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Abstract

This work is to develop methodology to detect influential observations in linear
mixed model for multiple-period two-treatment cross-over designs. Existence of
explicit maximum likelihood estimates (MLEs) of variance parameters as well as
of mean parameters in the mixed model with treatment, residual, period and se-
quence effects is proven. Special reference is taken to the four-period ABBA|BAAB
design. Case-weighted perturbations are performed. The influence quantities on
each parameter estimate and their dispersion matrix are presented as closed-form
functions of residuals in the unperturbed model.

Keywords: Delta-beta influence, Explicit maximum likelihood estimate, Mixed
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1. Introduction

Cross-over designs, also mentioned in the literature as change-over, multiple time
series or repeated measurements designs, are designs in which each subject receives
more than one treatment in certain order (Jones and Kenward, [1989). The cross-
over designs can reduce the number of subjects needed in studies, which in many
applications may be plots of land, animals or human beings. This is particularly
important if there are ethical concerns or with scarce or threatened populations.
Therefore, multiple-period cross-over designs are common employed in many fields.

From a statistical point of view, the main advantage of cross-over designs is that
they result in an increase of statistical power since each subject can serve as its
own control. Due to the fact that subjects in the study are often randomly se-
lected from a large population with unknown variance, subject effects are typically
random effects. Recently, interests is to study cross-over designs within the frame-
work of mixed linear models (see e.g. |Carriere and Huang, 2000; Hedayat et al.,
2006 'Yan and Locke, 2010; Hedayat and Zheng, 2010)).

Although linear models are extensively applied in studies of cross-over designs,
most of the available contributions focus on the associated optimal designs or
tests under the assumed models. The sensitivity of the models, which is one of



the most important issues when validating the model, is seldom discussed in cross-
over design studies. One way to formulate the sensitivity problem is to develop
statistics robust to minor perturbations on the cross-over design model (Putt and
Chinchilli |2000). However, there are other formulations. Suppose that a minor
perturbation exists in a single or a few observations of the model. Influence anal-
ysis evaluates the changes on the estimators or test statistics after a perturbation
has been performed and aims to identify the observations that have dramatically
large influence. Such observations are defined as influential observations (Belsley
et al., 2004). This work aims to carry out influence analysis for multiple-period
two-treatment cross-over designs.

Except for Hao et al| (2011), no pervious work, by the authors’ knowledge, de-
velops methodology to detect influential observations in cross-over design, either
in mixed linear models or in fixed-effect linear models. We extend the delta-beta-
based local influence approach proposed by Hao et al.| (2011) for two-sequence
two-period cross-over design to multiple-period cross-over designs. An underly-
ing mixed linear model is assumed. Closed-form maximum likelihood estimates
(MLEs) of the parameters in the cross-over designs are utilised. Although other
influence diagnostics for general linear mixed models are expected to be able to
detect the influential observations in cross-over designs, e.g. the methods in Lesat-
fre and Verbeke| (1998) or Christensen et al.| (1992), the fact that our influential
quantities yield explicit expressions as functions of the residuals helps to interpret
the data and is computationally more efficient.

In the next section, we start with a mixed linear model for general two-treatment
cross-over designs. Examples of its specification in various cross-over designs are
provided. Basic tools of influence analysis, e.g. perturbation scheme and objective
functions of influence are defined in Section 3 and applied in the coming discus-
sion. Explicit results of the influence analysis for a balanced four-period cross-over
designs, which is referred to as the ABBA|BAAB design, are presented in Section
4. Section 5 contains our final conclusions and remarks.

2. Model

Throughout this paper, upper case letters with bold face denote matrices, bold
lower case letters denote column vectors and non-bold lower case letters with sub-
scripts are used to show elements of matrices or vectors. Let I, , 1, and J,, = 1plg
denote the p x p identity matrix, the p x 1 vector and the p x p matrix with ele-
ments equal to 1, respectively. The symbol ® represents the Kronecker product of
matrices. Moreover, the vector space generated by the columns of the p x ¢ matrix
A, C(A), is given by C(A) = {a: a = Az, z € R?}. The orthogonal complement
to C(A) is denoted by C(A)*, and a matrix of which columns generate C(A)* is
denoted by A°. The p-dimensional multivariate normal distribution with mean
vector g and covariance matrix ¥ is denoted N,(p, X).

In the following discussion, the terminology subject will be mentioned as a unit of
experiment, observation as data observed in single period within the subject, and



a case is a subject or a observation in general.

2.1. General model for cross-over designs

The key feature of cross-over design modelling is that each response can be af-
fected not only by the “direct” effects of the treatment in the current period, but
possibly also by “residual” effects from treatments applied in previous periods.

This work will focus on the comparison of two treatments in a experiment, treat-
ment A and treatment B. It can be studied by a two-treatment cross-over design
d with s sequences and p periods. Following the notation of |Kershner and Federer
(1981)), we denote the design COD(2,s,p). Let y;;, represent the response ob-
served during the k-th period on j-th subject within the i-th sequence under the
design d, with ¢ =1,2,...,s; 7=1,2,...,n; k=1,2,...,p. |Kershner and Fed-
erer| (1981) surveyed a list of frequently used linear models in cross-over designs,
which were rewritten by (Carriere and Reinsel (1992)) for two-treatment CODs as

Yijk = 1+ ap + 0Py ) + pPagr—1) + A + Vij + €, (1)

where p is the general mean, a4 is the effect of the k-th period, and \; is the
effect of the i-th sequence. The function value of d(i, k) stands for the treatment
that is assigned to the i-th sequence during the k-th period by the design d. Let
d(i,k) = 1 denote treatment A, and d(i, k) = 2 treatment B. We define &; = 1/2,
P, = —1/2 and @g4(; 0y = 0. The parameter ¢ is the direct treatment effect contrast
between treatment A and B, and p is the first-order residual effect contrast between
treatment A and B. The effect +,; represents random individual effect of the j-th
subject within sequence ¢, which is assumed to be 7;; k& N(0, 03) and independent

2 and o2

5 2 are supposed to

of the random error €, "id N(0,02). The variances o
be unknown.

