +€0> < lim (1 — A +€n) .
n—oo n n—oo n

In the same way we get that

n—k
lim (1 — At 6") < e~(A—e0),

n—00 n

Finally, since we can choose ¢y > 0 arbitrarily small

n—k
lim (1 — p,)" % = lim (1 _AT 6") =

n—oo n—oo n
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1.4 A set which is not a Borel set

In this section we shall construct a set which is a subset of (0, 1] but not an
element of
B((0,1]):={B=AnN(0,1]: A€ B(R)}.

Before we start we need

Definition 1.4.1 [A-SYSTEM]| A class L is a A-system if
(1) QeL,
(2) A,Be€ Land AC Bimply B\A € L,

(3) A1, Ay,---eLand A, C Ay, n=1,2,... imply U,~, A, € L.

Proposition 1.4.2 [7-A-THEOREM| If P is a w-system and L is a A-
system, then P C L implies o(P) C L.

Definition 1.4.3 [EQUIVALENCE RELATION]| An relation ~ on a set X is
called equivalence relation if and only if

(1) x ~ z for all x € X (reflexivity),
(2) x ~y implies y ~ z for all z,y € X (symmetry),

(3) x ~y and y ~ z imply = ~ z for all x,y, z € X (transitivity).

Given z,y € (0,1] and A C (0, 1], we also need the addition modulo one

x4y if z +y € (0,1]
x@y.—{ x+1y—1 otherwise
and
Adz:={a®zx: ac A}.
Now define

L:={AeB((0,1)]):
A@x e B((0,1]) and A(A® z) = A(A) for all z € (0,1]} (1.2)

where A is the Lebesgue measure on (0, 1].

Lemma 1.4.4 The system L from (1.2) is a A-system.
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Proof. The property (1) is clear since Q2 & z = . To check (2) let A,B € L
and A C B, so that

MA@ z)=AA4) and MNB@zx)=\DB).

We have to show that B\ A € £. By the definition of & it is easy to see that
AC Bimplies A®x C B®x and
(Box)\(Adz)=(B\A)dz

and therefore, (B\ A) @ « € B((0,1]). Since X is a probability measure it
follows

AB\A) = AB)—AA)
= AMB®zx)—\NAd1)
= MBox)\(Ae))
= M(B\A) @)

and B\A € L. Property (3) is left as an exercise. O

Finally, we need the axiom of choice.

Proposition 1.4.5 [AXIOM OF CHOICE| Let I be a non-empty set and
(My)acr be a system of non-empty sets M,. Then there is a function ¢
on I such that

Yo —mg € M,.

In other words, one can form a set by choosing of each set M, a representative
Mg,

Proposition 1.4.6 There exists a subset H C (0, 1] which does not belong
to B((0,1]).

Proof. We take the system £ from (1.2). If (a,b] C [0, 1], then (a,b] € L.
Since

P:={(a,b]:0<a<b< 1}

is a m-system which generates B((0,1]) it follows by the m-A-Theorem 1.4.2
that
B((0,1]) C L.

Let us define the equivalence relation
r~y ifandonlyif z@&r=y for some rational r € (0,1].

Let H C (0, 1] be consisting of exactly one representative point from each
equivalence class (such set exists under the assumption of the axiom of
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choice). Then H & r and H @ ry are disjoint for r; # ry: if they were
not disjoint, then there would exist hy @1 € (H @) and ho@re € (H Bra)
with hqy @ ry = hy @ re. But this implies h; ~ ho and hence hy = hy and
r1 = r9. So it follows that (0, 1] is the countable union of disjoint sets

0,1] = U (Haer).

re(0,1] rational

If we assume that H € B((0, 1]) then B((0,1]) C £ implies H ® r € B((0, 1])
and

A((0,1]) = A U (Har) | = > NH@r).

re(0,1] rational re(0,1] rational

By B((0,1]) C £ we have A(H @ r) = A\(H) = a > 0 for all rational numbers
r € (0,1]. Consequently,

1=X((0,1]) = > MH@r)=a+a+...
re(0,1] rational

So, the right hand side can either be 0 (if @ = 0) or co (if @ > 0). This leads
to a contradiction, so H & B((0,1]). O



34

CHAPTER 1.

PROBABILITY SPACES



Chapter 2

Random variables

Given a probability space (€2, F,P), in many stochastic models functions
f Q2 — R which describe certain random phenomena are considered and
one is interested in the computation of expressions like

PH{wef: f(w) € (a,b)}), where a<b.
This leads us to the condition
{we: f(w) €(a,b)} €F

and hence to random variables we will introduce now.

2.1 Random variables

We start with the most simple random variables.

Definition 2.1.1 [(MEASURABLE) STEP-FUNCTION]| Let (€2, F) be a mea-
surable space. A function f : 2 — R is called measurable step-function
or step-function, provided that there are ay,...,a, € R and Aq,..., A, € F
such that f can be written as

flw) = Z a;lly; (W),

where

]IAi<w):_{O Cwd A

Some particular examples for step-functions are

Iob, = 1,
I, = O,
]IA+]IAC - 1,
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Tang = 14lp,
Taup = Ta+1p—Tsqp.

The definition above concerns only functions which take finitely many values,
which will be too restrictive in future. So we wish to extend this definition.

Definition 2.1.2 [RANDOM VARIABLES] Let (£2, F) be a measurable space.
A map f : 2 — R is called random variable provided that there is a
sequence (f,)22; of measurable step-functions f, : © — R such that

flw)= lim f,(w) forall weQ.

Does our definition give what we would like to have? Yes, as we see from

Proposition 2.1.3 Let (Q,F) be a measurable space and let f : @ — R be
a function. Then the following conditions are equivalent:

(1) f is a random variable.

(2) For all —o0o < a < b < 0o one has that
f(a,b) :={weQ:a< f(w) <b} € F.

Proof. (1) = (2) Assume that
F@) = I f,()

where f, : 2 — R are measurable step-functions. For a measurable step-
function one has that

fitl(a,b) e F
so that

((a, b)) = {w €eQ:ia< li7£nfn(w) < b}

- G0 A fenet i ter

m=1 N=1n=N
(2) = (1) First we observe that we also have that
f(a,b) = {weQ:a< f(w)<b}

(o)

— ﬂ{weQ:a—%<f(w)<b}e]-"

m=1

so that we can use the step-functions

4™ —1
k
faw) =) 2_nﬂ{2in§f<%}(w)‘

k=—4n
O

Sometimes the following proposition is useful which is closely connected to
Proposition 2.1.3.
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Proposition 2.1.4 Assume a measurable space (2, F) and a sequence of
random variables f, : Q@ — R such that f(w) := lim, f,(w) ezists for all
w € Q. Then f:Q — R is a random variable.

The proof is an exercise.

Proposition 2.1.5 [PROPERTIES OF RANDOM VARIABLES| Let (§2, F) be a
measurable space and f, g : Q2 — R random variables and o, 3 € R. Then the
following is true:

(1) (af + Bg)(w) = af(w)+ Bg(w) is a random variable.

(2) (fg9)(w) := f(w)g(w) is a random-variable.

(3) If g(w) # 0 for allw € ), then <§> (W) := L s 4 random variable.

g(w)

(4) |f| is a random variable.

Proof. (2) We find measurable step-functions f,,, g, : € — R such that

fw)=lim f,(w) and g(w)= lim g,(w).

n—oo n—oo

Hence

(f9)(w) = lim f,(w)gn(w).

Finally, we remark, that f,(w)g,(w) is a measurable step-function. In fact,
assuming that

fn(w) = Zai]IAi(w) and gn(w) = Zﬁj]IBj (w)’

yields

k l k l

(fagn)(w) = Z Z ;314 (w) g, (w) = Z Z ;31 a,np; (w)

i=1 j=1 i=1 j=1

and we again obtain a step-function, since 4; N B; € F. Items (1), (3), and
(4) are an exercise. d

2.2 Measurable maps

Now we extend the notion of random variables to the notion of measurable
maps, which is necessary in many considerations and even more natural.
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Definition 2.2.1 [MEASURABLE MAP| Let (2, F) and (M, X) be measurable
spaces. A map f: Q — M is called (F, ¥)-measurable, provided that

FUB) ={weQ: fwyeBYeF forall Bex.

The connection to the random variables is given by

Proposition 2.2.2 Let (2, F) be a measurable space and f : Q2 — R. Then
the following assertions are equivalent:

(1) The map f is a random variable.

(2) The map f is (F,B(R))-measurable.

For the proof we need

Lemma 2.2.3 Let (2, F) and (M,3) be measurable spaces and let f : Q) —
M. Assume that g C X is a system of subsets such that o(¥Xo) = X. If

fY(B)eF foral BEeY,,

then
fY(B)yeF forall Bex.

Proof. Define
A:={BCM:f(B)eF}.

By assumption, ¥y C A. We show that A is a c—algebra.
(1) f~Y(M) = Q € F implies that M € A.
(2) If B € A, then

f7UB) = {w: fw) € B}

= {w:flw) ¢ B}
O\ {w: f(w) € B)
= fY(B)FeF

(3) If Bl,BQ, RS A, then

1 (U Bi> = Uf‘l(Bi) v

By definition of ¥ = o(3,) this implies that > C A, which implies our
lemma. U

Proof of Proposition 2.2.2. (2) = (1) follows from (a,b) € B(R) for a < b
which implies that f~*((a,b)) € F.

(1) = (2) is a consequence of Lemma 2.2.3 since B(R) = o((a,b) : —0o <
a<b<oo). 0
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Example 2.2.4 If f : R — R is continuous, then f is (B(R),B(R))-
measurable.

Proof. Since f is continuous we know that f~1((a,b)) is open for all —oco <
a < b < oo, so that f~!((a,b)) € B(R). Since the open intervals generate
B(R) we can apply Lemma 2.2.3. O

Now we state some general properties of measurable maps.

Proposition 2.2.5 Let (1, F1), (Q2,F2), (23, F3) be measurable spaces.
Assume that f : Qy — Qo is (Fi, Fy)-measurable and that g : Qy — Qg is
(Fa, F3)-measurable. Then the following is satisfied:

(1) go f:Qy — Qg defined by
(g0 f)(wr) = g(f(wr))
is (F1, F3)-measurable.
(2) Assume that Py is a probability measure on Fy and define
Py(Bs) :=P; ({wr € Q; : f(wy) € Ba}).

