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Written Exam in Probability Theory, 7.5 ECTS credits
Monday, 29" of November 2021, 13:00 — 18:00
E306, S6dra huset, hus E
Examination: On-campus Exam

You are asked to answer below stated questions as well as motivate your solutions. Grades are assigned as
follows: A (91+), B (75-90), C (66-74), D (58-65), E (50-57), Fx (30-49), and F (0-29)

You are allowed to use any calculator. Other supplementary material is attached to your exam questions.

The teacher reserves the right to further examine the students on the answers provided.

. x+y, 0<x<l, O<y<l
I. (12 points) Let f(x,y) = .
0, otherwise

a) Find the probability density function of X+Y
b) Calculate P(X+Y<1)

2. (10 points) One tosses two dice: the outcomes are the numbers from 1 to 6. Let X be the
“outcome” on the first dice and Y is the max of the two. Find joint distribution of (X,¥) and
calculate EfX], EfY], Var(X), Var(Y), and Cov(X,Y)

3. (12 points) Let the distribution of ¥ conditional on X = x be N(x, x*) [Y| X =x] ~ N(x,x?)
and the marginal distribution of X' be U(0,4). Find E[Y], Var(Y) and Cov(X, Y)

4. (15 points) Let the joint pdf of (X ¥) be fix,y)=1, 0<y<I, y<x<y+I
a) Find pdf’s of 2X and Y explicitly and calculate their means and variances
b) Further, find Corr(2X,Y)

5. (12 points)

x+1

a) Let random variable X have a pdf f(x) = { - —1l<x<1

0, otherwise

Find a monotone function u(x) such that the random variable Y=u(X) has a uniform(0,1)
distribution

b) Derive moment generating function of random variable X:= Gamma(a, ) as defined in
appendix. Use derived mgf to calculate EfX]

6. (12 points) 4 and B are hiking and agree to meect at a certain place on a certain day (24 hours).
Let us suppose they arrive at the meeting place independently and randomly during these 24
hours. Find the distribution of the length of time that 4 waits for B. (If B arrives before A,
define A’s waiting time as zero)



. 8xy(1—x2?), 0<x<1 0<y<1
7. (10 points) ) Let f(x,y) = { ¥( ) 0 otherwisey

Find the probability density function of X*Y

2
1
8. (12 points) Let f(x,y)={6xy’ 0<x<l 0<y<l

a) Show that f{x,y) defines a proper density function
b) Calculate P(X + Y =1.1)
¢) Calculate [P(0.5 <X <1)-PO<X<0.5)]

0, otherwise

9. (10 points) Let us assume that sequence of random variable X, converges in distribution to a
constant ¢. Show that it also converges in probability to the same constant ¢. In other words,
converges in probability and convergence in disttibution are equivalent in this particular case.
(Hint: start with writing the limiting distribution explicitly as a cdf)

Good Luck
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n n+r—1
Unordered S A , v
Bonferroni's Inequality
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Univariate fransformations:
Xis adiscrete r.v. Let Y = g(X), then ¥ has the following pmf:

0= D fo)

x€g™(y)

X Is a continuous r.v with domain y. Let Y = g(x)

Probability density function of ¥

. d
If g(x) is monotone forx € y O = f(g7 ) _ahuu@v_

If g(x) is not monotone forx € y.
But g;(x) = g(x) for x € 4;is
monotone on A4;.

f) = Mwub (a7 ) _%m,s., HQu_
i=1

Cumulative density function of ¥

Ifg(x) tforallx ey

Fr(y) = Fx(97'()

ifglx) Wforallx ey

F() =1-F(g7'(»))

The expected value of a r.v g(X):

% g(x) fe(x)dx ,if X is continuous

E[g(¥)]{ < o
g(x) fx(x) ,if X is discrete

xEY
The moment generating function for a r.v X is given by:
My(t) = E(e*¥)
The n: th moment of X:

&3‘
E(X™) = M7(0) = %—.Ekﬁ&_nno
Leibnitz Formula (Change order of [ and Mla
d [°® d d b0) g
0 )y T O = FOO.0) - 5b0®) - 1(a0),0) g a0) + | , 20

