Stockholms
universitet STATISTISKA INSTITUTIONEN HT-2024

Written re-exam in Probability Theory, 7.5 ECTS credits
Wednesday, 9" of January 2025, 14:00 — 19:00
Time: FIVE hours
Examination Venue: TBD

You are asked to answer below stated questions as well as motivate your solutions. Grades are assigned as
follows: A (91+), B (75-90), C (66-74), D (58-65), E (50-57), Fx (30-49), and F (0-29)

You are allowed to use a calculator and a ruler. Two formula attachments are provided together with the exam.

The teacher reserves the right to further examine the students on the answers provided.

1. (10 points) If Xj, X>,... are iid uniform(0,1) and X(n)Z{naX X;,
<I<n
a) (3p) where the sequence Xy, converges in distribution?
b) (7p) If you set € = %, and use definition of convergence in distribution, what is the

limiting distribution for the sequence n*(1- Xp))?

2. (12 points) Let —o0 < py < 00, —00 < Uy < 00,0 < 0y, 0 < oy, and —1 < p < 1 be five real
numbers. The bivariate normal pdf with means iy and py, variances g and oy and correlation
p is the bivariate pdf given by
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Although the formula for the bivariate normal pdl locks formndable, this bivariate
distribution is one of the most frequently used. (In fuet, the devivation of the formula
need not be formidable at all. See Excrcise 4.46.)
The many nice properties of this distribution include these
I'he marginal distribution of X is n{ux,o% )
b. The marginal distribution of ¥ is n{py ,03.)
c. The orrelation between X and Y is oxy 0

Your task is to prove/derive the properties a)-c) given the formula of the bivariate pdf above.
Note that it is not expected that student gives complete derivation for the full points in this part.
One can miss few intermediate steps but explain them w7ell.

3. (12 points)
a) Derive a moment generating function of random variable X:= Gamma(o, f5) as defined

in appendix. Use derived mgf to calculate Var/X]



b) Let X , and X , be respective means of two independent samples of size n drawn from a

population having variance o . Find the value of n such that P(X1— X,| <o) ~0.9.

Please, justify your calculations. How your calculation of the above probability would
change if both samples were quadrupled (4 times larger = “4n”). Provide calculation
and give intuitive explanation for your answer.

4. (10 points) 4 and B are hiking and agree to meet at a certain spot between 18:00 and 20:00 on a

7.

8.

particular day. Let us suppose they arrive at the meeting place independently and randomly and
that both make it during agreed time interval. Find the distribution of the length of time that 4
waits for B. (If B arrives before A, define A’s waiting time as zero).

cxxy(1—x2), 0<x<1,0<y<1

12 points) Let ) ={
(12 points) Let f(x,y) 0, otherwise

When you have found the right constant “c” for the above function to be a bivariate pdf, find a
probability density function of X*Y.

6xy?, 0<x<1 O<y<l

(10 points) Let f(x,y)= { ]
0, otherwise
a) Show that f{x,y) defines a proper density function
b) Calculate P(X + Y>0.9)
c) Calculate [P(0.5 <X <1)-P0<X<0.5)]. When you get the answer, discuss what sign it
has and argue if it is reasonable and intuitively expected.

(10 points) One tosses two dice: the outcome is two numbers from 1 to 6. Let X be minimum of
the two numbers and Y is the maximum of the two numbers. Find joint distribution of (X, Y) and
calculate E/X], E[Y], Var(X), Var(Y), and Corr(X,Y). Discuss the value and the sign of the
correlation and interpret it in your own words.

Xx+y, O0<x<l O<yx<l

12 points) Let f(X,y) = '
(12 points) Let f(X,y) { 0, otherwise

a) Find the probability density function of the r.v. (-X-Y)
b) Calculate P(X + Y <0.3). Further, find the median and the mean of the r.v. (-X-Y)

9. (12 points) Let the joint pdf of (X Y) be f(x,y)=1, 0<y<I, y<x<y+I. Find

a) marginals of 2*X and 3*Y and their first two moments;
b) Corr(2*X,3*Y)

Good Luck