Then Py is a probability measure on Fs.

The proof is an exercise.

Example 2.2.6 We want to simulate the flipping of an (unfair) coin by the
random number generator: the random number generator of the computer
gives us a number which has (a discrete) uniform distribution on [0, 1]. So
we take the probability space ([0, 1], B([0,1]), A) and define for p € (0,1) the
random variable

f(w) = Ty (w).
Then it holds

Py({1}) = Pi({w e Q: f(w) =1}) = A([0,p)) = p,

P({0}) = Pi({wr € i flwr) =0}) = Allp, 1)) =1-p.
Assume the random number generator gives out the number z. If we would
write a program such that ”output” = "heads” in case « € [0, p) and ”output”

= "tails” in case x € [p, 1], ”output” would simulate the flipping of an (unfair)
coin, or in other words, "output” has binomial distribution g .

Definition 2.2.7 [LAW OF A RANDOM VARIABLE]| Let (Q2, F,P) be a prob-
ability space and f : {2 — R be a random variable. Then

P;(B) =P ({weQ: f(w) € BY)

is called the law or image measure of the random variable f.
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The law of a random variable is completely characterized by its distribution
function which we introduce now.

Definition 2.2.8 [DISTRIBUTION-FUNCTION| Given a random variable f :
2 — R on a probability space (2, F,P), the function

Fi(2) = P({w € Q: f(w) < })

is called distribution function of f.

Proposition 2.2.9 [PROPERTIES OF DISTRIBUTION-FUNCTIONS]
The distribution-function Fy : R — [0, 1] is a right-continuous non-decreasing
function such that

lim F(z)=0 and lim F(z)=1

r——00 r—00

Proof. (i) F is non-decreasing: given z; < x5 one has that
fweQ: fw) <z} C{weQ: f(w) <ot}
and
Fle) = B({w € Q¢ f(w) <m}) < P({w € Q- f(w) < 12}) = Flan).
(ii) F is right-continuous: let € R and z,, | . Then

Flz) = PweQ: f(w) <z}

= p(ﬁ@eﬁ:f@)@ﬁ)

n=1

= lmP({weQ: f(w) < z.})
= lim F(z,).

n

(iii) The properties lim,_._, F'(z) = 0 and lim,_, F'(z) = 1 are an exercise.
O

Proposition 2.2.10 Assume that Py and Py are probability measures on
B(R) and Fy and Fy are the corresponding distribution functions. Then the
following assertions are equivalent:

(]_) ]P)l = ]P>2.

(2) Fi(z) =P((—o00,x]) = Py((—00,x]) = Fo(x) for all z € R.
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Proof. (1) = (2) is of course trivial. We consider (2) = (1): For sets of type
A = (a, ]

one can show that
Fu(b) - Fi(a) = Py(4) = Po(A) = Fo(b) — Fy(a).

Now one can apply Proposition 1.2.23. O

Summary: Let (€2, F) be a measurable space and f : 2 — R be a function.
Then the following relations hold true:

Y A)eF forall Aeg
where G is one of the systems given in Proposition 1.1.8 or
any other system such that o(G) = B(R).

ﬂ Lemma 2.2.3

[ is measurable: f~!(A) e F for all A€ B(R)

]IProposition 2.2.2

f is a random variable i.e.
there exist measurable step functions (f,)22, i.e.
fn = 2\21 ag Lap
with af € R and A} € F such that
frolw) = f(w) for all w € 2 as n — occ.

][Proposition 2.1.3

fH(a,b)) € F forall —oo<a<b<oo
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2.3 Independence
Let us first start with the notion of a family of independent random variables.

Definition 2.3.1 [INDEPENDENCE OF A FAMILY OF RANDOM VARIABLES]
Let (2, F,P) be a probability space and f; : 2 — R, ¢ € I, be random
variables where I is a non-empty index-set. The family (f;)ics is called
independent provided that for all distinct iq,...,7,, € I, n = 1,2, ..., and
all By, ..., B, € B(R) one has that

P(fi € By, ... fi, € By) =P (fi, € B1)---P(fi, € By).

In case, we have a finite index set I, that means for example I = {1,...,n},
then the definition above is equivalent to

Definition 2.3.2 [INDEPENDENCE OF A FINITE FAMILY OF RANDOM VARI-
ABLES| Let (2, F,P) be a probability space and f; : Q@ — R, ¢ = 1,...,n,
random variables. The random variables fi,..., f, are called independent
provided that for all By, ..., B, € B(R) one has that

P(fi € Bi,.... fn€ By) =P(fi€ B1)---P(fu€B,).

The connection between the independence of random variables and of events
is obvious:

Proposition 2.3.3 Let (2, F,P) be a probability space and f; : Q — R,
1 € I, be random wvariables where I 1s a non-empty index-set. Then the
following assertions are equivalent.

(1) The family (f:)ier is independent.

(2) For all families (B;)ier of Borel sets B; € B(R) one has that the events
({w e Q: fi(w) € Bi})ier are independent.

Sometimes we need to group independent random variables. In this respect
the following proposition turns out to be useful. For the following we say
that ¢ : R" — R is BOREL-measurable (or a Borel function) provided that g
is (B(R™), B(R))-measurable.

Proposition 2.3.4 [GROUPING OF INDEPENDENT RANDOM VARIABLES]
Let fr : Q — R, k = 1,2,3,... be independent random wvariables. As-
sume Borel functions g; : R — R for i = 1,2,... and n; € {1,2,...}.
Then the random variables g1(f1(w), ., fr, (W)), 92(fryt1 (W) oovs fryan, (W)),
93(fryanas1(W), ooy fryingins (W), ... are independent.

The proof is an exercise.
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Proposition 2.3.5 [INDEPENDENCE AND PRODUCT OF LAWS| Assume that
(Q, F,P) is a probability space and that f,g : Q — R are random variables
with laws Py and P, and distribution-functions Fy and F,, respectively. Then
the following assertions are equivalent:

(1) f and g are independent.
(2) P((f,9) € B) = (P; x P,)(B) for all B € B(R?).
(3) P(f < 0,9 <) = Fy(x)Fy(y) for all 2,y € R.

The proof is an exercise.

Remark 2.3.6 Assume that there are Riemann-integrable functions py, p, :
R — [0, 00) such that

AW@MZA%@MZL

Ff(x):/m ps(y)dy, and Fg(w)z/ Py(y)dy

—0o0 —00

for all € R (one says that the distribution-functions F; and Fj are abso-
lutely continuous with densities p; and pg, respectively). Then the indepen-
dence of f and g is also equivalent to the representation

Pumuwwz/m/wpﬂwwwuwmwy

In other words: the distribution-function of the random wvector (f,g) has a
density which is the product of the densities of f and g.

Often one needs the existence of sequences of independent random variables
fi, fa, ..+ 2 — R having a certain distribution. How to construct such
sequences? First we let

Q:=RY = {z = (z1,29,...) : z, € R}.
Then we define the projections 7, : RY — R given by
() = Ty,

that means m,, filters out the n-th coordinate. Now we take the smallest
o-algebra such that all these projections are random variables, that means
we take

BRY) =& (m,'(B):n=1,2,..,B € B(R)),

n
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see Proposition 1.1.6. Finally, let P;,Ps, ... be a sequence of probability
measures on B(R). Using CARATHEODORY’s extension theorem (Proposition
1.2.17) we find an unique probability measure P on B(RY) such that

P(Bi X By X+ X By XRXRXx--+)=P(By)---P,(By)
for all n =1,2,... and By, ..., B,, € B(R), where

31><Bg><~~~><Bn><]R><]R><~~::{IGRN:x1EBl,...,xneBn}.

Proposition 2.3.7 [REALIZATION OF INDEPENDENT RANDOM VARIAB-
LES] Let (RN, B(RY),P) and 7, : RN — R be defined as above. Then (m,)>

n=1
15 a sequence of independent random variables such that the law of m, is Py,
that means

P(r, € B) =P,(B)
for all B € B(R).

Proof. Take Borel sets By, ..., B, € B(R). Then

P({z : m(x) € By,...,mp(x) € B,})
= P(By XByXx: -+ XB, XxRxRx--+)

= HP(RX-'-xRkaxRx-'-)
k=1

= [[P{z: m(x) € Bi}).
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Integration

Given a probability space (€2, F,P) and a random variable f : Q@ — R, we
define the expectation or integral

Ef = /Q fdP = /Q F(w)dP(w)

and investigate its basic properties.

3.1 Definition of the expected value
The definition of the integral is done within three steps.

Definition 3.1.1 [STEP ONE, f IS A STEP-FUNCTION] Given a probability
space (€2, F,P) and an F-measurable g :  — R with representation

g = Z a;lly,
i=1

where o; € R and A; € F, we let

Eg = /diIP’: /Qg(w)dIP’(w) = iaiP(Ai).

We have to check that the definition is correct, since it might be that different
representations give different expected values Eg. However, this is not the
case as shown by

Lemma 3.1.2 Assuming measurable step-functions

g= ZOQ‘]IAi = ZﬁjﬂBj,
i=1 Jj=1

one has that > | o;P(A;) = Y, B;P(B;).

45
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Proof. By subtracting in both equations the right-hand side from the left-
hand one we only need to show that

i Oéi]IAi =0
=1

implies that
i=1

By taking all possible intersections of the sets A; and by adding appropriate
complements we find a system of sets (', ..., Cy € F such that

(a) C;NC,=0if j #F,

() UL G =4,

(c) for all A; there is a set J; C {1,..., N} such that 4; = U, C;.
Now we get that

n n N N
0= Z@iﬂAi = Zz&i]lcj = Z (Z Oé,i) ]ch = Z’}/j]lcj
i=1 Jj=1

i=1 jel; j=1 \ijel;

so that ; = 0 if C; # (). From this we get that

SETIES S ILECIED o1 D 9P ECTED SRR

i=1 jeI; j=1 \ijel;

g

Proposition 3.1.3 Let (2, F,P) be a probability space and f,g: Q2 — R be
measurable step-functions. Given a, 3 € R one has that

E (af + 8g) = aEf + BEg.

