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Random Factor

The treatment levels are a random sample from a lager population
of treatment effect.
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Example

A textile company weaves on a fabric on a large number of
looms,

Response: the strength of the fabric,

Factor: looms,

4 looms
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Two random factors

Gauge capability study

Statistically designed experiments are frequently used to
investigate the sources of variability that affect a system. A
common industrial application is to use a designed experiment to
study the components of variability in a measurement system.

Example for two random factors model

An instrument or gauge is used to measure a critical
dimension on a part.

20 parts have been selected form the production process.

3 operators.

Measure each part 2 times.
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Moment estimators of variance component

Pros

Easy to calculate in sample case

Cons

May give negative estimates.

No nice distributional properties.
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Mixed model

Example

An instrument or gauge is used to measure a critical
dimension on a part.

20 parts have been selected form the production process.

3 operators, suppose only three operator use this gauge.

Measure each part 2 times.
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Mixed model

Example

An instrument or gauge is used to measure a critical
dimension on a part.

20 parts have been selected form the production process.

3 operators, suppose only three operator use this gauge.

Measure each part 2 times.

Ying Li Lec 6: Random Effects Models



Random effects models Incomplete blocks

Mixed model

Result
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Result
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BIBD

In balanced incomplete block experiments, all pairs of treatment
appear together in a block equally times (λ)
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BIBD

λ: number of concurrences, λ = 3

t: number of treatment, t = 5

r : number of replicates, r = 4

k: block size, k = 4
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General cases

Y = 1µ+ Xτ + Zβ + ε

X =



1 0 0
0 1 0
1 0 0
0 0 1
1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 0 1


Z =



1 0 0 0
1 0 0 0
0 1 0 0
0 1 0 0
0 0 1 0
0 0 1 0
0 0 1 0
0 0 0 1
0 0 0 1
0 0 0 1


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The incidence matrix

The incidence matrix N0

N0 = X′Z =

 1 1 1 1
1 0 1 1
0 1 1 1


N0 has one row for each treatment and
one column for each block.
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Replication and block size vector

Also define the replication vector r

r = X′1 =

 4
4
3


and the block size vector k

k = Z′1 =


2
2
3
3


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The concurrence matrix

The concurrence matrix N0N′
0 is

N0N′
0 =

 4 3 3
3 3 2
3 2 3


The diagonal equals to r.
The other elements are the number of
times pairs of treatments occur together
in a block
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Example

A chemical engineer thinks that the time of reaction for
chemical process is a function of the type of catalyst
employed.
Treatment factor: Catalyst; 4 levels
Blocking factor: Batch of material
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