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Problem 1. 
1a)

N = 6, n = 3

y.. = 120

y2 = 2510

SST = y2 – y..2/N = 2510 – 1202/6 = 110

y1. = 72 ; y2. = 48
SSTreatments= (y1.2+ y2.2)/n – y..2/N = (722 + 482)/3 – 1202/6 = 96
SSE = SST – SSTreatments = 110 – 96 = 14
Source

DF
  SS
  MS
  F
   P

Treatments
1
  96
  96
27.4   < 0.01

Error

4
  14
  3.5

Total

5
110

Answer: The null hypothesis is rejected on level 1 %.
1b)
Given that the treatments have no effect, there are 6!/(3!3!) = 20 equally likely outcomes of the experiment. The size of the difference between the treatment means is smaller in 18 cases (Table 1). The probability value is the probability of obtaining a result at least as extreme as the one that was actually observed, assuming that the null hypothesis (i.e. no differences between the courses) is true. As a result the exact probability value is 2/20 = 0.10.
Answer: The exact probability value is 0.10.

Table 1

	A
	B
	Difference in means

	(24 , 22 , 26)
	(15 , 15 , 18)
	8,00

	(24 , 22 , 15)
	(26 , 15 , 18)
	0,67

	(24 , 22 , 15)
	(26 , 15 , 18)
	0,67

	(24 , 22 , 18)
	(26 , 15 , 18)
	1,67

	(24 , 15 , 26)
	(22 , 15 , 18)
	3,33

	(24 , 15 , 26)
	(15 , 22 , 18)
	3,33

	(24 , 18 , 26)
	(15 , 15 , 22)
	5,33

	(15 , 22 , 26)
	(24 , 15 , 18)
	2,00

	(15 , 22 , 26)
	(15 , 24 , 18)
	2,00

	(18 , 22 , 26)
	(15 , 15 , 24)
	4,00

	(24 , 15 , 15)
	(22 , 26 , 18)
	-4,00

	(24 , 15 , 18)
	(15 , 22 , 26)
	-2,00

	(24 , 15 , 18)
	(22 , 15 , 26)
	-2,00

	(22 , 15 , 15)
	(24 , 26 , 18)
	-5,33

	(22 , 15 , 18)
	(15 , 24 , 26)
	-3,33

	(22 , 15 , 18)
	(24 , 15 , 26)
	-3,33

	(26 , 15 , 15)
	(22 , 24 , 18)
	-2,67

	(26 , 15 , 18)
	(15 , 22 , 24)
	-0,67

	(26 , 15 , 18)
	(22 , 15 , 24)
	-0,67

	(15 , 15 , 18)
	(24 , 22 , 26)
	-8,00


1c)
Answer: (X’X)-X’y = (0, 24, 16)’
1d) 
Answer: (X’X)-X’y = (16, 8, 0)’
1e)


X = ((1, 1, 1, 1, 1, 1)’ (1, 1, 1, -1, -1, -1)’)

X’X = ((6, 0)’, (0, 6))

(X’X)-1 = ((1/6, 0)’, (0, 1/6))

Answer: (X’X)-1X’y = (20, 4)’
2a) 

Design A:

X = ((1, 1, 1, 1, 1, 1)’, (0, 1, 2, 3, 4, 5)’)

X’X = ((6, 15)’ , (15, 55)’)

det(X’X) = 6 ( 55 – 15 ( 15 = 105

Design B:

X = ((1, 1, 1, 1, 1, 1)’, (0, 0, 0, 5, 5, 5)’)

X’X = ((6, 15)’ , (15, 75)’)

det(X’X) = 6 ( 75 – 15 ( 15 = 225


Design C:

X = ((1, 1, 1, 1, 1, 1)’, (0, 0, 2.5, 2.5, 5, 5)’)

X’X = ((6, 15)’ , (15, 62.5)’)

det(X’X) = 6 ( 62.5 – 15 ( 15 = 150
Design B gives the largest determinant.

Answer: Design B.

2b)
x0 = (1, 1)’
Design A:
X’X = ((6, 15)’ , (15, 55)’)

det(X’X) = 6 ( 55 – 15 ( 15 = 105



(X’X)-1 = ((55, -15)’ , (-15, 6)’) / 105



x0(X’X)-1x0 = 0.295
Design B:
X’X = ((6, 15)’ , (15, 75)’)

det(X’X) = 6 ( 75 – 15 ( 15 = 225




(X’X)-1 = ((75, -15)’ , (-15, 6)’) / 225




x0(X’X)-1x0 = 0.227
Design C:
X’X = ((6, 15)’ , (15, 62.5)’)

det(X’X) = 6 ( 62.5 – 15 ( 15 = 150




(X’X)-1 = ((62.5, -15)’ , (-15, 6)’) / 150




x0(X’X)-1x0 = 0.257
The variance in the estimated mean response at the dose x = 1 is 2 x0(X’X)-1x0.
Answer: Design B gives the smallest variance in the estimated response at x = 1.
2c)
Design A:
X = ((1, 1, 1, 1, 1, 1)’, (0, 1, 2, 3, 4, 5)’, (0, 1, 4, 9, 16, 25)’)



X’X = ((6, 15, 55)’, (15, 55, 225)’, (55, 225, 979)’)




det(X’X) = 6 ( 55 (979 + 15 (225 (55 + 15 (225 (55
 – 55 (55 (55 – 15 (15 (979 – 6 (225 (225 = 3920
Design B:
X = ((1, 1, 1, 1, 1, 1)’, (0, 0, 0, 5, 5, 5)’, (0, 0, 0, 25, 25, 25)’)




X’X = ((6, 15, 75)’, (15, 75, 375)’, (75, 375, 1875)’)




det(X’X) = 6 ( 75 (1875 + 15 (375 (75 + 75 (375 (15

– 75 (75 (75 – 6 (375 (375 – 15 (15 (1875 = 0

Design C:
X = ((1, 1, 1, 1, 1, 1)’, (0, 0, 2.5, 2.5, 5, 5)’, (0, 0, 6.25, 6.25, 25, 25)’)




X’X = ((6, 15, 62.5)’, (15, 62.5, 281.25)’, (62.5, 281.25, 1328.125)’)




det(X’X) = 6 ( 62.5 (1328.125 + 15 (281.25 (62.5 + 62.5 (281.25 (15

– 62.5 (62.5 (62.5 – 6 (281.25 (281.25 – 15 (15 (1328.125 
= 7812.5

Design C gives the largest determinant.
Answer: Design C.