Proof. The proof follows immediately from Lemma 3.1.2 and the definition
of the expected value of a step-function since, for

f=Y ol and 9= G,
i=1 j=1
one has that . .
af + B9 = OZZOQ]IAi + 525;‘I[Bj
i=1 j=1
and

E(af +Bg) = oY aP(A;) + 8> BP(B;) = oEf + SEg.
i=1 Jj=1
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Definition 3.1.4 [STEP TWO, f IS NON-NEGATIVE| Given a probability
space (2, F,P) and a random variable f : @ — R with f(w) > 0 for all
w € Q. Then

Bf = [ fab = [ fe)ape)

:=sup{Eg:0 < g(w) < f(w), g is a measurable step-function} .

Note that in this definition the case Ef = oo is allowed. In the last step
we will define the expectation for a general random variable. To this end we
decompose a random variable f : 2 — R into its positive and negative part

flw)=fw) = f(w)
with
ff(w) :=max{f(w),0} >0 and f (w):=max{—f(w),0} > 0.

Definition 3.1.5 [STEP THREE, f IS GENERAL] Let (2, F,P) be a proba-
bility space and f : 2 — R be a random variable.

(1) FEfT <ooor Ef” < oo, then we say that the expected value of f
exists and set

Ef :=Ef" —Ef” € [—00,00].
(2) The random variable f is called integrable provided that

Eff <oco and Ef” < 0.

(3) If the expected value of f exists and A € F, then

/deP /f )dP(w /f VL4 (w)dP(w).

The expression Ef is called expectation or expected value of the random
variable f.

Remark 3.1.6 The fundamental LEBESGUE-integral on the real line can be
introduced by the means, we have to our disposal so far, as follows: Assume
a function f : R — R which is (B(R), B(R))-measurable. Let f, : (n —
1,n] — R be the restriction of f which is a random variable with respect to
B((n — 1,n]) = Bn-1,,. In Section 1.3.4 we have introduced the Lebesgue
measure A = A, on (n — 1,n]. Assume that f, is integrable on (n — 1, n] for
all n = 1,2, ... and that

Z/W] 2)]dA(z) < oo,

n=—oo
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then f : R — R is called integrable with respect to the LEBESGUE-measure
on the real line and the LEBESGUE-integral is defined by

/f YA (z Z/nln] z)dA(z).

n=—oo

Now we go the opposite way: Given a Borel set I and a map f : I — R which
is (Br, B(R)) measurable, we can extend f to a (B(R),B(R))-measurable

functlonfbyf() fl)ifx € I and f(z) = 0ifx ¢ I. If fis
LEBESGUE-integrable, then we define

/f )\ (z /f YNz

Example 3.1.7 A basic example for our integration is as follows: Let ) =
{wi,wa, ..}, F = 2% and P({w,}) = ¢, € [0,1] with Y77 ¢, = 1. Given
f:Q — R we get that f is integrable if and only if

S f@lan < o,
n=1

and the expected value exists if either
Z flwn)gn <00 or Z (—=f(wn))gn < oo0.
{n:f(wn)>0} {n:f(wn)<0}

If the expected value exists, then it computes to
Ef = Zf(wn)%z S [_007 OO]
n=1

A simple example for the expectation is the expected value while rolling a
die:

Example 3.1.8 Assume that Q := {1,2,...,6}, F := 2% and P({k}) := 3,
which models rolling a die. If we define f(k ) =k, ie.

6

F(R) = illgy(k),

i=1

then f is a measurable step-function and it follows that

6
Ef =) iP({i}) = 1+2+6"'+6 = 3.5.
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Besides the expected value, the variance is often of interest.

Definition 3.1.9 [VARIANCE] Let (2, F,P) be a probability space and f :
2 — R be an integrable random variable. Then

var(f) = of = E[f — Ef]? € [0, o0]

is called variance.

Let us summarize some simple properties:

Proposition 3.1.10 (1) If f is integrable and o, c € R, then

var(af — ¢) = a’var(f).

(2) IfEf? < oo then var(f) = Ef? — (Ef)? < cc.
Proof. (1) follows from
var(af — ¢) = E[(af — ¢) — E(af — ¢)]? = Elaf — aEf]? = o’var(f).

(2) First we remark that E|f| < (Ef2)z as we shall see later by Holder’s in-
equality (Corollary 3.6.6), that means any square integrable random variable
is integrable. Then we simply get that

var(f) = E[f — Ef]? = Ef* — 2E(fEf) + (Ef)* = Ef* — 2(Ef)* + (Ef)*.

3.2 Basic properties of the expected value

We say that a property P(w), depending on w, holds P-almost surely or
almost surely (a.s.) if

{w € Q:P(w) holds}

belongs to F and is of measure one. Let us start with some first properties
of the expected value.

Proposition 3.2.1 Assume a probability space (Q, F,P) and random vari-
ables f,g: 2 — R.

(1) If 0 < f(w) < g(w), then 0 <Ef < Eg.

(2) The random variable f is integrable if and only if |f| is integrable. In
this case one has
IEf| <E|f].



20 CHAPTER 3. INTEGRATION

(3) If f=0 a.s., then Ef =0.
(4) If f >0 as and Ef =0, then f =0 a.s.

(5) If f =g a.s. and Ef exists, then Eqg exists and Ef = Eg.

Proof. (1) follows directly from the definition. Property (2) can be seen
as follows: by definition, the random variable f is integrable if and only if
Eft <ooand Ef~ < oo. Since

{fweQ: ffw#0tn{we: f(w)#£0}=0

and since both sets are measurable, it follows that |f| = f*+ f~ is integrable
if and only if f* and f~ are integrable and that

Ef|=Eff —Ef | <Ef" +Ef” =E|f|.

(3) If f =0 a.s., then f* =0 a.s. and f~ = 0 a.s., so that we can restrict
ourselves to the case f(w) > 0. If g is a measurable step-function with
g = gy arlls,, glw) >0, and g = 0 a.s., then a; # 0 implies P(A;) = 0.
Hence

Ef =sup{Eg:0 < g < f, g is a measurable step-function} = 0

since 0 < g < f implies g = 0 a.s. Properties (4) and (5) are exercises.  [J

The next lemma is useful later on. In this lemma we use, as an approximation
for f, the so-called staircase-function. This idea was already exploited in the
proof of Proposition 2.1.3.

Lemma 3.2.2 Let (2, F,P) be a probability space and f : @ — R be a
random variable.

(1) Then there exists a sequence of measurable step-functions f, : Q@ — R
such that, for alln =1,2,... and for all w € €,

@) € [ far@)] < 1f@)] and () = lim fu(w).

If f(w) > 0 for all w € Q, then one can arrange f,(w) > 0 for all
w € €.

(2) If f >0 and if (f,)2, is a sequence of measurable step-functions with
0 < fulw) T f(w) for allw € Q as n — oo, then

Ef = lim Ef,.
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Proof. (1) It is easy to verify that the staircase-functions

4" -1 -1
k k+1
fo@) =3 ol e @)+ D 5 Tpcposn (@)

k=0 k=—4n

fulfill all the conditions.

(2) Letting
am—1

k
falw) = Z ﬁﬁ{igkﬂ}(w)

k=0

we get 0 < fO(w) T f(w) for all w € Q. On the other hand, by the definition
of the expectation there exists a sequence 0 < g,(w) < f(w) of measurable
step-functions such that Eg, T Ef. Hence

h, = max{f,?,gl, e ,gn}
is a measurable step-function with 0 < g, (w) < h,(w) T f(w), so that

Eg, <Eh, <Ef, and lim Eg, = lim Eh, =Ef.

Now we will show that for every sequence (fg)?2,; of measurable step-
functions with 0 < fi T f it holds limy_ . Efy = Ef. Consider

dk,n = fk VAN hn.
Clearly, dy, T fr asn — oo and dj,, T hy, as k — oo. Let
2k = arctan Edy,,

so that 0 < 25, < 1. Since (2x,)72, is increasing for fixed n and (zj,,)5e, is
increasing for fixed k one quickly checks that

limlim z;,,, = lim lim 2, ,,.
k n ’ n k ’

Hence

Ef =limEh, = lim lilgn Edy, ., = lilgn lim Edy, ,, = liin Efp

where we have used the following fact: if 0 < ¢, (w) T p(w) for step-functions
¢, and ¢, then
limEyp, = Ee.

To check this, it is sufficient to assume that ¢(w) = L4(w) for some A € F.
Let € € (0,1) and

Bli={weA:1—c<p,(w)}.
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Then
(I =e)lpr(w) < pn(w) < Ta(w).

Since B? C B! and |J2, B = A we get, by the monotonicity of the
measure, that lim, P(B?) = P(A) so that

(1—¢)P(A) <limEy,.
Since this is true for all € > 0 we get

Ep = P(A) < limEyp, < Ep
and are done. O

Now we continue with some basic properties of the expectation.

Proposition 3.2.3 [PROPERTIES OF THE EXPECTATION] Let (2, F,P) be a
probability space and f,qg: Q) — R be random variables such that Ef and Eg
exst.

(1) If f >0 and g > 0, then E(f + g) = Ef + Eg.
(2) If c € R, then E(cf) exists and E(cf) = cEf.

(3) IfEff + Eg" < oo or Ef~ + Eg~ < oo, then E(f + g)t < o0 or
E(f4+9)” <oo and E(f +g) = Ef + Eg.

(4) If f < g, then Ef < Eg.
(5) If f and g are integrable and a,b € R, then af + bg is integrable and
aEf + bEg = E(af + bg).

Proof. (1) Here we use Lemma 3.2.2 (2) by finding step-functions 0 < f,(w) T
f(w) and 0 < g,(w) T g(w) such that 0 < f,(w) + gn(w) T f(w) + g(w) and

E(f +g) = imE(f, + ga) = im(Ef, + Eg,) = Ef + Eg

by Proposition 3.1.3.
(2) is an exercise.

(3) We only consider the case that Eft + Eg™ < 0o. Because of (f + ¢)" <
/T + g" one gets that E(f + ¢g)* < co. Moreover, one quickly checks that

f+9) +f +g =T+ +(f+9)

sothat Ef~+Eg~ = oo if and only if E(f+¢)” = oo ifand only if Ef +Eg =
E(f+g) = —oco. Assuming that Ef~ +Eg~ < oo gives that E(f 4+ ¢)~ < 0o
and

E((f+9)" +/ +g1=Elf"+g"+(f+9)]
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which implies that E(f 4+ g) = Ef + Eg because of (1).