2.2. Reparametrization

Model is over-parametrized. In order to eliminate the redundancy of the
parameters and to obtain unique mean estimators, reparametrization on nuisance
parameters, i.e period effects and sequence effects, is commonly done. Examples
of reparametrized in various cross-over designs are provided.

COD Example I. AB and BA design.

In the simplest two-sequence two-period cross-over design, where s = 2 and p = 2,
subjects are administered with two sequences of treatments, to receive treatment
A followed by treatment B (sequence AB) or to receive treatment B followed by
treatment A (sequence BA). It implies a design function d(i, k) given by

. Lt (1,k) € {(1,1),(2,2)},
i, k) = {2, if (i, k) € {(1,2), (2, 1)}

In matrix notation and standard mixed models notation, model (|1)) for the AB|BA
design is specified as

y=XB+ Zy +e, (2)



where the response vector y= (Y111, Y112, Y121, - - - » Yon2) -, the vector of random ef-
fects y= (711, 12, - - - , Y2n) T, and the vector of random errors € = (€111, €112, - - -, €2n2)" -
The matrix Z=IL,RI,®15 is the 4n x 2n known incidence matrix for 4. Since in the
ABI|BA design, the residual effect p is completely confounded with the treatment
and sequence effects, without loss of generality, the restrictions

ap = —ay =7/2,
A= =X = A\/4,
p=0,

are set on the original mean parameters space of model . Define the parameter
B = (u,m, ¢, AT to be the vector of reparametrized unknown mean parameters.

The matrix X = (X111, X112, X121, - - - , Xon2) 18 @ 4n X 4 known design matrix for f.
The column vector x;;;, is a row of X written as a column, which for j =1,2,...,n,
is given by
— 11 1T
X1 = ( 1 2 2 1 ) )
— _1 _1 1\t
Xij2 = ( 1 2 2 1 ) )
— 1 _1 _1)\T
X2j1 = ( 1 2 2 4 ) )
— _1 1 1T
X252 = ( 1 2 2 1 ) :

COD Example II. ABB and BAA design.

Consider a cross-over design with s = 2 and p = 3, where each subject is allocated
to the treatment sequence ABB or BAA. It implies a design function d(i, k) given
by

d(Z k) — 17 if (Z>k) S {(17 1)7 (272>7 (273)}7
) 2,0 (i k) € {(1,2),(1,3),(2,1)} .

In standard mixed model notation, model for the ABB|BAA design is specified
as

y = XB + Zy +¢, (3)
where the response vector y = (y111, Y112, Y113, Y121, - - - ,y2n3)T, the random effects
v¥= (711, Y125 - - -y ’YQn)T, and the random errors € = (6111, €112, €113, €121+ - - » €2n3>T.

The matrix Z = I, ® I, ® 13 is the 6n x 2n known incidence matrix for 4. The
difference between the ABB|BAA and the AB|BA cross-over design model is that
the residual effect is not confounded. Without loss of generality, the restrictions

ap = /2 + me/3,

g = —m /24 72 /3,
a3 = —2/3¢s,
A=A = (A +9)/6,

are set on the original mean parameter space of . Define the parameter
B = (u,m1, 7, b, p,A)T to be the vector of reparametrized unknown mean pa-
rameters. The matrix X = (X111,X112,X113,X121, C ,XQng)T is a 6n x 6 known
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design matrix for B, where the vector x;;;, for j =1,2,...,n, is given by

xpo= (13 4 3 0 1),
e = (1 -4 4 b 3 )
xyp = (10 =2 =3 -4 )Y
xop = (13 4 =2 0 ),
o = (1333 b )T
xop = (10 =3 3 5 =)

COD Example I1I. ABBA and BAAB design.

Consider a cross-over design with s = 2 and p = 4, where each subject is allocated
to the treatment sequence ABBA or BAAB. It implies a design function d(i, k)
given by

ai ) = 1,if (i,k) € {(1,1),(1,4),(2,2),(2,3)},
’ 2,if (i,k) € {(1,2),(1,3),(2,1),(2,4)}.

In standard mixed model notation, model for the ABBA|BAAB design is
specified as

y = XB + Zy +¢, (4)
where y = (Y111, Y112, Y113, Y114, Y121, - - - 7y2n4)T7 ¥ = (M2 7’72n)T7 and
€= (6111, €112, €113, €114, €121, - - - ,€2n4)T. The matrix Z = 12 X In &® 14 is the 8n x 2n

known incidence matrix for y. Without loss of generality, the restrictions

ap =m /24 m/3 + ms/4,
ay = —m /2 + /3 + 3 /4,
a3 = —2/3my + m3/4,

ay = —3/4¢3,

M ==X = (A+p)/8,

are set on the original mean parameter space of . Define the parameter
B = (p, 71, m, 73, $, p, A)T to be the vector of reparametrized unknown mean pa-

rameters. The matrix X=(x111, ..., X114, X121, - - - ,X2n4)T is a 8n x 7 known design
matrix for B, where the vector x;j; is for j = 1,2,...,n, given by

xp = (1§ 5§ 3 & &),

xp = (1 -5 3+ 1 -5 2 1),

o= (100 -3 1 -b 3T

o= (100 =3 b4t

on = (13 3 41 -5 -1 1),

e = (1 b 1 b -3 )

xys = (10 =2 1 3 i 1),

X0 = (10 0 =% -4 2 1)



2.3. Explicit maximum likelihood estimates

There are alternative model setups for mean parameters of cross-over designs. For
example, the model without sequence effects is the most frequently used; |Kershner
and Federer| (1981)) mention that the treatment-by-period interaction model is fre-
quently applied for COD(t,t,p), where the numbers of treatments and sequences
are equal; Afsarinejad and Hedayat (2002)) propose a model with self and mixed
carry-over effects; Park et al| (2010) introduce the interaction terms of direct ef-
fects and residual effects to model.