Chebyshev’s Inequality: Let X be arandom variable, g(x) = 0,vx = 0 and vr > 0

Plo00 37y < Ho0)

Exponential families:
A family of pdf's or pmf's is called an exponential family if it can be expressed as:

k
£(x16) = h()c(@) exp] > wi(O)t:(x)
i=1

Binomial Theorem:
n

AR + QV: - M ﬁﬂ-v Rmu\w—lm

i=0

Gamma function:
M(a) = [yt "e™dt ; M(@+1) =al(@) ; T(3)=va ;Ifais aninteger: T(n) = (n— 1)!



Discrete Continuous
Joint P((X,Y)EA) = M fay 2@.5mbnRT:@_E&“%
pdf/pmf (*)EA al

) = fry) f = [ feeyay

Marginal v

pi/pmf HO) =Y frr(ay) Fo) = [ fayax
Conditional _fxy) _fxy)

pdf/pmf fom =0y i fE =0

Bivariate fransformations:
Let (X, Y)~f(x,v). Suppose the functions u = g1 (x,¥) and v = g,(x,y) have the
inverse functions x = hy(u,v) and y = hy(u, v).

The joint pdf for (U, V) is given by:
\.Q._\ﬁz.. .Qv = \.Nh‘ﬁ*; ﬁﬁ.. d\v. }.N ﬁ\:- ‘_uuv_\_

Where:
dx Ox
_|au av|_9x dy 0x0y
J=\ay ay|"udv avou
Bu ov

The expected value of g(X,Y)
Egxn) = [ [ aufeey)xdy

Conditional expected value of g(¥) given X = x

M gONf(ylx) discrete case
ElgWIx]=1{ 7
.‘. g f(ylx)dy ,continuous case

Conditional variance of ¥ given X = x
V[Y|x] = E[Y?|x] — E[Y]x]?

Llemma 4.2.7: Let (X,Y)~f(x,y). X and Y are independent if and only if there exist
functions g(x) and h(y) s.t f(x,y) = gx)h(y) Yx,y ER

Hierarchical Models:
If X and Y are any two random variables then:
E(X) = E[E(XIV)]
V(X) = ElV(XI] + VIEXIY)]

Jensen’s inequality: For any r.v X, if g(x) is a convex function then:

E[g(X)] = g[E(X)]

Cauchy-Schwartz inequality: For any two r.v X and ¥
IE(XY)| < E[IXY]] < (EIXI)V2(ElYI#)H2
Covarlance/Cormelation

Cov(X,Y
Covk,V) = BV = EQOEQY) 5 Comr(X,1) = o)
Ox Oy
Convergence in d lim Fy (x) = Fy(x
distribution 6ox @ RO
Convergence in P limP(w: |X, —X|<€)=1 ,ve>0
probability Bx e jmPlethoxl<a st
Almost sure LSy o wﬁeuza_lex_Amqu ve>0
convergence " noee \
Delta Method:

If Y, is a sequence of random variables that satisfies vn(¥, — 6) 2 N(0,0?).
Then for a given function g and a specific value of 8 (where g'(9) exists):

VAlg®) — g(8)] 5 N(©,02[g' ()P

1 x" kKt -1
[ =% X —
p 7 mpw pwlu k=1

+1
akt = —— |kl <1 quﬁ

x=1 x=1

M , nr+1)(@n+1)
x4 = 6
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Table of Common Distributions

‘ Discrete Distributions

Bernoulli(p)
pmf P(X =zlp)=p*(1-p)'" 2=0,1; 0<p<1
mean and
variance X =P VarX =p(1-p)
i m Mx(t) = (1 —p) + pet

Binomial(n, p)

mean and L ’

variance EX =np, VarX = np(l —p)

g maf Mx(t) = [pe' + (1 - p)}"

notes Related to Binomial Theorem (Theorem 3.2.2). The multinomial distri-
bution (Definition 4.6.2) is a multivariate version of the binomial distri-
bution.