(4) HEf~ =00 or Egt = 00, then Ef = —o00 or Eg = 0o so that nothing is
to prove. Hence assume that Ef~ < co and Egt < co. The inequality f < g
gives 0 < fT < gt and 0 < g~ < f~ so that f and ¢ are integrable and

Ef=Eft —Ef” <Eg" —Eg~ = Eg.

(5) Since (af +bg)" < |al|f| + [bllg| and (af +bg)™ < [al[f] + [b]|g] we get
that af + bg is integrable. The equality for the expected values follows from
(2) and (3). O

Proposition 3.2.4 [MONOTONE CONVERGENCE| Let (2, F,P) be a proba-
bility space and f, f1, fa,... : @ — R be random variables.

(1) If0 < fo(w) T f(w) a.s., then lim, Ef, = Ef.
(2) If0 > fo(w) | f(w) a.s., then lim, Ef, = Ef.
Proof. (a) First suppose
0< fulw) T flw) forall weq.

For each f,, take a sequence of step functions (f,, x)r>1 such that 0 < f,, 1 T fn,
as k — o0o. Setting

hy = max fux
1<k<N
1<n<N
we get hy—1 < hy < maxi<p<y fn = fn. Define h := limy_, hy. For

1 <n < N it holds that
fan <hn < fn

so that, by N — oo,
fan<h <,

and therefore
f=1lm f, <h < f

Since hy is a step function for each N and hy T f we have by Lemma 3.2.2
that limy .. Ehy = Ef and therefore, since hy < fy,

Ef < ]\}1_1%0 Efn.

On the other hand, f, < f,41 < f implies Ef,, <Ef and hence
lim Ef, <Ef.

(b) Now let 0 < f,(w) T f(w) a.s. By definition, this means that

0< fu(w) 1 f(w) forall weQ\A,
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where P(A) = 0. Hence 0 < f,,(w)M4e(w) T f(w)Lae(w) for all w and step (a)
implies that
BmEf, T = EfT.

Since f,l4c = f, a.s. and fl4e = f as. we get E(f,l4c) = Ef, and
E(fl4c) = Ef by Proposition 3.2.1 (5).

(c) Assertion (2) follows from (1) since 0 > f,, | f implies 0 < —f, T —f. O

Corollary 3.2.5 Let (2, F,P) be a probability space and g, f, f1, fo,... : Q@ —
R be random variables, where g is integrable. If

(1) g(w) < fu(w) T f(w) a.s. or
(2) g(w) > fu(w) | f(w) as.,
then lim,, . Ef, =Ef.

Proof. We only consider (1). Let h,, := f, — g and h:= f — g. Then
0<hy(w) T h(w) a.s.

Proposition 3.2.4 implies that lim,, Eh,, = Eh. Since f,; and f~ are integrable
Proposition 3.2.3 (1) implies that Eh,, = Ef, — Eg and Eh = Ef — Eg so
that we are done. U

In Definition 1.2.7 we defined lim sup,,_, . a,, for a sequence (a,)%; C R. Nat-
urally, one can extend this definition to a sequence (f,)2; of random vari-
ables: For any w € Q limsup,,_, . fn(w) and liminf, . f,(w) exist. Hence
limsup,,_, . fn and liminf, .. f, are random variables.

Proposition 3.2.6 [LEMMA OF FATOU] Let (2, F,P) be a probability space
and g, f1, f2, ... : @ = R be random variables with | f,(w)| < g(w) a.s. Assume
that g 1s integrable. Then limsup f,, and liminf f,, are integrable and one has
that

Eliminf f, < liminfEf, < limsupEf, < Elimsup f,.

n—oo n n—o0 n—oo

Proof. We only prove the first inequality. The second one follows from the
definition of limsup and liminf, the third one can be proved like the first
one. So we let

Zk = inf fn

n>k

so that Z; T liminf, f,, and, a.s.,

|Zx] < g and |lir%1inffn| <g.
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Applying monotone convergence in the form of Corollary 3.2.5 gives that
o _ _ . <1 : T ‘
]Ehmn inf f, hin EZ, h}gn (E }erlg fn) < hllcrn (g% E fn) hmnlnf Ef,

g

Proposition 3.2.7 [LEBESGUE’S THEOREM, DOMINATED CONVERGENCE]
Let (2, F,P) be a probability space and g, f, f1, f2, ... :+ @ — R be random
variables with |f,(w)] < g(w) a.s. Assume that g is integrable and that
f(w) =1lim, .o fu(w) a.s. Then f is integrable and one has that

Ef = limEf,.

Proof. Applying Fatou’s Lemma gives

Ef = ]Ehmmffn < hmmfIEfn < limsupEf, < Elimsup f, = Ef.

n—oo n—oo

Finally, we state a useful formula for independent random variables.

Proposition 3.2.8 If f and g are independent and E|f| < oo and E|g| < oo,
then E|fg| < oo and

Efg=EfEg.

The proof is an exercise. Concerning the variance of the sum of independent
random variables we get the fundamental

Proposition 3.2.9 Let f1, ..., f, be independent random variables with finite
second moment. Then one has that

var(fi + -+ fn) = var(f1) + - - - + var(f,).

Proof. The formula follows from

var(fit 4 f) = B+ f) —E(u -+ £))

= E (i(fz - Efz))

1=1

= ]EZ —Ef)(f; —Ef;)

4,7=1

= S E((i ~Ef), ~Ef)

ij=1
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= Y E(fi—Ef)*+ > _E((fi —Ef)(f; —Ef))
i=1 i#]

= Zvar £+ E(fi —Ef)E(Sf; — Efy)

i#j
= Z"ar(fi)
i=1
because E(f; —Ef;)) =Ef; —Ef; = 0. O

3.3 Connections to the Riemann-integral

In two typical situations we formulate (without proof) how our expected
value connects to the Riemann-integral. For this purpose we use the Lebesgue
measure defined in Section 1.3.4.

Proposition 3.3.1 Let f:[0,1] — R be a continuous function. Then

/0 ' f(a)dz = Ef

with the Riemann-integral on the left-hand side and the expectation of the
random wvariable f with respect to the probability space ([0, 1], B([0,1]), ),
where X is the Lebesque measure, on the right-hand side.

Now we consider a continuous function p : R — [0, c0) such that

/ " p@)dr =1

e}

and define a measure P on B(R) by

P((a3, b2 N+ O (b Z/

for —oo < a3 < b <+ < a, <b, < oo (again with the convention that
(a,00] = (a,00)) via Carathéodory’s Theorem (Proposition 1.2.17). The
function p is called density of the measure PP.

Proposition 3.3.2 Let f : R — R be a continuous function such that

/ T @)lple)ds < oo.

o0



3.3. CONNECTIONS TO THE RIEMANN-INTEGRAL o7

/ f(@)p(z)dz = Ef

with the Riemann-integral on the left-hand side and the expectation of the
random variable f with respect to the probability space (R, B(R),P) on the
right-hand side.

Then

Let us consider two examples indicating the difference between the Riemann-
integral and our expected value.

Example 3.3.3 We give the standard example of a function which has an
expected value, but which is not Riemann-integrable. Let

[ 1, x€]0,1] irrational
fle) = { 0, = €[0,1] rational ~

Then f is not Riemann integrable, but Lebesgue integrable with Ef = 1 if
we use the probability space ([0, 1], B([0, 1]), \).

Example 3.3.4 The expression

lim
t—o0 0 €T

is defined as limit in the Riemann sense although

00 : + 0o : -
/ (smx) dr =00 and / (smm) dr = oo
0 'y 0 T

Transporting this into a probabilistic setting we take the exponential distri-
bution with parameter A > 0 from Section 1.3.6. Let f : R — R be given
by f(z) = 0if z < 0 and f(z) := 222N if > 0 and recall that the
exponential distribution p, with parameter A > 0 is given by the density

pa(z) = Mg o0y (z)Ae 7. The above yields that

lim /tf(x)pA(x)dx =z

t—o0 0 2

/f Yrdus (s /f ~dpa(z

Hence the expected value of f does not exists, but the Riemann-integral gives
a way to define a value, which makes sense. The point of this example is
that the Riemann-integral takes more information into the account than the
rather abstract expected value.

but
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3.4 Change of variables in the expected value

We want to prove a change of variable formula for the integrals fQ fdP. In
many cases, only by this formula it is possible to compute explicitly expected
values.

Proposition 3.4.1 [CHANGE OF VARIABLES| Let (2, F,P) be a probability
space, (E,E) be a measurable space, ¢ : Q0 — E be a measurable map, and
g : E— R be a random variable. Assume that P, is the image measure of P
with respect to ¢ *, that means

P,(A) =P({w: p(w) € A}) =P(p ' (A)) forall A€E.
Then
[ atmapm= [ gel)are)

v 1(4)
for all A € &€ in the sense that if one integral exists, the other exists as well,
and their values are equal.

Proof. (i) Letting g(n) := T4(n)g(n) we have
9(p(w)) = T4y (w)g(p(w))

so that it is sufficient to consider the case A = E. Hence we have to show
that

/E g(m)dP,(n) = / 9(p(w))dP(w).

(i) Since, for f(w) := g(¢(w)) one has that f+ =gtopand f~ =g opitis
sufficient to consider the positive part of g and its negative part separately.
In other words, we can assume that g(n) > 0 for all n € E.

(iii) Assume now a sequence of measurable step-function 0 < g,(n) T g(n)
for all n € E which does exist according to Lemma 3.2.2 so that g,(¢(w)) T
g(p(w)) for all w € 2 as well. If we can show that

/E Ga()dP, (1) = / gn(0(w))AP(w)

then we are done. By additivity it is enough to check g¢,,(n) = 15 (n) for some
B € & (if this is true for this case, then one can multiply by real numbers
and can take sums and the equality remains true). But now we get

/E Ga(D)dP () = Bo(B) = B~} (B)) = / 115y () dP(w)

— [ Ma(el)aP@) = [ gu(o(w))dPw)
O

Let us give an example for the change of variable formula.

Tn other words, P, is the law of ¢.
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Definition 3.4.2 [MOMENTS]| Assume that n € {1,2,....}.