Model (/1)) is preferred to its alternatives without sequence effects because it ensures
the existence of the explicit maximum likelihood estimators (MLEs) in general
COD(2,s,p), given that the variance parameters a?Y and ¢? are unknown. One
important finding is that model can always be represented as two randomly
independent homoscedastic linear models with independent sets of parameters.
This is shown in the following theorem where the explicit MLEs in for the

ABBA|BAAB design are derived.

Theorem 2.1. In the two-sequence four-period cross-over design, where each sub-
ject is allocated to a treatment sequence ABBA or BAAB, model s equivalent
to two independent homoscedastic models with functionally independent mean and
variance parameters given by

Ys = XLBI +N, M NQ”(Oa U%IQn)v (5)
Ya=Xofy+ny, My~ N6n(070316n)a

for some responses vectors y, and y,, and design matrices Xy and Xy of proper
sizes, where the parameters

131 = (/La )‘>T7 132 = (7T17 T2, T3, ¢7 p)Ta

contain separate sets of mean parameters, and the two random-error vectors n,
and n, are mutually independent, with separate variance parameters

2 _ 2 2 2 _ 2
oy =0, +40,, o3 =0,

Proof. The result can be proven by pre-multiplying with an orthogonal matrix
T=10L,2(T,: Ty)" (6)
to both sides of model ([4) which satisfy
C(T,) =C(3J)) and C(Ty) =C(T,)".

Since the transformation matrix T is of full rank and orthogonal, a transformed
model can be inverted into by the transformation T". The two model systems
with respect to the transformation T are equivalent.



Let us denote the subvector of the responses and the submatrix of the design
matrix in (4]) for the ij-th subject by

Yij = (yijla Yij2, Yij3, yij4>Ta
X;; = (Xijh Xij2, Xij3, Xij4)Ta
and the within-subject covariance matrix
Y =Var(y;) = 0§J4 + 021y,

fori=1,2, 7 =1,2,...,n. It can be verified that the transformation matrix T
has two effects on (4]):

(i): On the variance parameter space of ([4)), i.e.
¥ = (0 +407) P, + 0. Py, (7)

where

Pr, = T.T, = {Ji, Pr,=T,Tj=1~1J, (8)

are orthogonal projections on C (T) and C (Ty), respectively.
(ii): On the mean parameter space of ({4, i.e.

C(X;;L) CC(T,) and C(X;L°) C C(T,)" =C(Ty), (9)
where
0100000\ "
- 0010000
1000000 ]
L= , L°=|0001000 | . (10
0000001
0000100
0000010

Now we will show that the transformed model can be formulated as . Without
loss of generality, let

1/2 /2 1/V/10  2/V10
|12 | -2 2/v10 -1/v10
T. = 12 |’ Ta= ~1/2 —2/V10  1/vV10 | (1

1/2 1/2 —1//10 —2/v/10

The response vector of the transformed model can be partitioned into two vectors
written as

_ T _ T T T T
Vs = Wsa1:Ysi2s -5 Ys2n) 5 Ya = (YVarr Yaizs - Yaon)
2nx1 6nx1

with
Ysij = To ¥ Yaij = Tqyy, fori=12 j=12,.n (12)



Based on , the variances satisfy

Var (ys;) = 02 + 403, Var (yu.;) =021, Cov (ysij, ¥ai;) = 0.

Based on @, we have
L'X.T;=0, L"X.T,=0,

which imply that

C(X;;Ty) CC(L° and C (X;;T,) CC(L).

(13)

Because LL" and L°L°" are orthogonal projections on C (L) and C (L°), respec-

tively, the expectations satisfy
E (ysj) = TEXZ']‘,B TTX LLT,B
E (-Yd,ij> = TdTijﬂ = TEXZ'jLOLOTﬂ,
where

IB: (;ua Ty, T2, T3, ¢7 P, )‘)T

By denoting

2 _ 2 2 2 _ 2
oy =0, +403, 05 =0,

,31 = LT,Ba 132 = LOT,B,
and

T T T
X, = (X1,117 X112y -+ - ,Xl,zn) ) Xy = (XQ 115 X2 125+
2nx2 6nx5

with

xL; =TI XL, Xou=To XL, fori=1,2, j=1,2,...,

and since normality holds, the theorem is proven.

XD

n, (14)
[ |

Theorem 2.2. Consider a balanced ABBA|BAAB cross-over design with n sub-

jects in each sequence. Denote the averages of responses 7¥,; = _Zy"ﬂ“ for

i=1,2, k=1,2,34.
(i) The MLE of B in is given by
%(3/11+ Yo+ Yz + 1914)‘%(
5(?/1-1 - ?/1-2)+%( — Ya)
1T+ T1o = 2018) +1(%2

B=| W1+ Vot Uiz —3V14)+5(Tor+ oot Yos—
%(6_ 1= 12— Y13+ 4@1.4) _%(6% 1~ 3Ygo— TYas+ 4@2-4)
1
1ol

Ui+ Yo+ Uiz + Urg) —

1+ Yoo+ Uoz + Uoy)

1+ Yoo — 27n3)

214+ 4y~ 413~ 2Y14) — %(2% 1+ 4Y0— 4Ys5—
( (Y21 + Yoo + Yoz + Vo)

Jj=1

3Ys.4)

2@2.4)




(ii) The dispersion matriz ofB s given by

402402 0 0 0 0 0 0
0 2 0 0 0 0 0
0 0 ¥ o 0 o0 0
1
DB - - 0 0 0 X 0 0 0
1103 O'g
0 0 0 o0 Moo o 0
2 402
0 0 0 o0 % 0
0 0 0 0 0 0 8402+02)