ﬂw - Discrete uniform

pmf WANHH_ZVH%w z=12,...,N; N=1,2,.
-mean and EX =N+l yur x - (N+1)(V-1)

variance 2 12

mgf Mx(t) = % 0L, e

m Geometric(p)

pmf PX =zlp)=p(l-p)*Y; z=1,2,

A mean and _
. . EX =1, Var X = 15p
variance P P




3& \ium Qv — |ﬁ|

T—(1—plet® t < |—OMAH [Bu

notes Y = X — 1 is negative binomial(1,p). The distribution is memoryless: ‘
PX>sX>t)=P(X >s—1).

Hypergeometric

() = %ARVAANWMSM z=0,12,...,K;
K

N,M,K >0

pmf P(X =
M~ (N -K) <z <M;

mean and 5: Var X — KM (N=M)(N-K)

variance BX = ' N ON(N-T)

notes If K <« M and N, the range 2 = 0,1,2,..., K will be appropriate.

Negative binomial(r, p)

pmf P(X =zlr,p)= (") (1-p)% 2=01,..; 0<p<l

mean ond gy r(op) - ygr x = L)

variance P p-

. . -

mgf Mx(t) = Aﬂ.ﬂ%v ) —log(1—p)

notes An alternate form of the pmf is given by P(Y = ylr,p) = (Y))p"(1-! 3
p)¥~ ",y =r,r+1,.... The random variable ¥ = X + r. The negative
binomial can be derived as a gamma mixture of Poissons. (See Exer-
cise 4.32.)

Poisson())

pmf P(X =z|)\) = Lyqu z=0,1,...; 0<)iA<

mean and gy 3\ VarX = A

variance

mgf My () = eXe'=1)

varionce

Continuous Distributions

Beta(a, 8)

pdf f@la,f) = gz 1-2)P71, 0<z<1, a>0, >0
mean and N _ oB
variance BX =% VarX= (a+B)F (+B+1)
k-1 k
mgf Mx Q.v =1+ MuwcHH Azﬁﬂo Qﬂwﬁﬂv wa|_
notes The constant in the beta pdf can be defined in terms of gamma functions,

B(e, ) = ﬂwﬁv.ﬂﬁ%ﬂv Equation (3.2.18) gives a general expression for the

moments.

Couchy(0, o)

pdf \Aa_mqunaqj o<z <0, —w<f<oo, >0
oy age do not exist

variance

mgf does not exist

notes Special case of Student’s ¢, when degrees of freedom = 1. Also, if X and

Y are independent n(0, 1), X/Y is Cauchy.

Chi squared(p)

pdf f(zlp) = romymme®P 7 le™/% 0<z<o0; p=1,2,
cmen and gy N X = 9p
variance
p/2
mgf EXQVIAH wuv ) NAW
2+ notes Special case of the gamma, distribution.

" Double exponential(y, o)

pdf Flalp, o) = e lo=r/o _o0 < 2 < o0, —co< <o, >0

mean and gy Var X = 202

- mgf Mx(t) = %ﬁ.&ﬂ, [t < 2

notes Also known as the Laplace distribution.




Ezxponential(3)

pdf %Aa_mvﬂw@la\m“ 0<z <, A>0
mean and oy g NrX — B2
variance
mgf Mx(t) = llHlet t< W
notes Special case of the gamma distribution. Has the memoryless property.

Has many special cases: Y = X/7 is Weibull, Y = V2X/B is Rayleigh,

Y =a —vlog(X/B8) is Gumbel.
F

_or(mfr) g, /2 201-2)/2 )

Nuam.\_ .\.AH_N\H,N\MV = HJAFM#VH..AJIMNNV A%m.v AHATA..HLM.VHVA_\H.TENV 29

0<z<o0; v, in=1,...
mean and gy _ n_ s,
variance Co2

2
Y 2 (v1twa—2)

VarX =2 (32;) el oy, 5y
moments no TN )
(mgf does not exist) BXT = INEINES w) oo "<