(1) For a random variable f : 2 — R the expected value E|f|™ is called
n-th absolute moment of f. If Ef" exists, then Ef" is called n-th
moment of f.

(2) For a probability measure p on (R, B(R)) the expected value

[t dnte)

is called n-th absolute moment of p. If [, a"du(x) exists, then
J ®"dp(x) is called n-th moment of s.

Corollary 3.4.3 Let (Q,F,P) be a probability space and f : Q@ — R be a
random variable with law Py. Then, for alln = 1,2, ...,

E|f|”:/R|x|”de(x) and Ef”:/Rx”dIP’f(x),

where the latter equality has to be understood as follows: if one side exists,
then the other exists as well and they coincide. If the law Py has a density
p in the sense of Proposition 3.3.2, then [, |x|"dPs(x) can be replaced by

fR|x|”p(x)dx and fR 2"dPs(z) by fR x"p(x)dx.

3.5 Fubini’s Theorem

In this section we consider iterated integrals, as they appear very often in
applications, and show in FUBINI’s 2 Theorem that integrals with respect
to product measures can be written as iterated integrals and that one can
change the order of integration in these iterated integrals. In many cases
this provides an appropriate tool for the computation of integrals. Before we
start with FUBINT’s Theorem we need some preparations. First we recall the
notion of a vector space.

Definition 3.5.1 [VECTOR SPACE] A set L equipped with operations ” +" :
LxL — Land”-” : RxL — L is called vector space over R if the following
conditions are satisfied:

1) x+y=y+aforalzye L.

3

(1)

(2) x4+ (y+2)=(r+y)+zforall z,y,z € L.

(3) There exists a 0 € L such that z +0 =z for all x € L.
(

4) For all x € L there exists a —z such that z + (—z) = 0.

2Guido Fubini, 19/01/1879 (Venice, Italy) - 06/06/1943 (New York, USA).
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(5) 1z ==x.
(6) a(fzr) = (af)x for all o, € R and = € L.
(7) (a+ pB)xr =ax+ Pz for all o, € R and z € L.

(8) alr+y)=ar+ay forall « € R and z,y € L.

Usually one uses the notation z —y := x + (—y) and —z +y := (—x) +y etc.
Now we state the Monotone Class Theorem. It is a powerful tool by which,
for example, measurability assertions can be proved.

Proposition 3.5.2 [MONOTONE CLASS THEOREM| Let H be a class of
bounded functions from ) into R satisfying the following conditions:

(1) H is a vector space over R where the natural point-wise operations” +"
and” -7 are used.

(2) Io e H.
3) If fue H, f, >0, and f, T f, where f is bounded on 2, then f € H.

Then one has the following: if H contains the indicator function of every
set from some m-system I of subsets of (), then H contains every bounded
o(I)-measurable function on Q.

Proof. See for example [5] (Theorem 3.14). O

For the following it is convenient to allow that the random variables may
take infinite values.

Definition 3.5.3 [EXTENDED RANDOM VARIABLE| Let (€2, F) be a measur-
able space. A function f:Q — RU{—00,00} is called extended random
variable iff

f'(B)={w: flweB}eF forall BecBR)orB={-00}.

If we have a non-negative extended random variable, we let (for example)

/fd]P— lim [ [f A N]dP.
Q

N—oo 9]

For the following, we recall that the product space (€ x Qq, F1 @ Fo, P; x Py)
of the two probability spaces (2, F1,P;) and (Qy, F5,Py) was defined in
Definition 1.2.19.
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Proposition 3.5.4 [FUBINI’'S THEOREM FOR NON-NEGATIVE FUNCTIONS|
Let f: Qy x Q9 — R be a non-negative Fy @ Fa-measurable function such
that

/Q  for (P x Po)or,w2) < . (3.1)

Then one has the following:

(1) The functions w; — f(w1,wd) and wy — f(w,we) are Fi-measurable
and Fy-measurable, respectively, for all w € Q.

(2) The functions

Wy — f(wi, we)dPy(ws) and wy — f (w1, ws)dPq (wy)
QQ Ql

are extended Fi-measurable and Fy-measurable, respectively, random
variables.

(3) One has that
flwr,we)d(Py x Py) = f (w1, we)dPy(ws) | dPy(wr)
/leQg /Q1 |: Qo :|
= /Q2 [ o f(wl,wg)d]P’l(wl)} dPs(ws).

It should be noted, that item (3) together with Formula (3.1) automatically
implies that

IPQ {WQ . 0 f(wl,wg)dpl(wl) = OO} =0

and

Py {wl : o fwr, wa)dPy(ws) = oo} =

Proof of Proposition 3.5.4.

(i) First we remark it is sufficient to prove the assertions for

fn(wi,ws) :=min { f(wy,ws), N}

which is bounded. The statements (1), (2), and (3) can be obtained via
N — oo if we use Proposition 2.1.4 to get the necessary measurabilities
(which also works for our extended random variables) and the monotone
convergence formulated in Proposition 3.2.4 to get to values of the integrals.
Hence we can assume for the following that sup,, , f(wi,ws) < oo.

(ii) We want to apply the Monotone Class Theorem Proposition 3.5.2. Let
‘H be the class of bounded F; x Fs-measurable functions f : €2y x 2y — R
such that
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a) the functions w; — f(wi,wy) and ws — f(w!, wy) are Fi;-measurable
2 1
and F,-measurable, respectively, for all w? € €,

(b) the functions

w1 — f(W17w2)d[P2(W2) and Wy — f(wl,ng)lel (wl)
QQ Q1

are JFi-measurable and Fp-measurable, respectively,

(¢) one has that
/ f(wl,wg)d(IF’l X ]PQ) = / |: f(W1,W2>dIP)2<(U2):| dIP’l(wl)
Q1 xQ0 O LVQo

_ /Q 2 { A f(wl,w)dPl(wl)] APy (ws).

Again, using Propositions 2.1.4 and 3.2.4 we see that H satisfies the assump-
tions (1), (2), and (3) of Proposition 3.5.2. As m-system I we take the system
ofall F = Ax B with A € F; and B € F,. Letting f(wi,ws) = Ta(wy)Lp(ws)
we easily can check that f € H. For instance, property (c) follows from

/Q » fwi,we)d(Py x Py) = (P; x Py)(A x B) = P1(A)Py(B)

and, for example,

/Q1 { QQf(Wb%)dPQ(WQ)} dPy(w1) = /91 T4 (w1)Po(B)dP; (wy)
— Py(A)Py(B).

Applying the Monotone Class Theorem Proposition 3.5.2 gives that H con-
tains all bounded functions f : 21 x Q25 — R measurable with respect F; @ F».
Hence we are done. U

Now we state FUBINI's Theorem for general random variables f : € x {2y —
R.

Proposition 3.5.5 [FUBINI'S THEOREM| Let f : Q; x Q5 — R be an
F1 @ Fa-measurable function such that

/Q . | f (w1, w2)|d(Py X Py)(wq,ws) < 00. (3.2)

Then the following holds:

(1) The functions w; — f(wy,wd) and wy — f(w),wy) are Fi-measurable
and Fy-measurable, respectively, for all w) € Q;.
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(2) There are M; € F; with P;(M;) = 1 such that the integrals
fwy, wWd)dPy(wy)  and F (W2, wy)dPy(w,)
Q1 QQ
exist and are finite for all W) € M.
(3) The maps

wr — Ty (wr) g f(wr, we)dPy(ws)

and

Wy — I[MQ(WQ) o f(wl,wz)dﬁ”l(wl)

are Fi-measurable and Fy-measurable, respectively, random variables.

(4) One has that
/§2le2 fwr, w)d(Py x Py)
— /Ql []IMl(wl) sz<wlaw2)dP2(w2>:| AP, ()

— /92 {]IMz(wg) . f(whwz)dPl(wl)] dPs(w2).

Remark 3.5.6 (1) Our understanding is that writing, for example, an
expression like

Tz, (wo) fwi, wa)dPy (wn)

1951
we only consider and compute the integral for wy € Ms.

(2) The expressions in (3.1) and (3.2) can be replaced by

/Ql { QQf(Wlan)sz(wz)] P (w1) < oo,

and the same expression with |f(wy,ws)| instead of f(wi,ws), respec-
tively.

Proofof Proposition 3.5.5. The proposition follows by decomposing f =
fT — f~ and applying Proposition 3.5.4. O

In the following example we show how to compute the integral

> 2
/ e T dx
—0oQ

by FUBINT's Theorem.
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Example 3.5.7 Let f: R x R — R be a non-negative continuous function.
FuBINI’s Theorem applied to the uniform distribution on [-N,N|, N €
{1,2,...} gives that

where \ is the Lebesgue measure. Letting f(z,y) := e~(@*+v*) | the above
yields that

/N [/_N ereQQdA(y)} d\(z) = /[ "IN X \) (2, y).

—N N —N,N]x[-N,N]

For the left-hand side we get

im [ [ /_ ! 6”26y2d)\(y)] d\(x)

N 2 N 2
— dim [ e [ / e dA(y)] dA(x)
N—oo J_ N _N

N 2
= [lim/ e””zdk(:r;)]
N—oo |_n

_ { / Z e‘xzd)\(x)} B

For the right-hand side we get

lim e~ AN x \) (2, y)
N—00 JI_N,N]x[-N,N]

= lim e~ @A x A) (2, y)

R—o0 22 4y2<R2

R 27 )
= lim/ / e " rdrdp
R—o00 0 0

— o lm (1 _ e_R2>
R—oo
= T

where we have used polar coordinates. Comparing both sides gives

/_ N e dA\(z) = V7.

o0

As corollary we show that the definition of the Gaussian measure in Section
1.3.5 was “correct”.
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Proposition 3.5.8 For o >0 and m € R let

(z) 1 _(@=m)?
m.c2(T) = e 27?
P, V2mo?
Then, [ pme2(x)de =1,
/ TPppo2(x)de =m, and /(1: — m)’proz(z)dr = o°. (3.3)
R R

In other words: if a random wvariable f : @ — R has as law the normal
distribution N, 2, then

Ef=m and E(f—-Ef)* =" (3.4)

Proof. By the change of variable © — m + ox it is sufficient to show the
statements for m = 0 and o = 1. Firstly, by putting = = z/v/2 one gets

1= /Oo S /Oo %4
= — e T = e y4
ﬁ —00 V2T J oo

where we have used Example 3.5.7 so that [, po1(2)dz = 1. Secondly,

follows from the symmetry of the density po1(z) = poi(—=z). Finally, by
(zexp(—2?/2)) = exp(—2?/2) — x? exp(—2?/2) one can also compute that

T

1 o0 ) 2 1 /oo 2
o re 2dr = —— e zdxr =1.
V2T /oo V2T J_so

We close this section with a “counterexample” to FUBINI's Theorem.