(iii) Let the residual in the unperturbed model for a single subject be denoted by
rij=y;—XiB, 1=1,2, j=1,2,...,n. The residual of prediction for the j-th
subject within sequence ABBA equals

Ir; = r'wij + PlerB~
The residual of the j-th subject with sequence BAAB equals
Iy; = I'wa; — PlerB-

We denote ry;; the 4 x 1 vector of within-sequence residuals for the ij-th
subject and rg the 4 X 1 vector of between-sequence residuals given by

Yij1 — Yiq Y11 — Y21
12 _i~ 1 U 9 [ .
I'wi; = vz gQ ) I'B:§ gm gm ) (15>
Yija — Y;.3 Yi.3 = Ya3
Yija — Ui Y14 — Y24
and the matrix
T
. 2 11 2
PleszleTl, with Ty = (\/—1—0 ~ 7m0 V1o —\/—1—0) , (16)

is the orthogonal projection on the column space C (Tqy).

(iv) The MLEs of o2 and 02 equal
1y 1
— _ZrWU — 1 4) I‘W”—f— 31"BPTd11"B,
L or
U7 on erw — 1) ry; — 12rBPTd1rB.

Proof. In the proof of Theorem 2.1} the transformation is invertible. Thus, MLEs
n can be obtained from the MLEs in , and vice versa. According to @D,

we have
L'X!Pr, =L'X, L"'X P, =L"X].

177

9



Therefore,

XX, = I'X" (I, ® Pr,) XL= L"X"XL = n (

(XTX,) ™ = (L"X" (I,,@ Pr,) XL)

— (L"™X"XL) " =

8
0

(XTX,) ' XTI, T = (L"X" (I, ® Pr,) XL) L™ XT, Py,

1

_ 1 3

= (L"XTXL) ' L™X}, = - ( ;
n\ 1

1
8
1

(XTX,) ' XL, T" = (L™ X" (I, ® Pr,) XL) ' L™ X%, Py,

1
— (L"XTXL) ' L"XL = % ( i

and

X; Xy = L' X" (I, ® Pr,) XL°

1
0
= L' XTXL°=n| O
0
0

S O O wk O
O O Nw O O
v N O O O
2 v o o o

(XIX2) ™ = (L"XT (I, ® Pr,) XL°)

1

1

0
= (L"X"XL%)" :% 0
0
0

S O O klw O
o O whn O O

le
= ol O O O
Gl gl O o O

1
n

1

8
-1 -1

o= O

)

O ool

= ol

(XIX,) " XTI, T = (L°* X" (I, @ Pr,) XL°) ' LT X}, Py,

1 1
2 2 0
1 1 1
N

-1

= (L"X'XL’) XL == &+ &
J n 6 6 6
5 3 1
10 20 20
12 2
5 5 )

10

a= gl= iR O O




(XIX,) ™ XL, T} = (L' X" (I, ® Pr,) XL°) ' L'" X3, Py,

-1 0 o0
2 2
1 1 1
X i 1 3z 0
_ (70T xTxwgo\ ! yoTT _ + 1 1 11
_(L XXL) L X2j_n 6 6 6 2
3 3 7 1
10 20 20 5
122 1
5 5 5 5

For each separate model in , the homoscedastic setup is satisfied. Then, the
MLEs of the mean parameters are identical with the ordinary least squares esti-

mators given by

B, = (XIx,) " Xly, = (I"X'XL) " L'X"y

( é(?m + Yo+ Y3+ Yra) + %(@2.1 + Yoo+ Yoz + ym))
(Y11 + Yo+ Uiz + Y1) — (Y21 + Yoo + Yoz + You)
BQ _ (XgX2)—1 Xg‘yd _ (LOTXTXLO)_l LOTXT,Y

3( 11— Ti2) +5( Vo1 — T2o)
(U1 + Y12 — 2G13) +3

= %(@1-1 + Yo+ Y3 — 3@14)"‘%(@2.1"‘ Toot+ Taz— 3Yay) ;

(@2.1 + y2-2 - 2?2-3)

6?1-1 - 3@1-2 - 7@1-3—{— 4@1-4) - 2%)(6g21 - 3@2-2 - 7?2-3+ 4?2-4)

30
20
%(2@11 + 4719~ 4Y1.3— 2Y14) — 1_10(2@2.1+ 4.0~ 423~ 2Ua.4)

with dispersion matrices

~ L oo2t402 (5 O
D[ﬁ] - 2((X'x) =2 ,
1 (X)) 0

100 00
020 00
2 T 1 03 2
D[Z] = B(XIX) =221 003 00
000 &% 3
000 & 2

Thus, the results in (i) and (ii) are proven.
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It follows that the subject residual in equals
ry =Y — X1j,3

4 1 1 1 11 1 1 m
Yij1 5 0 5 5 10 10 5 Y11
1 1 1 1 1 1 1 7
Yz | 10 20 T10 10 20 20 10 Y12
o ) 1 1 1 1 1 _1 1 _ 1 ’
Y153 10 20 20 10 10 20 20 10
) 1 _1 1 4 1 1 _ 1 1 —
Y144 5 10 10 5 5 10 10 5 Yo.q
Ir; = Yo; — X;B
11 1 1 4 1 1 1 m
Y251 5 10 10 5 5 10 10 5 Y11
1 1 1 1 1 19 1 1 7
%2 | "0 20 "2 10 10 20 20 10 Y12
o . 1l _1 1 _1 _1 1 19 1
Y243 10 20 20 10 10 20 20 10
. 1 1 _ 1 1 1 _1 1 4 —
Y2j4 5 10 10 5 5 10 10 5 Yo.q

Thus, the result in (iii) is established.