2 2

notes Related to chi squared (F,, ,, = AM&FV / AM_\M v“ where the x?s are in-

dependent) and t (Fy, = t2).
Gamma(c, 8)
pif f(olos B) = rdgea=le™*/8, 0<z <00, 0,550
mean and gy _ 08 Var X = aff?
variance

1 \“ 1

mgf Mx(t) = ATEV v <3
notes Some special cases are exponential (o = 1) and chi squared (o = p/2,

B=2).Tfa=3Y = /X/Bis Mazwell Y = 1/X has the inverted
gamma distribution. Can also be related to the Poisson (Example 3.2.1).

Logistic(u, B)

—(z—pn)/8
pdf .\.A\n_tumv = Wﬁﬂmlﬁa“tv\mﬂ, —0<r<oo, —oco<pu<on F>0

mean and 252
v EX = pu, <§NH:%
variance

mgf Mc(t) = e T(1 - BOT(L+ Bt), [t < 3
notes The cdf is given by F(z|u, 8) = Ewe ey

Lognormal(p, o?)

2y 1 \1:amﬂl3u\nmqmu
ﬁ&.\. .\.ﬁ.\n_th.vl m.:.Q.u t il OIAIH.AOO, |OOA,§AOO,
o>0
mean and 2 ,
variance EX = ert( \mﬁ Var X = g2(p+o®) _ c2u+0?
moments

n _ onptn?c?/2
(mgf does not ezist) BX ¢

notes Example 2.3.5 gives another distribution with the same moments. ”

Normal(p, o?)

pdf flzlp, o?) = maqmialem\aqmv, ~00 <z <00, —00< < oo,
o>0
mean and
_ _ 2
variance BX=u, VarX=o
S.Sﬁ. NS.X S — mtI.qu»u\m
notes Sometimes called the Gaussian distribution.

Pareto(a, §)

pdf falof)=E2 aca<oo, a>0, B3>0
mean and B fa?
variance EX = -1 B>1, VarX = (B-1)2(g-2)° B>2
mgf does not exist
t
(il
pdf flal) = L) P (e o <a<on v=1,
mean and
variance DX =00 v>1 VarX = 4 u>2
moments n Q%E.\mﬂ, 2.
(maf does not exist) EX™ = Ve —~v™? if n < v and even,
EX™ =0if n < v and odd.
notes Related to F (Fy,, = t2).



) Geometric Discrete
Uniform(a,b) ®) et eniform
1
d flzlab) =5k, a<z<h N
pdf be min X; X Negative a=f=1 Beta-binomial
mean and EX — bta Var X = (b—a)? binomial (n, o, 8)
variance 2 12 (. p) p= & Hypergeometric
_ Ptgat A=n(l-p) Q+m.ﬂ.+8m (M,N,K)
mgf Mx () = $5557 TP e P
notes If a = 0 and b = 1, this is a special case of the beta (o = f3 vow,wc: __nme wm_..oawm_ " N MN\Z. n=K
A, p -y -
— X
A=¢g? = i "
. 5 X.O N Je=np % Bernoulli
Weibull(vy, 3) mx, i S A F G =np(l-p) ,3 Pt
¥ n— oo
pdf flzly,8) = WHQIHQIH /B, 0<z<oo, 7>0, >0 N X Normal
. _ .1 (o) [~e_a=f-o
Lognormal .\\\\l\\i ~~a
mean and B 1 1 — 32/ A Nv — T2 AH 1 wvg log X x-u AN S~ Beta
variance EX = §'/"T AH + qv , VarX =0 T._ I+ K I Lx, /nu} 1 @8
p+0X \oP=rN
moments EX" = g T T + mV z.ﬁwzwa /7.8 « et
pll ¥ . \ \ ==
. : X + X
Adtes The mgf exists only for v > 1. Its form is not very useful. A special case ouav—,am 1T
is exponential (v = 1). £X? \Wﬂ r.»
_ g = )
Chi-squared y\uww_m\. n//h X, Uniform
/ X,/v ») -xn i
1 m i (1] A=2 PR
- Cauchy 7 =2
X \ X1, \Hxx T —\ log X
y—1e \\_. , e Exponential
/ F . )
\ (v, v) min X i
r=1 \ | X X
/ _ X]
/ 2 y=1
/ X y
i Weibull Dauble
' (7. M) exponential