Example 3.5.9 Let 2 = [—1,1] x [—1, 1] and p be the uniform distribution
on [—1,1] (see Section 1.3.4). The function

LY

f(z,y) = @+ )

for (z,y) # (0,0) and f(0,0) := 0 is not integrable on €2, even though the
iterated integrals exist end are equal. In fact

/_ fa)dulz) =0 and / S )dn() =0

so that

/_11 (/_11 f(w,y)du(a;)) du(y) = /_11 (/_11 f(x,y)du(y)) du(z) = 0.
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On the other hand, using polar coordinates we get

L 2™ |singcos
tf e i) = [ [ g,
[—1,1]x[-1,1] o Jo r
11

= 2/ —dr = o0o.
0o T

The inequality holds because on the right hand side we integrate only over
the area {(x,y) : 2* + y* < 1} which is a subset of [—1,1] x [—1,1] and

27 w/2
/ |singocosgo|dg0:4/ sin ¢ cos pdp = 2
0 0

follows by a symmetry argument.

3.6 Some inequalities

In this section we prove some basic inequalities.

Proposition 3.6.1 [CHEBYSHEV'S INEQUALITY] ® Let f be a non-negative
integrable random variable defined on a probability space (0, F,P). Then, for

all A >0,

P{w: f(w) > \}) < %

Proof. We simply have
AP({w: flw) 2 A}) = AEL o0 < Eflysyy <Ef.
O
Definition 3.6.2 [CONVEXITY| A function g : R — R is convex if and only
if
g9(pr + (1 = p)y) < pg(z) + (1 = p)g(y)

forall 0 <p <1 and all x,y € R. A function g is concave if —g is convex.

Every convex function ¢ : R — R is continuous (check!) and hence
(B(R), B(R))-measurable.

Proposition 3.6.3 [JENSEN’S INEQUALITY| * Ifg: R — R is convezr and
f:9Q — R arandom variable with E|f| < oo, then

g(Ef) <Eg(f)

where the expected value on the right-hand side might be infinity.

3Pafnuty Lvovich Chebyshev, 16/05/1821 (Okatovo, Russia) - 08/12/1894 (St Peters-
burg, Russia)

4Johan Ludwig William Valdemar Jensen, 08/05/1859 (Nakskov, Denmark)- 05/
03/1925 (Copenhagen, Denmark).
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Proof. Let o = Ef. Since g is convex we find a “supporting line” in x, that
means a,b € R such that

axg+b=g(rg) and ax+b<g(x)
for all z € R. It follows af(w) + b < g(f(w)) for all w € © and

g(Ef) = aEf +b =E(af +b) <Eg(f).

Example 3.6.4 (1) The function g(x) := |z| is convex so that, for any
integrable f,
[Ef] <E|f].

(2) For 1 < p < oo the function g(z) := |z|P is convex, so that JENSEN’s
inequality applied to |f| gives that

(ELfDP < E[f].

For the second case in the example above there is another way we can go. It
uses the famous HOLDER-inequality.

Proposition 3.6.5 [HOLDER'S INEQUALITY| 5 Assume a probability space
(Q, F,P) and random variables f,g: Q2 — R. If 1 < p,q < oo with %—l—% =1,
then

E|fg| < (E|f[P) (E|g|")7 .

Proof. We can assume that E|f|? > 0 and E|g|? > 0. For example, assuming
E|f|? = 0 would imply |f|? = 0 a.s. according to Proposition 3.2.1 so that
fg =0 as. and E|fg| = 0. Hence we may set

f::% and g::%.
(E[f[P)» (Elg|®)s
We notice that
2%y’ < ax + by

for x,y > 0 and positive a, b with a+b = 1, which follows from the concavity
of the logarithm (we can assume for a moment that =,y > 0)

In(az +by) > alnz +blny = Inz® + Iny® = Inz%".

50tto Ludwig Holder, 22/12/1859 (Stuttgart, Germany) - 29/08/1937 (Leipzig, Ger-
many).
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Setting z := \f\p, y:=1gl9, a:= ;—7, and b := %, we get

< u 1 = 1.
g = 2%’ < ax + by = - |f|P + ~|g|*
p q
and 1 1 1 1
Elfj < SEIFP+ Elglr =+ =1
p q p 4q
On the other hand side,

E|fg]
(E[fIP) (Elg|?)s

so that we are done. O

E|fg| =

Corollary 3.6.6 For 0 < p < g < oo one has that (E|f\p)% < (E|f|q)%.

The proof is an exercise.

a =
and (b,)22, be sequences of real numbers. If 1 < p,q < oo with % + é =1,

then L .
Z |anbn| < (Z |an|p) (Z |bn|q> .
n=1 n=1 n=1

Proof. Tt is sufficient to prove the inequality for finite sequences (b, )Y_, since
by letting N — oo we get the desired inequality for infinite sequences. Let
Q= {1,..,N}, F =29 and P({k}) := 1/N. Defining f,g : Q@ — R by
f(k) :== ay and g(k) := b, we get

A

1 N 1 N P 1 N é
N;‘anbn‘ < <NZ|an’p> (N;|bn|Q>

n=1

from Proposition 3.6.5. Multiplying by N and letting N — oo gives our
assertion. U

Proposition 3.6.8 [MINKOWSKI INEQUALITY]| ¢ Assume a probability space
(Q, F,P), random variables f,g: Q2 — R, and 1 < p < co. Then

=

(BIf + gPP)» < (B|f|")7 + (Elg|")7 . (3.5)

SHermann Minkowski, 22/06,/1864 (Alexotas, Russian Empire; now Kaunas, Lithuania)
- 12/01/1909 (Gottingen, Germany).
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Proof. For p = 1 the inequality follows from |f + g| < |f| + |g|- So assume
that 1 < p < co. The convexity of © — |z|P gives that

a+b
2

P lal? -+ bl
- 2

and (a+b)P < 2P~ (a?+bP) for a,b > 0. Consequently, | f+g|? < (|f]+]g])? <
1(|fP + [gl?) and

E|f 4 g” < 227" (E|f|” + E|g[?).

Assuming now that (]E|f\p)% + (E\g\p)% < 00, otherwise there is nothing to
prove, we get that E|f + g|P < oo as well by the above considerations. Taking
1 < g < oo with % + é = 1, we continue with

Elf +9/" = E[f+g|lf+g[""
< E(f|+ gD f +gP!
E[f|If + gl +Elgl|f + g’

< (EIfIP)> (LS +g1%79%) " + (Elg)> (EIf + g|®7)7,

where we have used HOLDER's inequality. Since (p — 1)g = p, (3.5) follows
1
by dividing the above inequality by (E|f + g|P)< and taking into the account
1—-1_-1 U
qg p’
We close with a simple deviation inequality for f.

Corollary 3.6.9 Let f be a random wvariable defined on a probability space
(Q, F,P) such that Ef* < co. Then one has, for all A > 0,

E(f ~Ef)® _Ef’

Proof. From Corollary 3.6.6 we get that E|f| < oo so that Ef exists. Apply-
ing Proposition 3.6.1 to |f — Ef|* gives that

P{|f —Ef] > A\}) = P{If —Ef]* > \*}) < WK—ZEW

Finally, we use that E(f — Ef)? = Ef2 — (Ef)? < Ef2. O
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3.7 Theorem of Radon-Nikodym

Definition 3.7.1 (Signed measures) Let (2, F) be a measurable space.
(1) A map pu:F — Ris called (finite) signed measure if and only if
p=ap’ —0u",
where a, 3 > 0 and p and p~ are probability measures on F.

(77) Assume that (2, F,P) is a probability space and that p is a signed
measure on (€, F). Then p < P (p is absolutely continuous with
respect to IP) if and only if

P(A) =0 implies p(A)=0.

Example 3.7.2 Let (2, F,P) be a probability space, L : 2 — R be an
integrable random variable, and

[(A) = /A LdP.

Then p is a signed measure and p < P.

Proof. Welet LT := max {L,0} and L™ := max{—L,0} sothat L = L*—L".
Assume that [, L*dP > 0 and define

n B fQ T L*dP

Now we check that u* are probability measures. First we have that

I L*dP
ui(Q):—fQ o =
I, LEdP

Then assume A, € F to be disjoint sets such that A = |J A4,. Set o :=
fQ LTdP. Then

o0 1
+ _ = - +
(5A) = 2 fus
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= Z N+(An)

where we have used LEBESGUE’s dominated convergence theorem. The same
can be done for L. O

Theorem 3.7.3 (Radon-Nikodym) Let (Q2,F,P) be a probability space
and p a signed measure with p << P. Then there exists an integrable random
variable L : Q) — R such that

;WQ:AM@W@%AG? (3.6)

The random wvariable L is unique in the following sense. If L and L' are
random variables satisfying (3.6), then

P(L +# L) = 0.

The Radon-Nikodym theorem was proved by Radon 7 in 1913 in the case of
R"™. The extension to the general case was done by Nikodym & in 1930.

Definition 3.7.4 L is called RADON-NIKODYM derivative. We shall write

_

L=—.
dp

We should keep in mind the rule

p(A) = / Tadp = / 4 LdP,
Q Q
so that 'du = LdP’.

3.8 Modes of convergence
First we introduce some basic types of convergence.

Definition 3.8.1 [TYPES OF CONVERGENCE| Let (Q2, F,P) be a probabil-
ity space and f, f1, f2,... : 2 — R random variables.

(1) The sequence (f,)s°, converges almost surely (a.s.) or with prob-
ability 1 to f (f, — f as. or f, — f P-a.s.) if and only if

PHw: fu(w) — f(w) as n— oo}) = 1.

"Johann Radon, 16/12/1887 (Tetschen, Bohemia; now Decin, Czech Republic) -
25/05/1956 (Vienna, Austria).