The homoscedastic setups also imply that the MLEs of the variance parameters
in (5)) equal
1 T 1
~2 T T T
o] = o i (Ts rij) (TS rz-j) = o ZerijPTsr,-j,

J
~2 _ 1 7T T T _ 1 Tp
%2 = 6 — ( drij) ( drij) = 6_nizjrij TyTij-
Since ry; = rwy1; + Pr, rp, Iy; = rys; — P, rp, and the column spaces
C(Ty) CC(Ty) =C(T,)",
we get

o 1 1 !
Jf = o Z (I'EVMPTSTWU) + o Z (I:]E/QjPTSrWQj) = on Z ra/ijPTerija
ij

j j
1
~2 T T T
=g E (r31; Pr,rwj + 2rpPr ryy + rpPr, rp)

1
+ @ Z (rTWZjPTerQj — QFEPlerWZj + IJEPTFMI.B)

J

1 1
" 6n > (t91;Pryrwy; + rpPr, ) + 3_nr§PTd1 > rwy
g ;

1 1
+ @ Z (ra/QjPTerZj + I'EPlerB> — %rEPle zj:rwzj

J

1 1
= 6_n Zra/ijPTerij -+ gl"’gPlel'B.
ij

12



The MLEs &2 and 67 in (2) equal

1 1
_ _ E T T

1
- _ZFW’L] 4 4) Iy + 31'BPTd11'B,
and
A2_1 2 o~y 1 - p P 1 p
0'7 = Z (0'1 _0'2) - %ZrWU (3 Ts — Td>rWij 121‘3 T, TB
1
- ZFWU — L) rwy; — 121'BPT0“1'B

3. Delta-beta-based local influence

3.1. Basic concepts

The principal idea associated with local influence is assuming a small perturba-
tion on the interested model and aims to evaluate the changes of this perturbation
on key statistics, e.g. on the observed likelihood or on the maximum likelihood
estimates of parameters. According to the statistics of interest, the local influence
analysis can be categorised into two classes: the likelihood-based local influence
approach (Cook] (1986]) and the delta-beta-based local influence approach Hao et al.
(2011]).

To identify the influential observations in the ABBA|BAAB design, we extend the
methodology proposed by Hao et al| (2011)) for 2x 2 cross-over design, namely
delta-beta-based local influence approach, to multiple-period cross-over designs.

Three important concepts used in the work of Hao et al.| (2011)) for 2 x 2 cross-over
design are the case-weighted perturbation scheme, the delta-beta influence func-
tion and the variance-ratio influence function. We express the general definitions
for them as follow.

Definition 3.1. Suppose that a perturbation scheme P(w) exists such that the
response vector is modified from y to y p(,y, and the design matriz from X to Xp(y).
With respect to a subset I of observations, P(w) is the case-weighted perturbation
scheme if and only if it satisfies the following two criteria.

(i) The subset I of observations is analogous to be removed when w=0;
(i) ¥pwo) =¥ and Xp,) = X for some null perturbation weight wo.

Let us call the model
Yrw) = XprwB + Zy +e (17)

13



the perturbed model of , which assumes y ~ Noy(0,02L,), € ~ Ngn(0,0215,,),
and Cov(vy,€)=0. The influence of the perturbation with respect to the set I on
mean parameters in can be measured by the delta-beta influence.

Definition 3.2. Let B(w) be the MLE of B and D [,B(w)} be the associated dis-

persion matriz under the perturbed model. The delta-beta influence contains two
statistics

(i) The statistic A,B with respect to a perturbation P(w) on the subset I of
observations is defined by

ArB = B(w) — B(wy). (18)

(ii) The statistic AD [B] with respect to a perturbation P(w) on the subset I of
observations is defined by

AD|B| = D|Bw)| - D|Bwo)] . (19)

where lA)[B(w)} and ﬁ[ﬁ(wo)} are estimators of D[B(w)] and D[,B(wo)], re-

spectively, when the MLEs of 03 and o? are inserted.

The influence of the perturbation with respect to the set I on variance parameters
in can be measured by the variance-ratio influence.

Definition 3.3. Let 02(w) and o2(w) be the MLEs of the variance parameters
under the perturbed model. The variance ratio for random errors (VRE) and the
variance ratio for random effects (VRR) with respect to the perturbation P(w) on
the set I of observations are defined by

AT
VRE; = 2 (wn)’ (20)
02 (w)
VRR; = o) (21)

A natural example of a case-weighted perturbation scheme with respect to subset
I is that all the observations within the subset are scaled by the same perturbation
weight w. A perturbation defined by the following perturbation scheme to the ij-
th subject in the ABBA|BAAB design will be used through the next section. For
other possible perturbation schemes, we refer to Hao et al.| (2011) and Beckman
et al| (1987).

Example. Let

Wy wX7
Yp@w) = ( Y ) , and Xp(,) = ( X1 ) , (22)



for some non-negative w belonging to the neighbourhood of 1. The vector y; and
the matrix X; denote the subvector of responses and the rows of design matrix
for the set I, respectively. The vector or matrix with index [I]| represents the
associated vector or matrix with the set I removed. The null perturbation weight
mentioned in Definition exists at wy = 1 for (22).

3.2. Basic algebra for influence analysis

The result presented in the following auxiliary lemma for the homoscedastic linear
model will be extended to the cross-over design models with unknown variance
within subjects in the subsequent.

Lemma 3.1. Let us consider the following homoscedastic linear model

y = XB +¢, € ~ N,(0,0°I), (23)

rve n

where B and o? are unknown. Assume that the case-weighted perturbation scheme
P(w) in (23) is applied to the subset I of observations in the above model. The

functions defined by (18) to (20) equal

- 1 -1
Alﬂ = (XTX)_l_X}F (HI — 1_ wz I) ry, (24)
" 1 -1
ArD [ﬁ} — F2(XTX)1XT (1 —1- HI) X (XTX), (25)
1 -1
I,’II‘ ( I-— H]) ry
1—w?
VRE; = 1— , (26)

r‘'r

where the matrix Hr = X; (XTX)_1 XIT 1s the submatrix of the hat matriz
H=X (XTX)71 X", and the vector r; = yI—XIE(l) is the subvector of residuals
r=y— XB(1) for observations belonging to set I.