Relationships among common distributions. Solid lines represent transformations and
special cases, dashed lines represent limits. Adapted from Leemis (1986).
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Tabelles

Tabell 1, Standardisersd normalfirdelning
Fx) = PX < x) dir X € N(D, 1)
Fér negativa virden, umnyrtja are $(x) = 1 - $(—s)

00

01

x .02 03 04 .05 .06 .07 .08 09
0.0 .5000 5040 5080 5120 5160 .5199 5239 5279 3319 5359
0.1 .5398 5438 5478 5517 5557 559 5636  .5675 5714 5753
02| 5793 5832 5871 5910 .5948  .5987 6026  .6064 6103 6141
031 6179 6217 6255 6293 6331 6368 6406 .G443  edso 6517
04 .6554 .6591 6628 6664 6700 .6736 6772 6308 6844 6879
0.5| 6915 6950 6985 7019 7054 7088 7123 7157 J190 7224
06| 7257 7291 7324 7357 7389 7422 7454 7436 7517 7549
07 | .7580 7611 7642 7673 7704 7734 7764 7794 7823 7852
08| .7881 7910 7939 7967 7995 8023 8051 .8078 8106 .8133
09 | .8159 8186 .B212 8238 8264 .8289 3315 .a3d0 8365  .83g9
10| 8413 .8438 8461 8485 8508 8531 8554 8577 8599 8621
LI'| .8643  .8665 3686 8708 .8729 .8749 8770 8790 8810 8830
121 .8849 8869 8888  .8907 .8925 .8944 8962  .3980 8997 9015
1319032 9049 9066 9082 .9099 9115 9131 9147 9162 9177
1419192 9207 9222 9236  .9251 9265 9279 9292 9306 9319
15| 9332 9345 9357 9370 9382 9394 9406 .9418 9429 944)
L6 | 9452 9463 9474 9484 9495 9505 9515  .9525 9535 9545
L7 | 9554 9564 9573 9582 9591 9599 9608 .9616 9625 9633
18 | 9641 9649 9656 9664 9671 9678 9686 .9693 9699 9706
191 9713 9719 9726 9732 9738  .9744 9750 9756 9761 9767
20| 97725 97778 97831 97882 97932 .97982 .98030 98077 98124 98169
21 .98214 98257 .98300 .98341 .98382 98422 .98461 .98500 98537 98574
22 | 98610 .98645 .9B679 98713 .98745 98778 .98809 .98840 98870 .98899
23 |.98928 98956 .98983 99010 .99036 .99061 .99086 .99111 99134 99158
24 | 99180 99202 99224 99245 .99266 99286 .09305 99324 99343 99361
2.5|.99379 99396 99413 99430 99446 99461 .99477 99492 99506 99520
26 | 99534 .99547 99560 .99573 .99585 99598 .99609 99621 99632 99643
27 | 99653 99664 99674 99683 .99693 99702 .59711 .99720 99728 99736
2.8 | .99744 99752 99760 99767 .99774 99781 99788 99795 .99801 99807
2.9 | 99813 99819 99825 99831 .99836 .99841 .99846 .99851 99856 99861
3.0 | 99865 Tabell 2. Normalfis rdelningens lvantiler
3.1 | .99903 PX > A) =adir X € N(©,1)
3.2 | .99931
3.3 | .99952 a Az a Aq area = a
3.4 | .99966 0.1 1.2816 0.001  3.0902

0.05  1.6449 0.0005  3.2505 -
;’Z 333;;7 0.025 19600  0.6001 3.7190
3'7 '99989 0.01 23263  0,00005 3.8906
38 | 99993 0.005 2.5758 0.00001 4.2649
3.9 | 99995
4.0 | .99997