80tton Marcin Nikodym, 13/08/1887 (Zablotow, Galicia, Austria-Hungary; now
Ukraine) - 04/05/1974 (Utica, USA).
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(2) The sequence (f,)2, converges in probability to f (f, Ny ) if and
only if for all € > 0 one has

P{w: |folw) — f(w)] >€}) = 0 as n — oo.

(3) If 0 < p < o0, then the sequence (f,,)>2, converges with respect to
L, or in the L,-mean to f (f, i f) if and only if

E|fo — fI]P — 0 as n — oc.

Note that {w: f,(w) — f(w) as n — oo} and {w : |fn(w) — f(w)| > €} are
measurable sets.

For the above types of convergence the random variables have to be defined
on the same probability space. There is a variant without this assumption.

Definition 3.8.2 [CONVERGENCE IN DISTRIBUTION] Let (€, F,,P,) and
(Q, F,P) be probability spaces and let f, : Q, — Rand f : Q@ — R be

random variables. Then the sequence (f,)2°, converges in distribution

to f (f, > f) if and only if

Ey(fn) = E¢(f) as n — oo

for all bounded and continuous functions ¢ : R — R.

We have the following relations between the above types of convergence.

Proposition 3.8.3 Let (2, F,P) be a probability space and f, f1, fa, ... : Q@ —
R be random wvariables.

(1) If fu — f a.s., then f, ER f.

(2) If0 < p < 00 and f, 2 f, then f, 2 f.

(3) If fu = f, then fu = f.

(4) One has that f, KR [ if and only if Fy, (x) — Fy(z) at each point x of
continuity of Fy(x), where Fy, and Fy are the distribution-functions of
fn and f, respectively.

(5) If fa ER f, then there is a subsequence 1 < n; < ny < nsg < --- such

that fn, — f a.s. as k — oo.

Proof. See [4]. O
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Example 3.8.4 Assume ([0, 1], 5([0,1]),\) where X is the Lebesgue mea-
sure. We take

fl = I[[O’%)J f2 = I[[%,lb

f3 - I[[O,%)a f4 - H[ié]? f5 - H[%%)u f6 - H[%,l]a

f7 — I[[07%)7 e

This implies lim,, . fn(x) # 0 for all € [0, 1]. But it holds convergence in
probability f, 20 choosing 0 < ¢ < 1 we get

A{z € [0,1]: [fu(@)] > e}) = Mz €[0,1]: fulz) # 0})

Loifn=1,2
I ifn=34..6
- % iftn="7,...

As a preview on the next probability course we give some examples for the
above concepts of convergence. We start with the weak law of large numbers
as an example of the convergence in probability:

Proposition 3.8.5 [WEAK LAW OF LARGE NUMBERS| Let (f,)>2, be a
sequence of independent random variables with

Ef,=m and E(fp—m)>=0> forallk=12,....
Then
fit e w

n
that means, for each € > 0,

lim P ({w ; ]w —m| > 5}) — 0.

Proof. By Chebyshev’s inequality (Corollary 3.6.9) we have that

P({w: f1+---+fn—nm‘>€}) < Elfit ot fo—nmp

n n2e?

E (3 (fi —m))’

n2e?

7’LO'2

= — 0

n2e?

as n — oo. ]

Using a stronger condition, we get easily more: the almost sure convergence
instead of the convergence in probability. This gives a form of the strong law
of large numbers.
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Proposition 3.8.6 [STRONG LAW OF LARGE NUMBERS)]

Let (f.)22, be a sequence of independent random wvariables with Ef, = 0,
k=1,2,..., and c :=sup, Ef} < co. Then

i+ + fnas.
N e as

Proof. Let Sy, := > ,_, fr- It holds

n 4 n
ES§=E<ka> = E > fififuh
k=1

ijkl =1

ZEfk+3 Z EfEf?,
k,l=1
k£l

because for distinct {1, j, k,(} it holds

Efif} =Efiflfe =Efififufi=0

by independence. For example, Ef;f} = EfiEf} = 0-Ef} = 0, where one

gets that f7 is integrable by E|f;]> < (E|f;|* )1 < ¢1. Moreover, by Jensen’s
inequality,

(Bff) <Efi <c
Hence Ef2ff = Ef2Ef? < c for k # [. Consequently,

ESY < ne+3n(n —1)c < 3en?,

and
EZ— Z—zZﬁ
n=1 n=1 =1
This implies that n—:{ 280 and therefore % 43 0. U

There are several strong laws of large numbers with other, in particular
weaker, conditions. We close with a fundamental example concerning the
convergence in distribution: the Central Limit Theorem (CLT). For this we
need

Definition 3.8.7 Let (2, F,P) be a probability spaces. A sequence of
Independent random variables f, : 2 — R is called Identically Distributed
(i.i.d.) provided that the random variables f,, have the same law, that means

P(fa <A =P(fk < A)

for all n,k =1,2,... and all A € R.
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Let (92, F,P) be a probability space and (f,)32, be a sequence of i.i.d. ran-
dom variables with Ef; = 0 and Ef? = 02. By the law of large numbers we

know
fi+t-+fa P
—é

n

0.

Hence the law of the limit is the DIRAC-measure dy. Is there a right scaling
factor ¢(n) such that
Sit 4 fa
- 4
c(n)
where g is a non-degenerate random variable in the sense that P, # 60?7 And
in which sense does the convergence take place? The answer is the following

Proposition 3.8.8 [CENTRAL LIMIT THEOREM]| Let (f,)>, be a sequence
of i.i.d. random variables with Ef; =0 and EfZ = 0? > 0. Then

]p(ugx> HL/ 2 g
V2T ) oo

for all x € R as n — oo, that means that

5

fi+ -+ fa a

ov/n

for any g with P(g < z) = \/%7 ffoo e~z du.
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Chapter 4

Exercises

4.1 Probability spaces

1.

2.

Prove that AN (BUC)=(ANB)U(ANC).

Prove that (U,; 4i)° = Nic; A¢ where A; € Q and I is an arbitrary
index set.

Given a set  and two non-empty sets A, B C € such that AN B = ().
Give all elements of the smallest o-algebra F on 2 which contains A
and B.

Let € R. Is it true that {z} € B(R), where {z} is the set, consisting
of the element z only?

. Assume that Q is the set of rational numbers. Is it true that Q € B(R)?

Given two dice with numbers {1,2,...,6}. Assume that the probability
that one die shows a certain number is %. What is the probability that
the sum of the two dice is m € {1, 2, ...,12}7

There are three students. Assuming that a year has 365 days, what
is the probability that at least two of them have their birthday at the
same day ?

8* Definition: The system F C 29 is a monotonic class, if

(a) Al,Ag,...Ef,A1§A2§A3§~-:>Unz4n€.7:,and
(b) A1, Ag,...€e F,AI DA DA D =), A, € F.

Show that if F C 2% is an algebra and a monotonic class, then F is a
o-algebra.

Let E, F,G, be three events. Find expressions for the events that of
E’ F7 G’

7
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10.

11.
12.
13.
14.

15.

16.
17.
18.
19.
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(a) only F' occurs,

(b) both E and F but not G occur,
(c
(

)
)

) at least one event occurs,
d) at least two events occur,
)
)
)
)

all three events occur,

—

nomne occurs,

(e
(
(g) at most one occurs,

(h) at most two occur.

Show that in the definition of an algebra (Definition 1.1.1 one can
replace

(3) A, B € F implies that AUB € F
by
(3") A, B € F implies that AN B € F.
Prove that A\ B € F if F is an algebra and A, B € F.
Prove that (2, A; € F if F is a o-algebra and Ay, A,, ... € F.
Give an example where the union of two g-algebras is not a o-algebra.
Let F be a o-algebra and A € F. Prove that
G:={BNA:BeF}
is a o-algebra.
Prove that
{BNa,B]: Be BR)} =0 {[a,b]:a<a<b< g}

and that this o-algebra is the smallest o-algebra generated by the sub-
sets A C [a, ] which are open within [« 3]. The generated o-algebra
is denoted by B([a, 3]).

Show the equality 0(Gy) = 0(G4) = o(Gp) in Proposition 1.1.8 holds.
Show that A C B implies that o(A) C o(B).

Prove o(0(G)) = 0(G).

Let Q#0, ACQ, A#( and F := 2% Define

1 BnA#0
P(B)'_{O : BNA=0 -

Is (Q, F,P) a probability space?
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20.

21.

22.

23.

24.

25.

26.

27.
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Prove Proposition 1.2.6 (7).

Let (2, F,P) be a probability space and A € F such that P(A) > 0.
Show that (2, F, ) is a probability space, where

1(B) := P(B|A).

Let (€2, F,P) be a probability space. Show that if A, B € F are inde-
pendent this implies
(a) A and B¢ are independent,
(b) A° and B¢ are independent.
Let (Q,F,P) be the model of rolling two dice, i.e. Q = {(k,1) : 1 <
ko1 <6}, F=2% and P((k,1)) = 5 for all (k,1) € Q. Assume
A = {(k1):1=1,20r 5},
B = {(k,0):1=4,50r 6},
C = {(k):k+1=09}

Show that
P(ANnBNC)=PA)PB)PC).
Are A, B, C' independent ?

(a) Let Q := {1,...,6}, F := 2% and P(B) := gcard(B). We define
A:={1,4} and B :={2,5}. Are A and B independent?

(b) Let Q:={(k,1) : k,l=1,...,6}, F := 2 and P(B) := s-card(B).
We define

A={(k,l):k=1ork=4} and B:={(k,]):l=20rl=5}.
Are A and B independent?

In a certain community 60 % of the families own their own car, 30 %
own their own home, and 20% own both (their own car and their own
home). If a family is randomly chosen, what is the probability that
this family owns a car or a house but not both?

Prove Bayes’ formula: Proposition 1.2.15.

Suppose we have 10 coins which are such that if the ith one is flipped
then heads will appear with probability 110, 1=1,2,...10. One chooses
randomly one of the coins. What is the conditionally probability that
one has chosen the fifth coin given it had shown heads after flipping?
Hint: Use Bayes’ formula.
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28 % A class that is both, a 7m-system and a A-system, is a o-algebra.

29.

Prove Property (3) in Lemma 1.4.4.

30* Let (2, F,P) be a probability space and assume Ay, Ay, ..., A,, € F are

31.

32.

33.

34.

independent. Show that then A, AS, ..., AS are independent.