Proof. In the perturbed model, we have
Xp) Xpw) = XXy +w? X7 X, = X' X + (W* = 1) X7 X,
and

XpYprw = Xy + @’ X1y = X'y + (0 - DXy,

If the matrices A, A + BCD and C are non-singular, it is well-known that
(A+BCD)'=A"-A"'B(DA'B+C')"'DA™".

For the perturbation let A = X'X, B" = D= X, and C = (w? — 1)I. Then,
—1
-1 _ _ 1 _
(XpXprw) =XX)"'+(X'X)"'X7} <ﬁ1— HI) X (XTX)7 !
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For the observations in set I, denote the predicted values in the unperturbed model
yr=XiB(1) =X (X"X)"' X"y
Then, the MLE of 8 under the perturbation equals

Bw)= (XbuwXrw)  (XEw¥rw)

-1

1 . _
- H) $1+ (@ 1)(X"X) ' XTy,

— w2

B+ (XX XT (5

1
— w2

-1
+ (W - D(XTX)IXT <1 I- H,) Hy,

1
— W2

1 —1
H(XTX) I XT (1_—WQI—H1) (1— (w2—1)H[+(w2—1)HI>yI

B+ X ([T ) 5

1 -1
2I—H]) rr,

—B) - (XX XF (=

with dispersion matrix

D [B(w)] = (XbXrw) o’

— w2

~ 1 -1
= D[B()] +A(X" X)X} <1 I- H1> X (XTX)™
The MLE of % under the perturbation can be calculated by

no* (w) = Y]To(w).YP(w) - YITD(W)XP(w)ﬂ(W)

-~

=y'y+ (W -Dyly, -y XB(1) — (W = )y ¥,

. 1 - 1 -
+ ,Y}F (1—(,021_ H]> rr + (w2—1)y?H1 (mI— H]) ry

~ R 1 -1
= (yTy—yTXﬂ(1)> +31 (1_sz+ Hz) ry
1 —1
4yt (1— (w? — DH; + (? — 1)H,> (1 —I- HI) rr

1 -1
2 T
= no (1) — Iy (1——&]21—_HI) ry.
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If the number of observations in set I is 1, the above Lemma can be simplified.

Corollary 3.2. If the subset I is composed of the i-th observation in model ,
the functions calculated in Lemma|3.1| reduce to

(W? = )r;

a T —1

~ 1 — w?)5? B 3

s [f] - S e it
2_1 2
VRE, =1+ — 2 n

(w? = Dhy+ 150 2
where the column vector x; is the i-th row of the design matriz X, the scalar

hi = XiT(XTX)_lxi denotes the i-th diagonal element of the hat matrixz for the
unperturbed model, and r; = y; — x;4(1) is the residual of the i-th observation.

4. Results for the ABBA|BAAB design

It will be proven in this section that the cross-over design model can be refor-
mulated in a form where influential quantities for deletion or perturbation have
closed-form solutions. The influences of the 7j-th subject on the estimates of the
fixed effects and the variance parameters, which are defined in the previous section,
are presented in Theorem [4.1]

Theorem 4.1. Assume that the case-weighted perturbation scheme Pw) in
is applied to the observations of the j-th subject within the i-th sequence in model

. The functions defined by @ to are
(i)

~ w? —1
Ay = ————FiPrry
iB 02 +tn—1 T T'Wij
w?—1 2(w? — 1)
1ot Gy Ty Gty
(i)
I R E————
y = ——————F,F/ (0. +40
! n(w?+n-—1) 7
4 1— wz G P GTAQ 4 2(1—(,()2) G P GT/\Z
———G; 0o+ —————G; X
n(w?+n—1) T i T n(w?+2n—1) T i T
(ii)
VRE. — 1+ (W2 —1)n rg/ijPTerWij
ij =

2 _ T - T .
w:+n—1 Zij ryy i P, twij + sz rr; Pr, Irij

T

(w? —1)2n rr;; Pry, rrij
2 _ T - T 7
w®+2n—1 sz vy Pr,rwij + Zij rr; Pr, rrij
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(W?=1)n Iiyi; (3P, — Pr,,) twy;
w2 +n—13% Iyyi; (3Pr,— Pr,,) i+ 3 Prarrij

(w?—1)2n 73, Pr,, Trij
w2+2n—13%" 1y 3P, — Pr,,) rwij + 3, tri Pry, rrig”

where the vectors

Yij1—Yi1 Yij1—Y.1
Yije—Yio Yijo—Y..9
Iywi; = _ y  Trij = _ )
Yij3—Yi3 Yij3—Y.3
Yija—Yi.4 Yija—Y..4

are defined as the within-sequence residual and the total residual of the j-th subject
in the i-th sequence, respectively. The matrices

F, = nL(L"X"XL)" L"X!

17
G; = nL* (L' X"XL°) ' LTX],
i =1,2, with L and L° defined by (@, and the orthogonal projections
Pr, = T,T;, Pr,=TauTy, Pr,=1—Pr—Pr,,
with
1 1 1 1\7T
T. = (3 3 35 3)
. - (2 1 1 2 \'
al — V10 V10 V10 V10 ’
are decided only by the cross-over design function d(i, k).

Proof. Use the matrix T defined in @ to pre-multiply both sides of the perturbed
model. The restriction on the perturbation scheme that the observations within
each subject are scaled by the same perturbation weight enables the perturbed
model to be splitted into the following two models

.YS,P(w) = Xl,P(w)lBl + YD (29)
Yd,Pw) = X2, P(w)B2 + M2,

where the parameters 8,, B,, the random terms 7, and 7, have the same meaning
as those given in . Let us denote the perturbed response variables

YsPw) = (ysT,[ij] : wys,ij)T and Ya,Pw) = (ydT,[ij] : wy;lr,ij)T7
and the perturbed design matrices

X pw) = (Xt wxig) " and Xo pe) = (X wXo )"

i]
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where y, i, Ysij» X1,5 and Xy j; are defined in (12]) and .

By applying similar simplifications as the proof of Theorem [2.2] the submatrices
of the hat matrices of the above models before perturbation associated with the
17-th subject equal

Hy;; = Xo,(X5X0) ' X,

2,ij

— T0X,;L° (L*X"XL°) ' LT X} Ty,
where T, and T, are defined by @

Obviously, h;;; and Hs;; depend on the choices of T and T,. However, since T
in @ is given uniquely by

T, = (

13\7T
)

DO [ =
N | —

1
2

we have
r . .
hl,ij:_; 221,2,j:1,2,...,n.
n
Let us do a spectral decomposition on Hs,;;. Without loss generality, a choice of
T, in is utilised through this proof in order to simplify the decomposition,
because it follows

H,,;; = L i=1,2,7=1,2,...,n

O O =
o = O
= O O

Later, will be referred to as the canonical transformation for the ABBA|BAAB
design because its columns can be divided into three sets of normalized orthogonal
vectors which span the column spaces

C(T,), C(Ty) and C(T,: Ty)*,

respectively, where Ty is introduced by and determined only by the design
matrix of treatment effects and residual effects in . The orthogonal projections
on the above column spaces are denoted by Pr,, Py, and Pr,, in the given order.

It follows that

w? —1 B (w2 —1)n
(w2—1)h17ij+1 N w2+n—1’
(W2—1)n
) . w1V 0
2—1)n
0 0 (w2=1)2n

w2+2n—1

According to Lemma 3.1}, Corollary [3.2] and Theorem [2.2] (iii), if the perturbation
occurs within sequence ABBA, the MLEs in equal,
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w?—1
(Cd2 — 1)]1171]' -+ 1
(w? = 1)n
w2+n-—1

(X7 X0) %, Ty
(L*XTXL) ' L™XT 1wy,

~ ~ ~ 1 -1
Bo(w) = B(1) + (X3 X5) "' X (Hz,lj - 1_—u)213) Tyr;
—1

~ 1 1
B,(1) + (L' X"XL’) L' X|, T, <H2,1j—1_—w213) T} (rwij+Pr,rp)

~ w?—1)n —1
= B,(1) + # (LTXTXL) " LT X{;Pr,,ry;
(w? —1)2n

~1
w?24+2n—1 (LOTXTXLO> LOTX;I‘;Ple (rwj+rp).

with the corresponding dispersion matrices

> w?—1 _ B ~
D [ﬂ1(w>} = (w2—1)h11-+1(X1TX1) 1X1,1jX1T,1j<X1FX1) 1‘7% +D [,31(1)}
) .]
1—w? - _ .
= —52 - :_)”1 (L'X"XL) 'L'XL,X,,L (L"X"XL) o? + D [ﬁl(n] ,

-1

D [Bz(a’)} = (X3 X5) ' Xp5 (1%&13 - H2,1j) X, ;(X;X5) 05+ D [32(1)}

_ (1—(,02)77/ (LOTXTXLO)_lLOTXrlT-PT Xl'LO (LOTXTXLO)_lO'%
w4 n-—1 97 Ad2m
(1_w2)2n oT vT o\~ L110T T o oT T o\~ L2 2
o7 (LTXTXLY) L XY Py, X, L (LT XTXEY) 03 4 D|By(1)]
and
2
~92 ~92 w —1 1 T
— 52(1 — TP
o1 (w) = o7(1) + (w2_1)h171j+12nr1] T, T1j
2
_ =2 w'—1 T
=0+ gy P,
~2 ~2 L ¢ 1 - T
0'2((,0) = 0'2(1) + 6—nr1de H2,1j — ml‘g Td Iy
2
_ =2 w'—1 T
= 05(1) + erUPTerWU
w?—1

* 3(w? +2n — 1) (t91; + 15) Pry (1w + 13).
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Using the parametrization that o2 = 03 and 02 = (07 — 03),
2
~2 2 w”—1 T
o, (w) =0.(1)+ erIjPTdQFWU
w?—1

+ St on—1) (riy1; + r5)Pr, (rw1; + rB),

N N w? —1

B 12(w? +2n — 1) (rWU + rg)Ple (I'W1j +rp).

Similarly, if the perturbed subject from sequence BAAB, we obtain

~ w?—1
(w2 — 1)]21’2]‘ -+ 1
(W? —1)n
wr4+n—1

(X1 X1) ™ x1,2; T 1o
(L*XTXL) " L™XL rwo;,

1 -1
—szg> TdTI'Qj

By(w) = By(1) + (X5 Xo) ' X3, (Hﬂj 1o

(1) + (LTX"XLY) LT XL T,

I
™)

) 1
<H2,2j — mk) T, (rw2;— Pr, rp)

~ w?—1n -1
= B,(1) # (L' XTXL°) L' X3, Pr,,rws;
(w?—1)2n

o o -1 o
g — (LTXTXL) LT X3, Pr,, (rway—1p).

with the corresponding dispersion matrices

= w?—1 _ ~ N

D [ﬁl(w>i| = (w2—1)h172j+1<Xr1FX1) IXI,QjXEQj(X?Xl) 10-% +D [ﬂl(l)}
(1—w)n g 1 T T~T T T -1 2