Let us play the following game: If we roll a die it shows each of the
numbers {1,2,3,4,5,6} with probability §. Let ki, ks, ... € {1,2,3,...}
be a given sequence.

(a) First go: One has to roll the die k; times. If it did show all &y
times 6 we won.

(b) Second go: We roll ky times. Again, we win if it would all ks times
show 6.

And so on... Show that

(a) The probability of winning infinitely many often is 1 if and only

if
o0 1 kn
>(5) -

(b) The probability of loosing infinitely many often is always 1.
Hint: Use the lemma of Borel-Cantelli.

Let n > 1, k € {0,1,...,n} and

(3)

where 0! := 1 and k! :=1-2---k, for k£ > 1.

Prove that one has (Z) possibilities to choose k elements out of n ele-
ments.

BINOMIAL DISTRIBUTON: Assume 0 < p < 1, Q := {0,1,2,...,n},
n>1, F:=2?and

— N\ ok k
pnp(B) = (k)p (1-p)"~.
keB
(a) Is (2, F, pnyp) a probability space?

-----

GEOMETRIC DISTRIBUTION: Let 0 < p < 1, Q:={0,1,2,...}, F := 29

and
pp(B) ==Y p(1—p)*.

keB
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(a) Is (92, F, up,) a probability space?
(b) Compute 1,({0,2,4,6,...}).
35. POISSON DISTRIBUTION: Let A > 0, Q:= {0,1,2,...}, F := 2% and
AN
mz(B) = Ze‘ 0
keB

(a) Is (2, F,m,) a probability space?
(b) Compute ), . kmr({k}).

4.2 Random variables
1. Let Ay, Ag, ... C Q. Show that
(a) liminf, o T4, (w) = Timint, .o 4, (W),
(b) limsup,_ T4, (w) = Wimsup,,_._ 4, (W),
for all w € €.

2. Let (92, F,P) be a probability space and A C Q) a set. Show that A € F
if and only if T4 : 2 — R is a random variable.

3. Show the assertions (1), (3) and (4) of Proposition 2.1.5.
4. Let (2, F,P) be a probability space and f: Q — R.

(a) Show that, if F = {0, Q}, then f is measurable if and only if f is

constant.

(b) Show that, if P(A) is 0 or 1 for every A € F and f is measurable,
then
P{w : f(w) = ¢}) =1 for a constant c.

5. Let (©,F) be a measurable space and f,,n = 1,2,... a sequence of
random variables. Show that

liminf f, and limsup f,

n—00 n—00

are random variables.

6. Complete the proof of Proposition 2.2.9 by showing that for a distribu-
tion function Fy(x) =P ({w: g < x}) of a random variable ¢ it holds

lim Fy(z) =0 and lim Fy(z) = 1.

r——00 T— 00
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10.

11.

12.

13.

14.
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. Let f:Q — R be a map. Show that for A;, As,--- C R it holds

7 <UA1) = Uf_l(Ai)~

. Let (21, F1), (92, F2), (Q3,F3) be measurable spaces. Assume that

f Q1 — Qs is (Fp, Fa)-measurable and that g : Qy — Qg is (Fa, F3)-
measurable. Show that then go f : ; — Q3 defined by

(g0 f)wi) := g(f(wr))
is (F, F3)-measurable.

. Prove Proposition 2.1.4.

Let (Q, F,P) be a probability space, (M,Y) a measurable space and
assume that f:Q — M is (F, ¥)-measurable. Show that p with

w(B) =P{w: f(w) € B}) for BeX

is a probability measure on .

Assume the probability space (2, F,P) and let f,g : Q@ — R be mea-
surable step-functions. Show that f and g are independent if and only
if for all z,y € R it holds

P{f=z9=y})=P{f=2})P({g=y})

Assume the product space ([0, 1] x [0, 1], B([0, 1]) @ B([0,1]), A x A) and
the random variables f(z,y) := L) (z) and g(z,y) := Ljo,) (y), where
0 < p < 1. Show that

(a) f and g are independent,

(b) the law of f + g, Py ({k}), for K =0, 1,2 is the binomial distri-

bution fig .

Let ([0, 1], B(]0,1])) be a measurable space and define the functions

f(l’) = ]1[071/2)(1’) + 2]1[1/2,1])(I),
and
g($> = ]1[071/2) (x) — ]1{1/4}($).
Compute (a) o(f) and (b) o(g).

Assume a measurable space (2, F) and random variables f,g: Q — R.
Is the set {w: f(w) = g(w)} measurable?
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15. Let G := o{(a,b), 0 < a < b < 1} be a ¢ -algebra on [0,1]. Which
continuous functions f : [0, 1] — R are measurable with respect to G ?

16. Let f : Q@ — R, k = 1,...,n be independent random variables on
(Q, F,P) and assume the functions g : R - R, k =1,...,n are B(R)-
measurable. Show that ¢1(f1), g2(f2), .., gn(fn) are independent.

17. Assume n € N and define by F := 0{(%, k—:l] for k=0,1,...,n—1}
a o-algebra on [0, 1].

(a) Why is the function f(z) =z, =z € [0,1] not F—measurable?

(b) Give an example of an F-measurable function.
18. Prove Proposition 2.3.4.

19* Show that families of random variables are independent iff (if and only
if) their generated o-algebras are independent.

20. Show Proposition 2.3.5.

4.3 Integration

1. Let (€2, F,P) be a probability space and f, g :  — R random variables

with
f:Zai]IAi and g:ij]IBj,
i=1 j=1

where a;,b; € R and A;,B; € F. Assume that {4;,...,A4,} and
{By,...By} are independent. Show that

Efg=EfEg.

2. Prove assertion (4) and (5) of Proposition 3.2.1
Hints: To prove (4), set A, := {w: f(w) > =} and show that

1 1 1
0=Eflly, >E-1,, = —El4, = —P(A,).
n n

n

This implies P(A,) = 0 for all n. Using this one gets
P{w: f(w) >0} =0.
To prove (5) use

Ef =E(fi=gy + fUrrgy) = Eflyp—gy + Ef Ly = Ef U=y
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3. Let (2, F,P) be a probability space and Aj, As, ... € F. Show that
P (lim inf An) < liminfP(A,)

< limsupP(4,) < P (limsupAn).

Hint: Use Fatou’s lemma and Exercise 4.2.1.

4. Assume the probability space ([0, 1], B([0,1]),\) and the random vari-
able

f= Z kg, ap)
k=0

with a_; := 0 and

k
)\m
A —
ap = e Eom!, for k=0,1,2,...

where A > 0. Compute the law P;({k}), k = 0,1,2,... of f. Which
distribution has f?

5. Assume the probability space ((0, 1], 5((0,1]), A) and

f(x) = 1 for irrational = € (0, 1]
T = 1 for rational z € (0, 1]

Compute Ef.

6. UNIFORM DISTRIBUTION:

Assume the probability space ([a, b], B([a, b)), ﬁ), where
—o0 < a<b<oo.

(a) Show that

a+b

Ef = [ flw)——d\w) =

where w) = w.
. . f(w)

(b) Compute

1
Eg = / g(w)b d\w) = where g(w):=w’
[a.0] ¢

(c) Compute the variance E(f —Ef)? of the random variable f(w) :=
w.

Hint: Use a) and b).
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7. POISSON DISTRIBUTION: Let A >0, Q :={0,1,2,3,...}, F := 2% and
Ty = i e_A)\—kék.
(a) Show that
Ef = /Qf(w)dw,\(w) =\ where f(k):=k.
(b) Show that
By = [ gldin() = ¥ where (k) i b(k = 1)

(c) Compute the variance E(f —Ef)? of the random variable f(k) :=
k.

Hint: Use a) and b).

8. BINOMIAL DISTRIBUTION: Let 0 < p < 1, Q := {0,1,...,n}, n > 2
F :=2%and

n

n _

k=0

(a) Show that
Bf = [ £)dunyf) =np where (k)= k.
(b) Show that
By = | 9()diinyl) =nln = 1" where g(k) i= k(i = 1)

(c) Compute the variance E(f —Ef)? of the random variable f(k) :=
k.

Hint: Use a) and b).

9. Assume integrable, independent random variables f; : £ — R with
Ef? < oo, mean Ef; = m; and variance o? = E(f; — m;)?, for i =
1,2,...,n. Compute the mean and the variance of

(a) g =af; +b, where a,b € R,
(b) 9= fi
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10.

11.

12.
13.

14.

15.
16.

CHAPTER 4. EXERCISES

Let the random variables f and ¢ be independent and Poisson dis-
trubuted with parameters A\; and Ay, respectively. Show that f + ¢ is
Poisson distributed

Prg({k}) =P(f+9=Fk) = ZP =lg=k—1)=

Which parameter does this Poisson distribution have?

Assume that f ja g are independent random variables where E| f| < oo
and E|g| < oco. Show that E|fg| < co and

Efg=EfEg.
Hint:

(a) Assume first f > 0 and g > 0 and show using the ”"stair-case
functions” to approximate f and g that

Efg=EfEg.
(b) Use (a) to show E|fg| < oo, and then Lebesgue’s Theorem for
Efg=EfEg.

in the general case.
Use Holder’s inequality to show Corollary 3.6.6.

Let fi, fa,... be non-negative random variables on (€2, F,P). Show that

EY fi=) Efi (<o)
k=1 k=1

Use Minkowski’s inequality to show that for sequences of real numbers
(an)e, and (b,)22; and 1 < p < oo it holds

(S eur) = () (S0r)
n=1 n=1 n=1

Prove assertion (2) of Proposition 3.2.3.

Assume a sequence of i.i.d. random variables (fi)72; with Ef; = m
and variance E(f; —m)? = 2. Use the Central Limit Theorem to show

that
— B »
o\v/n 27 J_ oo

as n — OoQ.
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17. Let ([0,1],B([0,1]),A) be a probability space. Define the functions
fn:Q — R by

f2n($) = 7”&311[0,1/2n](35) and f2n71<x> = ng]l[l—l/zn,l}(ﬂf),

where n =1,2,....

(a) Does there exist a random variable f : Q — R such that f, — f
almost surely?

(b) Does there exist a random variable f : Q2 — R such that f, ER f?

(c) Does there exist a random variable f : 2 — R such that f, Ly f?
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