= S (UXTXL) T LTXG X0, L (LTXTXL) ™ o7 4+ D B

1 -l ~
—w213 - H2,2j) X;0;(X;X5) 05+ D [,32(1)}

D |By(w)] = (XFXa) " Ko (1 -

(1 —_— w2)n oT T o —1 oT T ° oT T o -1 9
= (L' X'XL’) L°'X,,Pr,Xo, L° (L' X' XL°) o)
—(1—w2)2n oT 5T o\ “lyoT T o oT vT ) )
w242n—1 (L X XL ) L™ X, Pr,, Xo; L (L X XL ) 03 +D[ﬂ2(1)} ;
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and

2

~2 _ =2 w?—1 T

Ge(w) - 06(1) + 6(&)2 +n— 1)rW2jPTd2rW2j
w?—1

i 3(w?+2n—1) (ra,% - rlTa)Ple(rWQj —rp),

9 w?—1
24(w? +n—1

)ra&j (3P7, — Pry,) ra;

2

C12(w? +2n—1) (tyy2; = 1) Pry, (rwa; — 1),

The estimators replacing 67(1) and 52(1) are obtained via Theorem (iv), and

Yij1 =Y Y11—=Y.q Y2j1—Y.1
Yijo—Yi.0 Y1j2—Y..2 Y2j2—Y..
Iywij = _ , T'wi; +rp= _ , I'woj —I'p= _ )
Yij3—Yi.3 Y13—Y..3 Y253—Y..3
Yija—Yi.4 Y1ja—Y.4 Y2j4a—Y.4

n 2 n
1 1
here 7. :_E i d7. :_E E ik, 1 =1,2,k=1,2,3,4. H ,
where Y, n Yijk and Y. omn Lo L Yijk, b ence, we
get explicit solutions of VRR;; and VRE;;.

Next, using the parametrization

B = LB, + L°B,,
we have
AyjB = LAB, + L°ByA B, (30)
Ay;D [B] — LD [31} L™ + L°D [32] LT, (31)

By replacing and to and , the explicit solutions of Aijﬁ and
A;;iD [B] are achieved.
[ |

5. Discussion

The results in Theorem [4.1] show that the subject-level influence quantities men-
tioned in Section 3 are only decided by the within-sequence residual ry;;, total
residual of the perturbed subject ry;;, and a column space C(T).

Although this work has put special insight into the ABBA|BAAB design, the
methodology for influence analysis proposed by this work can be easily generalised
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to other multiple-period two-treatment cross-over designs as long as the column
space C(Ty) is identified. For example, in the ABAB|BABA design, a similar
C(Ty) is defined by

To=(L 0o -1 o)
a = v2 V2 :
Deviation and expression of C(Ty ) and the closed-form influence quantities in

general form for two-treatment cross-over designs are beyond this paper and are
required further efforts.

References

Afsarinejad, K. and Hedayat, A. S. (2002). Repeated measurements designs for
a model with self and simple mixed carryover effects. Journal of Statistical
Planning and Inference, 106, 449-459.

Beckman, R. J., Nachtsheim, C. and Cook, R. D. (1987). Diagnostics for mixed-
model analysis of variance. Technometrics, 29, 413-426.

Belsley, D. A., Kuh, E. and Welsch, R. E. (2004). Regression diagnostics: Iden-
tifying influential data and sources of collinearity. John Wiley & Sons, Inc.,
Hoboken, New Jersey.

Carriere, K. C. and Huang, R. (2000). Crossover designs for two-treatment clinical
trials. Journal of Statistical Planning and Inference, 87, 125-134.

Carriere, K. C. and Reinsel, G. C. (1992). Investigation of dual-balanced crossover
designs for two treatments. Biometrics, 48, 1157-1164.

Christensen, R., Pearson, L. M. and Johnson, W. (1992). Case-deletion diagnostics
for mixed models. Technometrics, 34, 38-45.

Cook, R. D. (1986). Assessment of local influence. Jounal of the Royal Statistical
Society: Series B, 48, 133-169.

Hao, C., von Rosen, T. and von Rosen, D. (2011). Local influence analysis in
2 x 2 cross-over designs. Tech. Rep. 2011:1, Department of Statistics, Stockholm
Univeristy.

Hedayat, A. S., Stufken, J. and Yang, M. (2006). Optimal and efficient crossover
designs when subject effects are random. Journal of the American Statistical
Association, 101, 1031-1038.

Hedayat, A. S. and Zheng, W. (2010). Optimal and efficient crossover designs for
test-control study when subject effects are random. Journal of the American
Statistical Association, 105, 1581-1592.

Jones, B. and Kenward, M. G. (1989). Design and analysis of cross-over trials.
Chapman & Hall, London and New York.

23



Kershner, R. and Federer, W. (1981). Two-treatment crossover designs for esti-

mating a variety of effects. Journal of the American Statistical Association, 76,
612-619.

Lesaffre, E. and Verbeke, G. (1998). Local influence in linear mixed models.
Biometrics, 54, 570-582.

Park, D. K., Bose, M., Notz, W. I. and Dean, A. M. (2010). Efficient crossover
designs in the presence of interactions between direct and carry-over treatment
effects. Journal of Statistical Planning and Inference, 141, 846-860.

Putt, M. E. and Chinchilli, V. M. (2000). A robust analysis of crossover designs
using multisample generalized 1-statistics. Journal of the American Statistical
Association, 95, 1256-1262.

Yan, Z. and Locke, C. (2010). Crossover designs for comparing test treatments
to a control treatment when subject effects are random. Journal of Statistical
Planning and Inference, 140, 1214-1224.

24



	omslag2
	RR2011_2.pdf
	omslag2
	Paper2_COD24v3_a4
	Introduction
	Model
	General model for cross-over designs
	Reparametrization
	Explicit maximum likelihood estimates

	Delta-beta-based local influence
	Basic concepts
	Basic algebra for influence analysis

	Results for the ABBA"026A30C BAAB design
	Discussion



